1. In the figure below, air enters vertically at section 1, turns 90°, and exits horizontally to the
atmosphere at section 2. The flow rate is 120 L/s, and a water manometer measures the
pressure difference between the two horizontal sections.

Pwater = 1000 kg/m?, p,i = 1.20 kg/m?, and g = 9.81 m/s? The loss coefficient is K¢ =
0.20, and the energy correction factor is @ = 1. Assume uniform velocity at the inlet and
outlet. Neglect bend losses and gravitational effects on the airflow. The outlet pressure is
atmospheric.(a) the outlet velocity, V,. (b) the pressure difference, p; — p». (c) the
difference in the water levels, h. Assume negligible pressure loss between the downstream
manometer tap and section 2 (ptap = pz). (d) the horizontal and vertical components of the
force exerted by the air on the pipe.

Continuity equation: —(d/df)|cv p dV = [cs p(V'n) dA
Momentum equation: XF = (d/dt)|cv pVdv + fcs pV(V-n)dA
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Solution:
a) Outlet velocity
From Q = AV,

0.120 0.120

1:m:3_16m/5, 22m21528m/5 +3

b) Pressure difference

With h, = K.V?/(2g) and a = 1, the energy equation gives
P1 _|_V_12 __P2 V_z2 LK V_z2
Pairg Zg Pairg Zg ¢ Zg

Thus, for K. = 0.20,

_ Pair
P1— D2 = >
pL— Dy = % [1.20(15.28)? — (3.16)?] = [162 Pa]. +1

Since p, = 0 gauge, p; = 162 Pa gauge.

[(1 + KC)VZZ - Vlz]-

c) Manometer reading

Considering air hydrostatic effects, the water manometer gives
P1 — P2 = (Pwater — Pair)gh.  +2

Therefore,

_ 162.1
"~ (1000 — 1.20)(9.81)

h =0.01656m = 16.5mm/| +1

d) Force exerted by the air on the pipe

For the entire pipe, from vertical inlet O to outlet 2, bend losses and air weight are neglected,
so Vo =V; and p, = p; = 162 Pa gauge. Also, p, = 0 gauge.
w(0.22)2

2 = 0.0380 m?.

m = pairQ = (1.20)(0.120) = 0.144kg/s, A, =

Let (Rx, Ry) be the force of the pipe on the air. Applying momentum equation in the
directions shown,

R, = mV, = (0.144)(15.28) = 2.20N, +2
Ry, — podo =mVy, R, = (0.144)(3.16) + (162.1)(0.0380) = 6.62 N. +1

The force of the air on the pipe (left and down) is (—Rx, —Ry):
|[F,=—220N, F,=-6.62N|




2. The viscous, incompressible flow between the parallel plates shown in Figure is caused by
both the motion of the bottom plate and a constant pressure gradient Z—Z. Assuming steady, 2D,

and parallel flow and using differential analysis: (a) Show that the flow is fully developed using
continuity equation; (b) Find the velocity profile u(y) using Navier-Stokes equations with
appropriate boundary conditions; (c¢) Find wall shear stress at bottom wall; Explicitly state all
assumptions.
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Solution 2:

KNOWN: Flow condition, Boundary condition
FIND: +1

- Show that the flow is fully developed

- velocity profile u(y)

- Find wall shear stress at bottom wall

- Find the flow rate

ASSUMPTIONS:
)
- steady: = 0
-2D flow: w = 0; i=0
0z

- Parallel flow: v=w =0
a

L constant
0x

ANALYSIS:

(a) Continuity

0u+6v+aw_0
ox dy 0z
‘;_Z+0+0=() - Z-Z:O - fully developed +2

(b) x-momentum equation

ou Odu Ou ou op 0%u  0%u 0%u
p(—+u—+v—+w—) =pgdx — -t U

ot 0x dy 0z dx 0x? + dy? + 0z?
0 oP N 0%u
~ T H dy?
2%u _1op +2
dy? uox

Integrate twice

10
u@) =y tayte 42

Apply boundary conditions
y=0 - u=U - ¢=U

y=b - u=0 - 0=i(3—i)b2+clb+U—> Clz_i(Z_Z)b__

Therefore,

w0 =5 (B) o - +u(1-2)



(c) Shear stress at bottom wall

du 1/0p U
T—“@—z(a)@y‘b)‘z“

— — _b(m\_U
Twau = 7(0) = 2(6x) e+l



3. As wind blows over a chimney, vortices are shedding in the wake as shown in the Figure
below. The dimensional shedding frequency f'depends on chimney diameter D, chimney length
L, wind velocity V, and air kinematic viscosity v. (a) Find dimensionless f which depends on
dimensionless groups.

Kinematic viscosity V

shedding frequency

. a—— b
Air V R ——— f
)
L
Chimney
Dimensions
Quantity Symbol MLTO FLT®
Length L L L
Area A iy 'y
Volume v I? B2
Velocity 1% rr-t Er!
Acceleration dv/dt ik BT
Speed of sound a LT LT
Volume flow 0 r Iy
Mass flow m mT™! FTL™'
Pressure, stress p, o, T ML'T? FL?
Strain rate é / !
Angle 0 None None
Angular velocity w, O T T
Viscosity w ) FTL™
Kinematic viscosity v i i
Surface tension Y MT 2 FL™'
Force F MLT? F
Moment, torque M MILT = FL
Power P mML’T> FLT™!
Work, energy W, E ML’T 2 FL
Density p ML o o
Temperature T (C] (0]
Specific heat B By L’T%07! L’T 0!
Specific weight y MLT? FL™3
Thermal conductivity k MLT>0! FT7'O!
Thermal expansion coefficient B o' o'




Solution 3:

ASSUMPTIONS: the problem is only a function of the above dimensional variables

ANALYSIS:
(2)
f=fen(D,LV,v) ; n==>5
f=y D=} L=} V=0T v={TY: =2
nk=n—j=3 +2.5

repeating variables = D,V

my = fDUVPr = {(T™H(L)* (LT~} = {L°T°}
a, =1, by =-1

m =L +2.5
m, = LD%VP2 = {(L)(L)%2 (LT )2} = {L°T°}
a, = _1, bz =0

L

77:2 = D +2.5

my = vD®VPs = {(LPT™H)(L)* (LT~ )P} = {L°T°}
as = _1, b3 =-1

%
77:3 = E +2.5

/D _ L v
v _fcn(D'VD)



	a) Outlet velocity
	b) Pressure difference
	c) Manometer reading
	d) Force exerted by the air on the pipe


    𝜌  w a t e r = 1000  


    𝜌  a i r = 1 . 20  


  g = 9 . 81


  K c = 0 . 20


  𝛼 = 1


  V ₂ .


  p ₁ − p ₂


  h


   (   𝒑  𝐭 𝐚 𝐩 =   𝒑  𝟐 )


     (   𝒑  𝝆 𝒈 +   𝜶   𝑽  𝟐  𝟐 𝒈 + 𝒛 )  𝟏 =    (   𝒑  𝝆 𝒈 +   𝜶   𝑽  𝟐  𝟐 𝒈 + 𝒛 )  𝟐 +   𝒉  𝒍 𝒐 𝒔 𝒔 ,


    𝒉  𝒍 𝒐 𝒔 𝒔 =   𝑲  𝒄     𝑽  𝟐  𝟐  𝟐 𝒈


  Q = A V


    V 1 =   0 . 120  𝜋    ( 0 . 22 ) 2 / 4 = 3 . 16   m / s ,        V 2 =   0 . 120  𝜋    ( 0 . 10 ) 2 / 4 = 15 . 28   m / s .


   h  L =   K  c   V 2 2 /  ( 2 g )


  𝛼 = 1


      p 1    𝜌 air g +     V 1 2  2 g =     p 2    𝜌 air g +     V 2 2  2 g +   K  c     V 2 2  2 g .


    K  c = 0 . 20


    p 1 −   p 2 =     𝜌 air 2  [  ( 1 +   K  c )   V 2 2 −   V 1 2 ] .


    p 1 −   p 2 =   1 . 20 2  [ 1 . 20    ( 15 . 28 ) 2 −    ( 3 . 16 ) 2 ] =  162   Pa .


    p 2 = 0


    p 1 = 162   Pa


    p 1 −   p 2 =  (   𝜌  w a t e r −   𝜌  a i r ) g h .


   h =   162 . 1  ( 1000   −   1 . 20 )  ( 9 . 81 ) = 0 . 0165   m = 16 . 5   mm .


    V 0 =   V 1


    p 0 =   p 1 = 162   Pa


    p 2 = 0


    m . =   𝜌 air Q =  ( 1 . 20 )  ( 0 . 120 ) = 0 . 144   kg / s ,       A 0 =   𝜋    ( 0 . 22 ) 2 4 = 0 . 0380    m 2 .


   (   R  x ,   R  y )


    R  x =   m .   V 2 =  ( 0 . 144 )  ( 15 . 28 ) = 2 . 20   N ,


    R  y −   p 0   A 0 =   m .   V 1 ,       R  y =  ( 0 . 144 )  ( 3 . 16 ) +  ( 162 . 1 )  ( 0 . 0380 ) = 6 . 62   N .


   ( −   R  x , −   R  y )


     F  x = − 2 . 20   N ,       F  y = − 6 . 62   N .


    𝜕 p  𝜕 x


  u ( y )


  𝜌   g  x −   𝜕 p  𝜕 x + 𝜇  (     𝜕 2 u  𝜕   x 2 +     𝜕 2 u  𝜕   y 2 +     𝜕 2 u  𝜕   z 2 ) = 𝜌  ( u   𝜕 u  𝜕 t + u   𝜕 u  𝜕 x + v   𝜕 u  𝜕 y + w   𝜕 u  𝜕 z )


  𝜌   g  y −   𝜕 p  𝜕 y + 𝜇  (     𝜕 2 v  𝜕   x 2 +     𝜕 2 v  𝜕   y 2 +     𝜕 2 v  𝜕   z 2 ) = 𝜌  ( v   𝜕 v  𝜕 t + u   𝜕 v  𝜕 x + v   𝜕 v  𝜕 y + w   𝜕 v  𝜕 z )


  𝜌   g  y −   𝜕 p  𝜕 y + 𝜇  (     𝜕 2 v  𝜕   x 2 +     𝜕 2 v  𝜕   y 2 +     𝜕 2 v  𝜕   z 2 ) = 𝜌  ( v   𝜕 v  𝜕 t + u   𝜕 v  𝜕 x + v   𝜕 v  𝜕 y + w   𝜕 v  𝜕 z )


  𝜌   g  z −   𝜕 p  𝜕 z + 𝜇  (     𝜕 2 w  𝜕   x 2 +     𝜕 2 w  𝜕   y 2 +     𝜕 2 w  𝜕   z 2 ) = 𝜌  ( w   𝜕 w  𝜕 t + u   𝜕 w  𝜕 x + v   𝜕 w  𝜕 y + w   𝜕 w  𝜕 z )


  𝜌   g  z −   𝜕 p  𝜕 z + 𝜇  (     𝜕 2 w  𝜕   x 2 +     𝜕 2 w  𝜕   y 2 +     𝜕 2 w  𝜕   z 2 ) = 𝜌  ( w   𝜕 w  𝜕 t + u   𝜕 w  𝜕 x + v   𝜕 w  𝜕 y + w   𝜕 w  𝜕 z )


  u ( y )


    𝜕  𝜕 t = 0


  w = 0 ;         𝜕  𝜕 z = 0


  v = w = 0


    𝜕 p  𝜕 x =


    𝜕 u  𝜕 x +   𝜕 v  𝜕 y +   𝜕 w  𝜕 z = 0


    𝜕 u  𝜕 x + 0 + 0 = 0         →           𝜕 u  𝜕 x = 0         →         f u l l y   d e v e l o p e d


  𝜌  (   𝜕 u  𝜕 t + u   𝜕 u  𝜕 x + v   𝜕 u  𝜕 y + w   𝜕 u  𝜕 z ) = 𝜌   g  x −   𝜕 p  𝜕 x + 𝜇  (     𝜕 2 u  𝜕   x 2 +     𝜕 2 u  𝜕   y 2 +     𝜕 2 u  𝜕   z 2 )


  0 = −   𝜕 P  𝜕 x + 𝜇     𝜕 2 u  𝜕   y 2


  0 = −   𝜕 P  𝜕 x + 𝜇     𝜕 2 u  𝜕   y 2


      𝜕 2 u  𝜕   y 2 =  1  𝜇   𝜕 p  𝜕 x


  u  ( y ) =  1  2 𝜇   𝜕 p  𝜕 x   y 2 +   c 1 y +   c 2


  y = 0         →         u = U         →       c 2 = U


  y = b         →         u = 0         →         0 =  1  2 𝜇  (   𝜕 p  𝜕 x )   b 2 +   c 1 b + U   →         c 1 = −  1  2 𝜇  (   𝜕 p  𝜕 x ) b −   U  b      


  u ( y ) =  1  2 𝜇  (   𝜕 p  𝜕 x )  (   y 2 − b y ) + U  ( 1 −   y  b )


  𝜏 = 𝜇   d u  d y =  1 2  (   𝜕 p  𝜕 x )  ( 2 y − b ) −   U  b 𝜇


    𝜏  w a l l = 𝜏  ( 0 ) = −   b 2  (   𝜕 p  𝜕 x ) −   U  b 𝜇


  f = f c n  ( D , L , V , 𝜈   )


  f =  {   T  − 1 }


        D =  { L }


            L =  { L }             V =  { L   T  − 1 }


        𝜈 =  {   L 2   T  − 1 }


  ∴ k = n − j = 3


  r e p e a t i n g   v a r i a b l e s = D ,   V


    𝜋 1 = f   D    a 1   V    b 1 =  {  (   T  − 1 )    ( L )    a 1    ( L   T  − 1 )    b 1 } =  {   L 0   T 0 }


    a 1 = 1 ;       b 1 = − 1


    a 1 = 1 ;       b 1 = − 1


    𝜋 1 =   f D  V


    𝜋 2 = L   D    a 2   V    b 2 =  {  ( L )    ( L )    a 2    ( L   T  − 1 )    b 2 } =  {   L 0   T 0 }


    a 2 = − 1 ;       b 2 = 0


    a 2 = − 1 ;       b 2 = 0


    𝜋 2 =   L  D


    𝜋 3 = 𝜈   D    a 3   V    b 3 =  {  (   L 2   T  − 1 )    ( L )    a 3    ( L   T  − 1 )    b 3 } =  {   L 0   T 0 }


    a 3 = − 1 ;       b 3 = − 1


    a 3 = − 1 ;       b 3 = − 1


    𝜋 3 =   𝜈  V D


    f D  V = f c n  (   L  D ,   𝜈  V D )

