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Chapter 5: Dimensional Analysis and Modeling

The Need for Dimensional Analysis

Dimensional analysis is a process of formulating fluid
mechanics problems in terms of nondimensional variables
and parameters.

1. Reduction in Variables:
F = functional form

IfF(A1, As, ..., An) =0, A; = dimensional
variables

Then f(IT, Iy, ... I;<n) =0 I'l; = nondimensional
parameters

Thereby reduces number of =TIT; (Aj)

experiments and/or simulations 1.e., I'l; consists of

required to determine f vs. F nondimensional
groupings of Ai’s

2. Helps in understanding physics
3. Useful in data analysis and modeling
4. Fundamental to concept of similarity and model testing

Enables scaling for different physical dimensions and
fluid properties
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Dimensions and Equations
Basic dimensions: F, L, andtor M, L, and t
F and M related by F = Ma = MLT2

The principle of homogeneity of dimensions is a rule that
states that the dimensions of all terms in a physical expression
should be the same. This principle is based on the fact that only
physical quantities of the same kind can be added, subtracted,
or compared. This principle is used to check the correctness
and consistency of equations and mathematical relationships in
various scientific fields.

Buckingham I1 Theorem

In a physical problem including n dimensional variables in
which there are m dimensions, the variables can be arranged
into r = n — M independent nondimensional parameters Il.

(where usually M = m).
F(A1, Az, vy An) =0
f(H1, Hz, Hr) =0

Ai’s = dimensional variables required to formulate problems

i=1,n)
I'l;’s = nondimensional parameters consisting of groupings
of A’'s(=1,r)

F, f represents functional relationships between A,’s and
IT;’s, respectively

m = rank of dimensional matrix
= m (1.e., number of dimensions) usually
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Dimensional Analysis

Methods for determining I1;’s
1. Functional Relationship Method

Identify functional relationships F(Ai) and f(IT;) by first
determining A;’s and then evaluating I1;’s

a. Inspection intuition
b. Step-by-step Method text
c. Exponent Method class

2. Nondimensionalize governing differential equations and
initial and boundary conditions

Select appropriate quantities for nondimensionalizing the
GDE, IC, and BC e.g. for M, L, and t

Put GDE, IC, and BC in nondimensional form
Identify IT;’s
Exponent Method for Determining I1;’s

1) determine the n essential quantities
2) select M of the A quantities, with different dimensions,

that contain among them the M dimensions and use
them as repeating variables together with one of the
other A quantities to determine each I1.
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For example, let A1, A2, and Az contain M, L, and t (not
necessarily in each one, but collectively); then the II;
parameters are formed as follows:

\ Determine exponents

I, = /1’1611432’1,4;1,44 sgch '[h’flt I1’s are

Hz _ Aglcz A%IZ Agz A5 dimensionless

I,_,, = A;Cn‘mAjzln‘mAgn‘mAn 3 equations and 3
unknowns for each IT;

J
In these equations the exponents are determined so that
each Il is dimensionless. This is accomplished by
substituting the dimensions for each of the A; in the
equations and equating the sum of the exponents of M, L,
and t each to zero. This produces three equations in three
unknowns (X, y, z) for each Il parameter.

In using the above method, the designation of M = m as
the number of basic dimensions needed to express the n
variables dimensionally 1s not always correct. The correct

value for M is the rank of the dimensional matrix, i.e., the
next smaller square subgroup with a nonzero determinant.

Dimensional matrix = A1 ... An
M| ait ......... din
L
a; = exponent
2 K ) I din of M. L. or t in
o ... o A
0 eeennnn. 0 n X n matrix

Rank of dimensional matrix equals size of next smaller
sub-group with nonzero determinant
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In dimensional analysis, the designation of m as the number
of basic dimensions is determined by the rank of the
dimensional matrix—defined as the size of the largest
square submatrix (subgroup) that possesses a non-zero
determinant.

When finding the rank of a dimensional matrix (where rows
typically represent fundamental dimensions like M, L, t and
columns represent variables A4; ... A,, with exponent entries
a;;), two primary methods are used: Laplace Expansion

and Gaussian Elimination.
Method 1: Laplace Expansion (Cofactor Expansion
Method)
The Laplace expansion method is analytical and works well
for small dimensional matrices (such as 3 Xn or 4 Xn
matrices common in fluid mechanics and engineering
problems).

1. Identify Maximum Possible Rank:
Determine the maximum possible rank, which is limited by
the smaller dimension of the matrix (k = min(rows,cols)).
For standard dimensional matrices with rows M, L,t, the
maximum rank is typically 3.

2. Form Square Submatrices (Minors):
Select square sub-groups of size k X k from the columns of
the dimensional matrix.

3. Compute Determinants Using Laplace Expansion:
For each square submatrix, calculate its determinant using
Laplace expansion along any row or column. The expansion

formula for a matrix A along row i is:
n

det(A) — Z aij Cl]

j=1
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where C;; = (—1)i+le-j is the cofactor, and M;; is the
determinant of the (n — 1) X (n — 1) submatrix formed by
removing row [ and column j.
4. Evaluate Rank:
o If at least one k X k submatrix has a non-zero
determinant, then the rank of the dimensional
matrix is k.
o If all k X k submatrices yield a determinant of
zero, test smaller submatrices of size (k — 1) X
(k — 1) until you find a non-zero determinant.
Method 2: Gaussian Elimination (The Most Efficient
Practical Method)
While Laplace expansion is useful for hand calculations on
small matrices, Gaussian elimination (row reduction) is
computationally the "best" and most robust method for
larger matrices because it avoids heavy cofactor
calculations.

1. Set Up the Matrix: Write out the dimensional matrix
with variables 1in columns and fundamental
dimensions (M, L, t) in rows.

2. Apply Elementary Row Operations: Use row
operations (swapping rows, multiplying a row by a
non-zero constant, or adding multiples of one row to
another) to transform the matrix into Row Echelon
Form (upper triangular form).

3. Count Non-Zero Rows: The number of non-zero
rows remaining in the echelon form equals the rank of
the matrix. This rank directly gives the correct value
of m needed for applying theorems like the
Buckingham IT Theorem.
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Example: Hydraulic jump

N e bw\—wf - ﬁ.\* V\/@‘

gljg,}(.
y S aefa ek B —» Vo
‘ "

HGL=p/y+z; EGL=HGL+aV?/2g; EGL;=EGLy+h,
for h=h,=0

_EGL _
FIGURE 15.17 "
Definition sketch for the swti’ziwwm i e e
hyvdraulic jump. | L |

Control surface

Hydrostatic

pressure at

section
Hydrostatic @
pressure at

section (1)

FIGURE 15.18

Control-volume analysis
for the hydraulic jump.

Qo
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Say we assume that

Vi=Vi(y, 1, y1, y2) Y =pg

™~ or Vo, = V1y1/y2

Dimensional analysis is a procedure whereby the functional
relationship can be expressed in terms of r nondimensional
parameters in which r < n = number of dimensional
variables. Such a reduction is significant since in an
experimental or numerical investigation a reduced number
of experiments or calculations is extremely beneficial

W, T
v, SR

///‘ 1) v, ¥, fixed; vary p Represents

~__—A  2) v, ptixed; vary y; ¢ many, many

I 3) y,, ufixed; vary v | experiments
2y

In general: F(Ai, Az, ..., Ax)=0  dimensional form
(I, I, ... 1) =0 nondimensional
form with reduced

or I1, =11, (I, ..., IT) # of variables

It can be shown that

F,,=J%=F,,(§—j)

neglect p (p drops out as will be shown)
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Thus, only one experiment to determine the functional
relationship

w / 1 2 T
/ E. = [Ex(l +X)] v |61
> 1|1
2 1.7
+ >
a XfML/“g‘ 5 |39

For this application we can determine the functional

relationship using a control volume analysis: (neglecting p
and bottom friction)

X-momentum equation: Y, F, = Y. V,pV - A

Note: each term

2 2
Y1 Y2 in equation must
Yo TV = Vip(=Viy1) + Vop(V2y,) have same units:
y y principle of
di ional
> i —y3) = 5 (Viy, — Viy) hlnrffgséﬁﬂiy

1.e., in this case,
force per unit

continuity equation: Viyi = Vays width N/m

7
VZ — 1Y1
Y2

o) 2
i 1_(y_zj :Vlﬂyl(ﬁ_ j
2 Yi g \¥2

— _ — -
~—

pressure forces = inertial forces
due to gravity




ME:5160 Intermediate Mechanics of Fluids Fall 2026 Chapter 5

Professor Fred Stern 10
o , v(1-22)yi
1
now divide equation by .
2
v: 1 : : :
1 =22 (1 + &) <—— dimensionless equation
gys 2y Y1

/

ratio of inertia forces/gravity forces = (Froude number)?

note F: = F(y2/y1) do not need to know both y»
and yi, only ratio to get F,

Also, shows in an experiment it 1S not necessary to vary
Y, V1, Y2, V1, and V3, but only F; and y»/y;

Next, can get an estimate of hy, from the energy equation
(along free surface from 1—2)

AR
29 V1= 29 Y2 L
b= (y2 — Y1)3
g 4y1Y>

# f(u) due to assumptions made in deriving 1-D steady
flow energy equations
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Exponent method to determine I1;’s for Hydraulic jump

F(g,Vi,y1, 0 n=6
use V=V, yi, p as (% LIZI fzv'?zbl)

. . Assume m = m to
2 3
repeating variables T LT avoid  evaluating

rank of 6 x 6

m=3 = r=n-m=3 dimensional matrix

Hl — Vxl ylyl pzl 1l
— (LT-I)XI (L)yl (ML-3)21 ML-lT-l
L xity1i—-3z1-1=0 yi=3z1+1-x1=-1

T -X1 — 1= O X1 = -1
M z +1=0 z1=-1
\Y
I, = B o I PNy _ Reynolds number = Re

py,V

H2 — VX2 y1y2 p22 g
— (LT-I)XZ (L)y2 (ML-3)Z2 LT-2
L Xz+}l2—322+1:0 Y2:—1—X2:1

T -X2 -2=0 X2 = -2
M z=0

_ gy -1/2 _
I1,=V°’yg= el I1; f = Froude number

=Fr
I = (LT (LY (ML) y»
L x3+y;-3z3+1=0y3= —1

T -X3 = 0

M 73 = 0

Il, = 72 H;l =J1 = depth ratio
i Y2

f(Hl, Hz, H3) =0
or Il = II(II, Il3)
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1.e., Fr=F«(Re, y2/y1) if we neglect u then Re drops out

V. Y2
et )
9y1 Y1

Note that dimensional analysis does not provide the actual
functional relationship. Recalling that previously we used
control volume analysis to derive

V_f_lg( %)
gyi 2y

the actual relationship between F; vs. y2/yi
F =F(Re, F., yi/y2)

or Fr=F«(Re, yi/y2) =F«(yi/y2) if pneglected
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Dimensional matrix:

g Viyi Y2 p M
M |0 0 0 0 1 |
L 1 1 1 1 =3 -1 Size of next smaller
t -2 =1 0 0O O —1 subgroup with nonzero
0 0 0 0 0 0 determinant = 3 = rank
0 0 0 0 0 0 of matrix
0 0 0 0 0 O

Step 1: Write Down the Dimensional Matrix

The matrix represents the dimensions of the variables
( 9.V, Y1, V2,0, 14 ) with respect to the fundamental
dimensions (M, L, t):

0 0 00 1 1
1 1 11 -3 -1
a-|2 -1 00 0 -1
0 0 00 0 O
0 0 00 0 O
0 0 00 0 O-

Step 2: Analyze the Rows

. Rows 4, 5, 6 are entirely composed of zeros.

. Since the Ilast three rows provide no linearly
independent information, the maximum possible rank
of the matrix is restricted to 3 (the number of non-zero
TOWS).
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Step 3: Choose a 3 X 3Submatrix

To prove that the rank is indeed 3, we need to find at least
one 3 X 3submatrix (or "subgroup") formed by the non-
zero rows with a non-zero determinant.

Let's select the columns corresponding to g, V;, and
pacross the first three rows:

0 O 1
Asub =11 1 —3
-2 -1 0
Step 4: Calculate the Determinant
Evaluate the determinant of this 3 X 3 submatrix by
expanding along the first row:
_ 1 -3 _, |1 -3
det(4yy) = 0 |_1 ; | -0 |_2 A | +1
| 1 1 |
-2 -1
Simplify the remaining 2 X 2determinant:
det(Agp) =1-(1) =1
Conclusion

Since the determinant of this 3 X 3submatrix is non-zero
(det =1 # 0) and all rows below the third row are zero,
the size of the largest non-zero determinant subgroup is 3.

Therefore, the rank of the dimensional matrix is 3.
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Derivation of Kolmogorov Scales Using Dimensional Analysis

[, ---- length scales of the largest eddies

n ---- length scales of the smallest eddies (Kolmogorov scale)
ug ---- velocity associated with the largest eddies

u,---- velocity associated with the smallest eddies

Ty ---- time scales of the largest eddies

T,---- time scales of the smallest eddies

Energy Cascade: Energy transferred from the largest to
successively smaller scales until Re, = ?~1 such that eddy

motion is stable and viscosity dissipates the turbulent kinetic
energy.

Leonardo’s Da Vinci: sketch of water falling into a pool. Note the different
scales of motion, suggestive of the energy cascade.

Rate of dissipation ¢ is determined by the largest scales with

: l
energy us and turn over time scale 7, = —; therefore,
0 0= %

us u

3

£ z—z—oqtf(v) (m2/33)
To lO

Important assumption is that both u(l) and t(l) decrease as [

decreases.
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1. Kolmogorov’s hypothesis of local isotropy: At high Reynolds
number, the small-scale turbulent motions (I <« [ly) are statistically
isotropic.

2. Kolmogorov’s first similarity hypothesis: at high Reynolds
number, small-scale motions (I < lgr) have universal form uniquely
f(e,v) = universal equilibrium range. EI indicates start universal
equilibrium and inertial sub range.

3. Kolmogorov’s second similarity hypothesis: at high Reynolds
number, the statistics of the motions lp > [ > n are uniquely
determined by € and not f(v): inertial sub range.

The rate of dissipation of energy at the smallest scale can also be
expressed by
€ = 2US;Si; (1)

1 (0uy;
where s;; = ( L5 4

= ) 1s the rate of strain associated with the
2 ax]' 0x;

smallest eddies, S;; = L;—" Which yields:

E=SV (u’%) (2)

n?
Based on Kolmogorov’s first similarity hypothesis, the small
scales of motion are function of F(7,u,, 7,,,v, €) and determined

by v and € only.

Energy-containing
range

Universal equilibrium range

l

Dissipation range f Inertial subrange

l

T I
1 fp1 = Lo

|
[
5
|
I Aex 7. N7 Lo :
¢

T I
El :% L L

Fig. 6.1. Eddy sizes £ (on a logarithmic scale) at very high Reynolds number, showing
the various lengthscales and ranges.
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In the inertial subrange, viscous effects are negligible. Herein, the
exponent method is used with v and € are repeating variables. The
dimensions for v and € are L?T ~tand L?T ~3, respectively.

F N)Un, Ty, UV, E | = 0 n=5
LT 5
T T T3
m=2 = r=n-m=3
Hl — vxlgyln
=(r7) (0T7)" L
L 2x,+2y,+1=0
r —x, =3y, =0 (%)
x1=-3/4 and y1=1/4
1/4
M, =n(3) (6)
[, =v"¢"u,
= (2T )" (2T7)* (LT (7)
L 2x,+2y,+1=0
T —x,—3y,—-1=0 (8)
Xo=y=-1/4

M, = u,/(ev)/* ©)
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[, =vs"s,
— (LZT_I )X3 (LZT_3 )J’S (T) (10)
L 2x,+2y,=0
T —x, =3y, +1=0 (1)
X3=-1/2 andy3=1/2
1/2
M = 1, (5) (12)
Analysis of the [ | parameters give,
My X T, = = = Rey = 1 (13)
I
H—i)(l_[?)z—n‘[n: 1 (14)
o _ ug (V)2
m= G = (15)
yields

— H1=H2=H3El

Thus, Kolmogorov scales are:

(16)



ME:5160 Intermediate Mechanics of Fluids Fall 2026 Chapter 5
Professor Fred Stern 19

Ratios of the smallest to largest scales: The rate at which energy
(per unit mass) is passed down the energy cascade from the largest
eddies i1s,

2 3
[[= 2% =22 (17)
(Ge) Lo
Based on Kolmogorov’s universal equilibrium theory,
U, (4
£="SV (772) (18)
Replace ¢1in Eqn. (16) using Eqn. (18) and note t, = i—o
0
-3
a = Re 4,
lo
u ~1
= Re 4,
Ug
1
mM=Rez (19) Re = ol
To v
Cases Re n/l, Lo i
Educational experiments 103 5.6x107 ~1cm 0.056 mm
Model-scale experiments 106 3.2x10° ~1m 0.032 mm
Full-scale experiments 10° 1.8x107 ~100 m 0.018 mm
The smallest fluid motion scales for ship and airplane:
U(m/s) L(m)|v(m%*s) |Re n u, |7,
(Mm) | vs) | (s)
Ship 11.8(23.3 |272 |9.76E-7 |3.3E09|0.02 |0.05 |4E-4
(Container: knots)
ALIANCA MAUA)
Airplane 216.8 56.2 | 3.7E-5 0.3E09|0.023 | 1.64 |1.4E-
(Airbus A300) (Ma=0.64) (z=10Km) 5

Much of the energy in this flow is dissipated in eddies which are

less than fraction of a millimeter in size
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Common Dimensionless Parameters for Fluid Flow Problems

Qualitative ratio

Parameter Definition of effecty Importance
pUL Inenia
=— T st
Reynolds number u Viscosity Almost always
u Flow speed
Mach number Ma = 5 Sods Compressible flow
Inettia
Froude number Fr = ‘—}&- = : Free-surface flow
gL Gravity
UL i
Weber number We = £= —I—DEE“—-.—- Free-surface flow
Y Surface tension
R - " /] Flow velocity ical fl
ossby num o Doal olis effect Geophysical flows
Cavitation number Ca= pl-uf:" -P;:ﬁls Cavitation
{Euler pumber) i
Hep Dissipation
Prandtl number Pr=~— s Heat ceavection
k Conduction
Eckert number oo i R Dissipw
num oo Enthalpy issipation
: : _ Cathalyy
Specific-heat ratio = Tt ki provow Compressible flow
Strouhal number St= — S Oscillating Flow
Mean speed
2 Wall roughness
Rou i — —_— X !
ghness ratio L Body length Turbulent, rough walls
PATsL}p" Buoyancy .
Grashof number Gr= > —— Natural convection
I Viscosity
) BATel’p’c,  Buoyancy )
Rayleigh number am ot Viscosity Natral convection
T 2 - T, Wall temperuture ok R
emperature ratio T TS eal trans|
P o PR dead <. Static pressure A 5
SR e ) Pristoarit st it
ressure cocfficien "= D prodsure ynamics, hydrodynamics
L Lift force
Lift coeffick Co=rir —_— /Iamics, i
coeffictent = DA Dol B Acrodynamics, hydrodynamics
et c D Drag force ics. k )
XN I — ———— y
Drag coefficient D LU Dyasmic force Aerodynamics, hydrodynamics
,' [
Friction factor . e ] | S

Skin friction coefficient

L -
(Vi2g)(lid)

Tt

¢
* v

Velocity head

Wall shear stress

Dynamic pressure

Boundary layer flow
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Nondimensionalization of the Basic Equation

It 1s very useful and instructive to nondimensionalize the
basic equations and boundary conditions. Consider the
situation for p and p constant and for flow with a free
surface

Continuity: V-V =0

Momentum: pl;—% =—V(p+yz)+uv?v

\ pg = specific weight
Boundary Conditions:
1) fixed solid surface: V =0

2) inletoroutlet: V=V, p=po
3) linearized free surface: w = % p=p, +v(R:' +R;?)

(z=mn) surface tension /

All variables are now nondimensionalized in terms of p and

U = reference velocity
L = reference length

|4 tu
V== - =Y
- U L
. _ X o P+PYz
— - L p - UZ
p

All equations can be put in nondimensional form by
making the substitution
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V=rvu

o 99t UD
ot odt* ot L ot*

V—aA+a“+al€

“ox "oy’ "oz

d dx* 0 dy" 0 0z" .
=—— it ———f+——
dx* 0x dy* dy dz* 0z
1
_ZV

Dt pUL —
1 V= >~ Re’
« _ Y _ DPotpyz
2) Z - U p *= pU2
« _ o’
3 w'= ot* !
« __ Po gL )4 . .
p +=z7" + (Rt +R;™)

Pressure coefficient Fr2 We!
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Similarity and Model Testing

Flow conditions for a model test achieve complete
similarity if all relevant dimensionless parameters have the
same corresponding values for model and prototype

Hj model — Hj prototype _] = 1: r=n- m (I’Il)
Enables extrapolation from model to full scale
However, complete similarity is usually not possible

Therefore, often it is necessary to use Re, or Fr, or Ma
scaling, i.e., select most important I1 and accommodate
others as best as possible

Types of Similarity:

1) Geometric Similarity (similar length scales):

A model and prototype are geometrically similar if and
only if all body dimensions in all three coordinates have
the same linear-scale ratios

o=Lw/L, (a<l)

\ 1/10 or 1/50
2) Kinematic Similarity (similar length and time scales):

The motions of two systems are kinematically similar if
homologous (same relative position) particles lie at
homologous points at homologous times
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3) Dynamic Similarity (similar length, time and force (or
mass) scales):

In addition to the requirements for kinematic similarity
the model and prototype forces must be in constant
ratio

Model Testing in Water (with a free surface)

F(D,L,V,g,p,v) =0
n=6and m=3thusr=n-m=3 r terms
In a dimensionless form,

f(CD,FT,Re) =0

or
Cp = f(Fr,Re)
where
D
Cp =1
ipVZLZ
%
Fr =—
VgL
VL
Re = —
. %
_ Vm  _  ¥p
If Fr,, =Fr,or oL JoL.

Vo, = “gng V, =+aV, Froude scaling

E
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Viplm  Vpl
and Re,, = Re,, or == = -£-F

Um Vp
Um VmLm
= VL :al/za:a?’/z
Up plp
Then,
_ Dm _ DP
CDm — CDp or V22 V212
PmVmlm PpVp Lp

However, it is impossible to achieve, since

2 2
ifa=—,v,=31x1082 <12x 10772
10 S S

2
For mercury v = 1.2 X 10_7%

Alternatively, one could maintain Re similarity and obtain
Vi =V,/a

. 1
Butif a = —, V;, = 10V,

High speed testing 1s difficult and expensive.
Vi _ V8
9ImLlm B 9plyp

gm _ Vin Lp
Ip sz Lm
gm _ Vi Lp

gp Vi Lm
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1 1 -
dp a a

Ip
Im 5

: 1
Butifa = o Im = 1000g,,
Impossible to achieve

Model Testing in Air

F(D,L,V,p,v,a) =0
n =6 and m = 3 thus r =n - m = 3 pi terms
In a dimensionless form,

f(Cp,Ma,Re) =0

or
Cp = f(Re,Ma)
where
D
CD = 1
E,DVZLZ
VL
Re = —
%
V
Ma = —
a
Vinklm __ Vplp Vm _ W

If = and 2 =-E
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Then,
D D
CDm = Cp, or 1;1 2 = Z 2
p PmVmLm PpVp Ly

Y L a
However,—& = m[ m] =a

Vp  Lp
not Sasily achieved. Need fluid
with high speed of sound and low viscosity.
https://history.nasa.gov/SP-440/ch6-15.htm

To

steam
ejector

Vacuum
isolation valve

Test cabin

Heater

tidatar nozzie throat

instrumentation

This helium blowdown tunnel at Ames attained Mach 50. Despite Its
very low liquefaction point, the helium had to be heated to 1500 ° F to
preclude any liquefaction during expansion.

Therefore, in wind tunnel testing Re scaling is also usually
violated

In hydraulics model studies, Fr scaling used, but lack of We
similarity can cause problems. Therefore, often models are
distorted, 1.e., vertical scale is increased by 10 or more
compared to horizontal scale


https://history.nasa.gov/SP-440/ch6-15.htm
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Fig. 5.8 Hydraulic model of the Isabella Lake Dam Safety Modification Project. The model scale is 1:45, and was built in 2014 at
Utah State University’s Water Research Laboratory. (Courtesy of the U.S. Army photo by John Prettyman/Released.)

Vertical scale distorted to avoid Weber number effects, i.e.,
horizontal scale is 1:1000 vs. vertical scale 1s 1:100; thus,
model is deeper relative to its horizontal dimensions

Ship model testing:
Cr = (Re, Fy) = Cy(Fy) + Cy(Re)
Com=Crm— CV(Rem)

Vi determined "\ Based on flat plate of
for F scaling Crs = Cwm + Cy(Res) + same surface area
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    F  r =    [  1 2 x  ( 1 + x ) ]  1 / 2


   ∑    F  x =  ∑    V  x 𝜌   V _ ⋅   A _


  𝛾     y 1 2 2 − 𝛾     y 2 2 2 =   V 1 𝜌  ( −   V 1   y 1 ) +   V 2 𝜌  (   V 2   y 2 )


    𝛾 2  (   y 1 2 −   y 2 2 ) =   𝛾  g  (   V 2 2   y 2 −   V 1 2   y 1 )


    𝛾 2  (   y 1 2 −   y 2 2 ) =   𝛾  g  (   V 2 2   y 2 −   V 1 2   y 1 )
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  3 × 3
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  2 × 2
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  3 × 3


   det ⁡ = 1 ≠ 0


    l 0


    u 0


    u  𝜂


    𝜏 0


    𝜏  𝜂
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  𝜀 ≈     u 0 2    𝜏 0 ≈     u 0 3    l 0 ≠ f  ( 𝜈 )
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  𝜀 ≡ 2 v   s  i j   s  i j


    s  i j =  1 2  (   𝜕   u  𝜂 , i  𝜕   x  j +   𝜕   u  𝜂 , j  𝜕   x  i )  


    S  i j ≡     u  𝜂  𝜂


  𝜀 ≡ v  (     u  𝜂 2    𝜂 2 )
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  F  (     𝜂 ⏟  L ,       u  𝜂 ⏟    L  T ,       𝜏  𝜂 ⏟  T ,     v ⏟      L 2  T ,     𝜀 ⏟      L 2    T 3 ) = 0


   Π 1 = η    (  ε   ν 3 )  1 / 4


   Π 2 =   u  𝜂   /  ( ε ν )  1 / 4


   Π 3 =   𝜏  𝜂    (  ε ν )  1 / 2


   Π 1 ×  Π 2 =     u  𝜂 𝜂  𝜈 =   R e  𝜂 ≡ 1


     Π 2   Π 1 ×  Π 3 =     u  𝜂  𝜂   𝜏  𝜂 =   1


     Π 2   Π 1 =       u  𝜂  𝜂


     (  ν ε )  1 / 2 ≡


       → yields       Π 1 =  Π 2 =  Π 3 ≡ 1


  𝜂 ≡    (     v 3  𝜀 )   1 4 ,


    𝜏  𝜂 ≡    (   v  𝜀 )   1 2


  ∏ ≡     u 0 2   (       l 0  u 0 ) =       u 0 3  l 0


  𝜀 =     u 0 3    l 0 ≡ 𝜈  (     u  𝜂 2    𝜂 2 )


    𝜏 0 =     l 0    u 0


    𝜂    l 0 ≡     R e    − 3 4 ⁡ ,


      𝜏  𝜂    𝜏 0 ≡   R e  −  1 2


    R e ⁡ =     u 0   l 0  v


  𝛻 ⋅   V _ = 0


  𝜌   D   V _  D t = − 𝛻  ( p + 𝛾 z ) + 𝜇   𝛻 2   V _


    V _ = 0


  w =   𝜕 𝜂  𝜕 t


  p =   p  o + 𝛾  (   R  x  − 1 +   R  y  − 1 )


      V _ ∗ =     V _  U


    t ∗ =   t U  L


      x _ ∗ =     x _  L


  p ∗ =   p + 𝜌 g z  𝜌   U 2


    V _ =     V _ ∗ U


    𝜕  𝜕 t =   𝜕  𝜕   t ∗   𝜕   t ∗  𝜕 t =   U  L   𝜕  𝜕   t ∗


  𝛻 =   𝜕  𝜕 x   i ^ +   𝜕  𝜕 y   j ^ +   𝜕  𝜕 z   k ^


    𝜕 u  𝜕 x =  1  L   𝜕    𝜕 x ∗  ( U   u ∗ ) =   U  L   𝜕   u ∗  𝜕   x ∗


    𝛻 ∗ ⋅     V _ ∗ = 0
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      V _ ∗ = 0


      V _ ∗ =       V _  o  U


  p ∗ =     p  o + 𝜌 g z  𝜌   U 2


    w ∗ =   𝜕   𝜂 ∗  𝜕   t ∗


    p ∗ =     p  o  𝜌   U 2 +   g L    U 2   z ∗ +   𝛾  𝜌   U 2 L  (   R  x  ∗ − 1 +   R  y  ∗ − 1 )
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  f  (   C  D , F r , R e ) = 0


    C  D = f ( F r , R e )


    C  D =   D   1 2 𝜌   V 2   L 2


  F r =   V   g L
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  R e =   V L  v


  F   r  m = F   r  p


      V  m   g   L  m =     V  p   g   L  p
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  R   e  m = R   e  p


      V  m   L  m    v  m =     V  p   L  p    v  p


      v  m    v  p =     V  m   L  m    V  p   L  p =   𝛼  1 / 2 𝛼 =   𝛼  3 / 2


    C    D  m =   C    D  p


      D  m    𝜌  m   V  m 2   L  m 2 =       D  p    𝜌  p   V  p 2   L  p 2


  𝛼 =  1 10
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