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The exam is closed book and closed notes. 

A large tank of liquid under pressure is drained through a smoothly contoured nozzle of area A. 

The mass flow rate 𝑚̇  is thought to depend on the nozzle area A, the liquid density 𝜌, the 

difference in height between the liquid surface and the nozzle ℎ, the change in pressure ∆𝑝, and 

the gravitational acceleration g. Taking 𝜌, 𝐴, and 𝑔 as repeating variables, find an expression for 

the mass flow rate 𝑚̇  as a function of the other parameters in the problem in terms of 

dimensionless Pi groups. 
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Solution: 

Assumptions: the problem is only a function of the given dimensional variables. 

𝑚̇ = 𝑓(𝐴, 𝜌, ℎ, 𝛥𝑝, 𝑔) 

𝑛 = 6 

𝑚̇ = {𝑀𝑇−1}; 𝐴 = {𝐿2}; 𝜌 = {𝑀𝐿−3}; ℎ = {𝐿}; 

𝛥𝑝 = {𝑀𝐿−1𝑇−2}; 𝑔 = {𝐿𝑇−2}     (3) 

𝑗 = 3  →  𝑘 = 𝑛 − 𝑗 = 3     (1) 

The repeating variables are 𝜌, 𝐴, and 𝑔; adding each remaining variable in turn, we find the Pi 

groups: 

𝛱1 = 𝜌𝑎𝐴𝑏𝑔𝑐𝑚̇ = {(𝑀𝐿−3)𝑎(𝐿2)𝑏(𝐿𝑇−2)𝑐(𝑀𝑇−1)} = {𝑀0𝐿0𝑇0𝛩0} 

𝑎 = −1; 𝑏 = −5/4; 𝑐 = −1/2 

𝛱1 =
𝑚̇

𝜌𝐴5/4𝑔1/2
     (2) 

𝛱2 = 𝜌𝑎𝐴𝑏𝑔𝑐ℎ = {(𝑀𝐿−3)𝑎(𝐿2)𝑏(𝐿𝑇−2)𝑐(𝐿)} = {𝑀0𝐿0𝑇0𝛩0} 

𝑎 = 0; 𝑏 = −1/2; 𝑐 = 0 

𝛱2 =
ℎ

𝐴1/2
     (2) 

−3𝑎 + 2𝑏 + 𝑐 − 1 

𝛱3 = 𝜌𝑎𝐴𝑏𝑔𝑐𝛥𝑝 = {(𝑀𝐿−3)𝑎(𝐿2)𝑏(𝐿𝑇−2)𝑐(𝑀𝐿−1𝑇−2)} = {𝑀0𝐿0𝑇0𝛩0} 

𝑎 = −1; 𝑏 = −1/2; 𝑐 = −1 

𝛱3 =
𝛥𝑝

𝜌𝐴1/2𝑔
     (2) 

Thus the arrangement of the dimensionless variables is: 

𝑚̇

𝜌𝐴5/4𝑔1/2
= 𝑓 (

ℎ

𝐴1/2
,

𝛥𝑝

𝜌𝐴1/2𝑔
) 

 



    m .


    m .


    m . = f  ( A , 𝜌 , h , 𝛥 p , g )


  n = 6


  n = 6


    m . = { M   T  − 1 } ;   A = {   L 2 } ;   𝜌 = { M   L  − 3 } ;   h = { L } ;


    m . = { M   T  − 1 } ;   A = {   L 2 } ;   𝜌 = { M   L  − 3 } ;   h = { L } ;


  𝛥 p = { M   L  − 1   T  − 2 } ;   g = { L   T  − 2 }


  j = 3   →   k = n − j = 3


  𝜌


  A


  g


    𝛱 1 =   𝜌  a   A  b   g  c   m . = {    ( M   L  − 3 )  a    (   L 2 )  b    ( L   T  − 2 )  c  ( M   T  − 1 ) } = {   M 0   L 0   T 0   𝛩 0 }


  a = − 1 ;   b = − 5 / 4 ;   c = − 1 / 2


  a = − 1 ;   b = − 5 / 4 ;   c = − 1 / 2


    𝛱 1 =     m .  𝜌   A  5 / 4   g  1 / 2


    𝛱 2 =   𝜌  a   A  b   g  c h = {    ( M   L  − 3 )  a    (   L 2 )  b    ( L   T  − 2 )  c  ( L ) } = {   M 0   L 0   T 0   𝛩 0 }


  a = 0 ;   b = − 1 / 2 ;   c = 0


  a = 0 ;   b = − 1 / 2 ;   c = 0


    𝛱 2 =  h    A  1 / 2


  − 3 a + 2 b + c − 1


    𝛱 3 =   𝜌  a   A  b   g  c 𝛥 p = {    ( M   L  − 3 )  a    (   L 2 )  b    ( L   T  − 2 )  c  ( M   L  − 1   T  − 2 ) } = {   M 0   L 0   T 0   𝛩 0 }


    𝛱 3 =   𝜌  a   A  b   g  c 𝛥 p = {    ( M   L  − 3 )  a    (   L 2 )  b    ( L   T  − 2 )  c  ( M   L  − 1   T  − 2 ) } = {   M 0   L 0   T 0   𝛩 0 }


  a = − 1 ;   b = − 1 / 2 ;   c = − 1


  a = − 1 ;   b = − 1 / 2 ;   c = − 1


    𝛱 3 =   𝛥 p  𝜌   A  1 / 2 g


      m .  𝜌   A  5 / 4   g  1 / 2 = f  (  h    A  1 / 2 ,   𝛥 p  𝜌   A  1 / 2 g )

