Modelingln
Dynamics

Presented by: Zhaoyuan Wang

(Oct. 9, 2026)

I[THR—Hydroscience & Engineering
C. Maxwell Stanley Hydraulics Laboratory, The University of lowa

58:160 Intermediate Mechanics of Fluids

https://stern.lab.uiowa.edu/course-materials/me51600001-intermediate-mechanics-fluids



| ur!uience Hogeimg I

Zhaoyuan Wang, Maysam Mousaviraad, Jun Shao,
Shanti Bhushan, Tao Xing and Fred Stern,

Interface Tracking
Zhaoyuan Wang and Fred Stern,




o) SRl 2= e e [

n " o~

Outline =
Characteristics of turbulence
Approaches to predicting turbulent flows
Reynolds averaging
RANS equations and unknowns
The Reynolds-Stress Equations
The closure problem of turbulence

Characteristics of wall-bound turbulent flows

Turbulence models and ranges of applicability
/.1. RANS ‘

7.2. LES/DES ILaminarﬂowproﬂle

7.3. DNS (IReynoIds number < ~2300)

Example: diffuser

lTurbulent flow profile
(Reynold’s number > ~3000)



Characteristies-of tarbulence =~

e Randomness and fluctuation: u=U+u’

* Nonlinearity: Reynolds stresses from the
nonlinear convective terms

e Diffusion: enhanced diffusion of momentum,
energy etc.

e \orticity/eddies/energy cascade: vortex
—stretching— —— ———
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, Charactenstu:s of turbulence =

Dependent on independent of
condition of formation condition of formation

oEM

E(k,1)

Wave number, k
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Lorgest eddies of \4°°"‘°"‘° cdfes X Universol equilibrism ronge

eDissipation: occurs at smaIIest scales
e Three-dimensional: fluctuations are always 3D
eCoherent structures: responsible for a large part of
the mixing
eA broad ran of length and time scales: making
— DNS-very di %ﬁeu —
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: ~'Approaches to predicting téfbulenimws
e AFD, EFD and CFD:

— AFD: No analytical solutions exist

— EFD: Expensive, time-consuming, and sometimes
impossible (e.qg. fluctuating pressure within a flow)

— CFD: Promising, the need for turbulence modeling

e Another classification scheme for the approaches
— The use of correlations: ¢ =f(Re()
— Integral equations: reduce PDE to ODE for simple cases
— One-point closure: RANS equations + turbulent models

— Two-point closure: rarely used, FFT of Two-point
equations

— LES: solve for large eddies while model small eddies
— DNS: solve NS equations directly without any model

4
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Fig. 1.1. Decomposition of the energy spectrum of the solution associated with
the Reynolds Averaged Numerical Simulation (symbolic representation)
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Fig. 1.2. Decomposition of the energy spectrum of the solution associated with the
Unsteady Reynolds Averaged Numerical Simulation approach, when a predominant
frequency exists (symbolic representation).
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Reynolds Averag?mg

——

® Time averaging: for stationary
turbulence

® Spatial averaging: for homogenous
turbulence

® Ensemble averaging: for any turbulence

® Phase averaging: for turbulence with
periodic motion
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® RANS equation

® RANS eiuation in conservative form

® Numbers of unknowns and equations
—Unknowns: 10 =P (1) + U (3) + (—uéu,’-) (6)
—Equations: 4 = Continuity (1) + Momentum (3)
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®Derivation: Taking moments of the NS equation.

Multiply the NS equation by a fluctuating property and time
average the product. Using this procedure, one can derive a
differential equation for the Reynolds-stress tensor.

= —Tixo——Tigk=— T 2V
ot Fox, “ox, T*ox, 0x), 02y,
widp' wiop'\ 8 [ 0tj ———
+ (,0 ox; + : axi> + . (v o + ujuuy

*NEW Equations: 6 = 6 equation for the Reynolds stress tensor
*NEW Unknowns: 22 =6+ 6+ 10

’ The Reynolds=Stress Eéa'ationq —
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The closure problerr of tafbulence

Because of the non-linearity of the Navier-Stokes
equation, as we take higher and higher moments,
we generate additional unknowns at each level.

In essence, Reynolds averaging is a brutal
simplification that loses much of the information
contained in the Navier-Stokes equation.

The function of turbulence modeling is to devise
approximations for the unknown correlations in
terms of flow properties that are known so that a
sufficient number of equations exist.

In making such approximations, we close the
system.
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' .,Characteristics of V\,LaII—BrOundil’urbuleﬁ'tF\lows

® The turbulent boundary layer (zero- . |
pressure gradient) has universal
velocity distribution near the wall

&
u u tods
U, v AT e
!m:‘ . 000 10,000 100,000
1 Fip'ii 6.1! lk Mean velocity distribution near 2 smooth
wall. (Taken from Cebeci, T. ; i

7l + — 1n ( y+) + 5. 1 : 1 04 > y+ 2 30 Analysis of Turbulent f;(lu:l:fllr\’ lj:]\(ir?,”.):-.:dgni? 1Prc('s);.

—04 New York, 1974, With permission. ) i
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® The velocity defect when plotted e /f e
vs. y/d collapse on a single curve F 2

(outer-layer) 2 - o
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TurbulentmodelsTRANSY =

® Boussinesq eddy-viscosity approximation
® Algebraic (zero-equation) models

— Mixing length

— Cebeci-Smith Model

— Baldwin-Lomax Model
® One-equation models

— Baldwin-Barth model

— Spalart-Allmaras model

® Two-equation models
— k-¢ model
— k- model

® Four-equation (v2f) models
® Reynolds-stress (seven-equation) models _

13
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Turbulent-modelsTRANSY =

® Boussinesq eddy-viscosity approximation

— aU; an 2
—uiu]' — Ve ax] + axi —§5Uk

® Dimensional analysis shows: v»=c.a. , where q is a
turbulence velocity scale and L is a turbulence length
scale. Usually ¢ =v2k where *=3%% is the turbulent
Kinetic energy. Models that do not provide a length
scale are called incomplete.
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Turbulent models (0=€gn RANS) ™=

du
dy

* Mixing length model: ¥r = b

® Assume mx=25x) for free shear flow, then

— o=0.180 for far wake
— o=0.071 for mixing layer
— a=0.098 for plane jet

— o=0.080 for round jet
* Comments:

—Reliable only for free shear flows with different o values

—Not applicable to wall-bounded flows

15

4



a. -  ——
Turbulent models (0=€qn RANS) ™=
Cebeci-Smith Model (Two-layer model)

_ VTi' y = Ym )
e {VTO y>yn  Where Ymis the smallest value of y for 'n="n

() (3]

Outer layer:  vn = aUebiFiaer (7; 8)

N

y

+
Inner layer: vr, = Loy Lix = KY [1 — e_ﬁ]

Closure coefficients: «=0.40 @ =0.0168 4% =26

-1
y 6
FKleb(y;(S):!l-l_S's(E) ] 6*=f6<1_£>dy
Comments: vy U,

Three key modifications to mixing length model;
Applicable to wall-bounded flows;
Applicable to 2D flows only;
Not reliable for separated flows;
—6, 0,, U, difficult to-determine in.some cases; —
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a.  ——
Turbulent models (0-€gn RANS) =
Baldwin-Lomax Model (Two-layer model)

_ VTi' y < Ym )
e {VTO y>yn  Where Ymis the smallest value of y for 'n="n
| 1 < v = Dol [ —4
nner tdyet. l Imix = Ky 11 —e 4o

Outer layer:  »-eom(a0)

Closure coefficients: «=o040  a=00168  47=26  Cp=16  Casp=03  Cui=1
Ymax Yy _ 4
L (”KO 1+5'5<M06> 1 1]) v au\: [faw av\* [au aw\|?
- o o= |G-5) (5% - G-% |
Comments:
Applicable to 3D flows;

Not reliable for separated flows;
No need to determine 0, 0y, Ue

—_— — — e —
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Turbulent models (1-‘{qn RANS)

Baldwin-Barth model

VT — CHVﬁTDlDZ

Kinematic eddy viscosity :

Turbulence Reynolds number :
d(vRy) d(vRr) _ vr\3%(vRy) 1 dvyo(vRy)
at TR (Coafo = Ce) VRIP +\V+ o | o 0%, Ox,
Closure coefficients and auxiliary relations:
Cop =12 Coy = 2.0 C, = 0.09 At =26 A3=10 I (Coy — ng)ﬂ K = 0.41
o K2

an 5U] aUl ZaUkaUk . +
P — + - I _y_+ = — __-2'-
Ve Kaxj axl) 0x; 3 0xy Oxy Di=1-e “ Dp=1-e 4

1
DD, + e 4o
v /oD, (AB’ A7

Csl Cel 1
=—+|1-—)(—+ DD, |-
f +( s Ky++ 1D,
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Turbulent models (l-fqn RANS)

Spalart-Allmaras model

Kinematic eddy viscosity : vr=9/u

Eddy viscosity equation:
oV oV > 19

~ v
N U ) — — P
5% + 5% = Cp1SV — Cy1fw (d) + > 9% [(V + V)

17]+Cb1 ov 0V

dxp o 0xj 0xp

Closure coefficients and auxiliary relations:

Ch1 B (1 +cpp)

Cbl = 0-1355 Cbz =S 0622 C‘l)l - 7.1 o-zg CWl = F pe
cw2 = 0.3 Cwa2 = 2.0 k=041 X = ; g=r+ sz(T' —71) 5~‘K2d2
x® ___X 1 i
fl]l = —3 f‘UZ 1 + 1 + C6 3 _ B v
X3 +ch Xfo1 fo=g|—2 §$=S+ 573w - /729” o
g° t+c,3
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Turbulent models (1-{qn RANS)

Comments on one-equation models:

1.0One-equation models based on turbulence kinetic energy are incomplete as
they relate the turbulence length scales to some typical flow dimension. They
are rarely used.

2.0ne-equation models based on an equation for the eddy viscosity are
complete such as Baldwin-Barth model and Spalart-Allmaras model.

3.They circumvent the need to specify a dissipation length by expressing the
decay, or dissipation, of the eddy viscosity in terms of spatial gradients.

4 Spalart-Allmaras model can predicts better results than Baldwin-Barth
model, and much better results for separated flow than Baldwin-Barth model
and algebraic models.

5 Also most of DES simulations are based on the Spalart-Allmaras model.
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Turbulent models (2-€qn RANSY = =
k2
k-& model: vr = G
K: turbulent kinetic energy
a_k+U,%:T__%_g+i V+V—T % €: rate of dissipation
ot J axj H Oxj axj Oy axj o: specific rate of dissipation
68+U 6£_C e U c £2+ 0 L de
ot Jox;  kUox 2k " ox |\ o) ox;
Cer = 1.44 Cep = 1.92 C, =009 0,=10 o, =13 “’:(cgk) lck_
k- model: et
6k+U6k aU; Bk + 0 w+or )ak
ot Jox;  Yax 0x; ™ 0x;
6w+U6a) w JU; ﬁ2+a o )aw
— —=a—T;jj— — fw +—|(v+ov;)—
at = Jax;  k Yox 0x; ™ 0x;
_13 L 1 L1 9 14 70y,
B B=bfy PRl 0= =3 RS fi=Tiaey
w
X 1, )(kSO
= _ 2 1 0k dw
B I IR Eae s $9 = 5 5
(Byw)? i 7 1
e = [ wk i
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Turbulent models (Z-e/qn RANS)

Comments on two-equation models:

1. Two-equation models are complete;

2. k-¢ and k- models are the most widely used two-
equation models and a lot of versions exist. For example, a
popular variant of k- model introduced by Menter has
been used in our research code CFDSHIP-IOWA. There are
also a lot of low-Reynolds-number versions with different
damping functions. k-o model inner region and k-¢ in the outer
region.

3. k- model shows better results than k- model for
flows with adverse pressure gradient and separated flows
as well as better numerical stability.

22



elliptic relaxation functiort

y 4

v

v2f-ke model:  vr =G>T
Dv? y v2 9 ov?
E— f—é‘?-l-a—xj (V+Vt)a—xj_
Dk 5 N d N v\ Ok
Dt © dx; v O ) 0X;
C,=04 (=03 (,=03 C, =70

—1-n
k™ v?2

w

- v2f-kom model:

vr =Cy

——

’ Turbulent models 4{ n RANS)

V2, the Ve1001ty ﬂuctuatlon normal to the streamlines; f elliptic
relaxation function

DE_C £ 82+ G, LY de
D et Tl ta |V ax,
o, =1.0

1
k v ICEZ 1/3 -Z
T=max{;'6 g} L = max CL?,C77 e

Py
Cz?

9 —_—

Dv2 ov? 1 vz 2 1p'2 P
oY o kf—e2t - 2y2 _ f = —(C. — <___>_ =2 __c, =k
b O g |V VY x]‘ LVi=f=7G =D\ ~3) =577 &%
Dk aU dk D U 2 i=n 0 0
ki — Brok +— Do _ o U (L) O (, v\
Dt tij 6 Eae + K Uk> 6x]] Dt k "t ox; Bl k +6x] G
a = 0.45977 B* = 0.09 b3 o = 1.0 0y = 1.5

3 1
}- k2 3\ 4
T = max{ f i = s CL?'CU —>
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Turbulent models (4-e/qn RANS)

Comments on four-equation models:
1. For two-equation models a major problem is that it is hard to
specify the proper conditions to be applied near walls.

2. Durbin suggested that the problem 1s that the Reynolds number 1s
low near a wall and that the impermeability condition (zero normal
velocity) 1s far more important. That 1s the motivation for the equation
for the normal velocity fluctuation.

3. It was found that the model also required a damping function f,
hence the name v2f model.

4. They appear to give improved results at essentially the same cost

as the k-¢ and k- models especially for separated flows. Hopefully the

v2f-k®w model can have better numerical stability than v2f-ke model as
their counterparts behave in two-equation models.
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Turbulent models (7=€gn RANS) ™=

Some of the most noteworthy types of applications for which models based
on the Boussinesq approximation fail are:

1. Flows with sudden changes in mean strain rate

2. Flow over curved surfaces

3. Flow 1n ducts with secondary motions

4. Flow 1in rotating fluids

5. Three-dimensional flows

6. Flows with boundary-layer separation

4

In Reynolds-stress models, the equations for the Reynolds stress
tensor are modeled and solved along with the e-equation:

k

N - L T ' J +u'u
ot * 9x; Fik ox, Gk ox, v Oxp 0x;,  \pOx; pox;] Oxy Uit the
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Turbulent models (7-{qn RANS)

These are some versions of Reynolds stress models:
1. LRR rapid pressure-strain model
2. Lumley pressure-strain model
3. SSG pressure-strain model
4. Wilcox stress- model

Comments on Reynolds stress models:

1.Reynolds stress models require the solution of seven additional
PDESs and those equation are even harder to solve than the two-equation
models.

2. Although Reynolds stress models have greater potential to
represent turbulent flow more correctly, their success so far has been
moderate.

3. There 1s a lot of current research in this field, and new models
are often proposed. Which model 1s best for which kind of flow is not clear
due to the fact that in many attempts to answer this question numerical
errors were too large to allow clear conclusions to be reached.

26
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Turbulent=models<(LES)

LES DNS U
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2 e LES
A

Fig. 9.3. Schematic representation of turbulent motion (left) and the time depen-
dence of a velocity component at a point (right)

® |arge scale motions are generally much more energetic than
the small scale ones.

® The size and strength of large scale motions make them to be
the most effective transporters of the conserved properties.

® |ES treats the large eddies more exactly than the small ones
may make sense

® LES is 3D, time dependent and expensive but much less costly
than DNS.
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y Turbulent models (LES filtering) =

® LES needs a velocity field that contains only the large scale
components of the total field, which is achieved by filtering
the velocity field (Leonard, 1974)

2,(6) = j G(x — &) u(E)de

® (G(x-€) is the filter kernel, is a localized function, which
mcIudes a Gaussian, a box filter ﬁa simple local average) and a
cutoff (a filter which eliminates all Fourier coefficients
belonging to wavenumbers above a cutoff)

® Each filter has a length scale associated with it, A.

® Eddies of size large than A are large eddies while those
smaller than A are small eddies and need to be modeled.

Box or top-hat filter




/ " Turbulent models ¢LES, ™ ——
) Governifng E'quat'rﬁs) .

® Filtered Navier-Stokes equations (constant density, incompressible):

0(pity) _ d(pw;) 0 (puiit; op 0 [ (0w 0
= 0, (pit;) N (puluj) _ p n [‘u< U; n ]>]
dat ax] aXi Ox] ax] aXi
® Note that: Uy # Uil property of the filtering operator

a(pai)+a(pm+aiaj—aiaj)_ op 0 [ <aai an-)]

ot ax] 6xl- ax] K Ox] T Oxl-

- _ S

d(pu; d (puiij) ap ] ou; . 0u;j a (t77)
(pit;) + ivj _ _9op 4 — _l_l__] + _~u’
ot axj 6xl- 6X'j axj 6xl- ax]'

Intrsotcrlggsing Subgrid-scale Reynolds Tfj — _p(uiuj _ ﬂiﬂj)

® The filter width A> grid size h

~ ® The models used to approximate the SGS Reynolds stress are called

subgrid-scale (SGS) or subfilter-scale models.
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Turbulent models (LES,-Smaé’ﬁrinsky‘n?ocfeI-)

® The earliest and most commonly used subgrid scale
model is one proposed by Smagorinsky (1963), which is
an eddy viscosity model.

® As the increased transport and dissipation are due to the
viscosity in laminar flow, it seems reasonable to assume

that _ _
s 1 du; Ju;

< 3 3 _
Tij— §Tkk5i,j = Ut (ax]_ + axi> = 2t Sij

Sij  Strain rate of the large scale or resolved field
u, Eddy viscosity Ht = CépA?|S]

Cs = 0.2 Model constant

® Drawbacks: 1. Cs is not constant
2. Changes of Cs are required in all shear flows
3. Need to be reduced near the wall.
4. Not accurate for complex and/or higher

— Reynolds number-flows. S

30
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Turbulent models (LES, -Scale-sirilarity |:node -
and Dynamic model)

® Dynamic model:

1. filtered LES solutions can be filtered again using a filter
Iigrcl)c?der than the previous filter to obtain a very large scale
ield.

2. An effective subgrid-scale field can be obtained by
subtraction of the two fields.

3. model parameter can then be computed.

Advantages: 1. model parameter computed at every spatial
grid point and every time step from the results of LES

2. Self-consistent subgrid-scale model

3. Automatically change the parameter near the wall and in
shear flows

Disadvantages: backscatter (eddy viscosity<0) may cause
instability.

4
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Turbulent mo'delsﬁDES)

Massively separated flows at high Re usually involve

both large and small scale vortical structures and very
thin turbulent boundary layer near the wall

RANS approaches are efficient inside the boundary

layer but predict very excessive diffusion in the separated
regions

LES is accurate in the separated regions but is unaffordable
for resolving thin near-wall turbulent boundary layers at
industrial Reynolds numbers

Motivation for DES: combination of LES and RANS. RANS
inside attached boundary layer and LES in the separated
regions

—
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DES Formulation —— o

® Modification to RANS models was straightforward by
substituting the length scale[l§, which is the dlstance to the
closest wall, with the new DES length scale defined as:

* whercll is the DES constant, B is the grid spacing and 1s
based on the largest dimensions of the local grid cell, and
are the grid spacing in x, y and z coordinates respectively

® Applying the above modification will result in S-A Based,
standard k-¢ (or k-®) based and Menter’s SST based DES

models, etc.
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stress (URANS
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Direct Numerieal Simula-'.ﬁt')n (DNS)\ _

DNS is to solve the Navier-Stokes equation directly
without averaging or approximation other than numerical
discretlilzac]cions whose errors can be estimated (V&V) and
controlled.

The domain of DNS must be at least as large as the
physical domain or the largest turbulent eddy (scale L)

The size of the grid must be no larger than a viscously
determined scale, Kolmogoroff scale, n

The number of grid points in each direction must be at
least L/ n

The computational cost is proportional to
Re;’* ~ (0.01Re()3/%)

Provide detailed information on flow field

Due to the computational cost, DNS is more likely to be a
research tool, not a design tool.

y
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y Two-Phase T-urbuféﬂce o~ =

* Most of the turbulence models (RANS and LES) are developed based on single-
phase flows. The effect of turbulence on the interface and the interface induced

turbulence are not considered.
» The eddy viscosity is found to be over-predicted in the gas area near the interface
(Wang et. al, 2010).

» A buoyancy term G, is added to the TKE
Equation (Devolder et al., 2017/2018):

Eddy viscosity for KCS wave breaking. Left: V4.5; right: V5.5.

» This additional term suppresses the turbulence level at the air-water interface

38



Examptes (Diffus.é’r) —

Asymmetric diffuser with
separation is a good test case
for turbulence models.

An inlet channel was added at
the diffuser inlet to generate
fully developed velocity profile

Boundary layer in the lower
diffuser wall will separate due

t
to the adverse pressure s
gradient. e o
Results shown next include o
COmpaFISOnS between VZf and Fig. 1 Asymmetric diffuser geometry
k-€

" G o e i b T
et A e T e S =

LES simulation of this geometry =
can be found in: SEERERRILi<xoie)
M. Fatica, H. J. Kaltenbach, and ' S
R_ M|tta|, “Va||dat|on Of LES |n a Fig. ZI.Computatiﬂnal grid—detail of the channel-diffuser
Plain Asymmetric Diffuser”,

center for turbulence research,
annual research briefs, 1997
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® Mean velocity
predicted by V2f
agreed very well
with EFD data,
particular the
separation
region is
captured.

® K-g£ model fails
to predict the
separation
caused by
adverse
pressure
gradient.

O -

EURY- N S N

Low-Reynolds k- Model

40
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Low-Reynolds k-¢ Model

® TKE predicted by V2f agreed better with EFD
data than k- € model, particular the
asymmetric distribution.

skin Friction

)X /H

® Right g?lumn is for the_skin frig,?ion coefficient
on the lower wall, from which the separation

and reattachment point can be found.
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Interface tracking methods

* Volume of Fluid (VOF) Method

» Good mass conservation property
» Low accuracy to compute curvature and normal

* Level Set (LS) Method

» Estimation of curvature and normal more accurate
» Poor mass conservation property

e Coupled Level Set and Volume-of-Fluid (CLSVOF)
Method

» Interface precisely located
» Mass well conserved

44
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/7 Interface madelingzmethods — -

The /evel set (LS) and volume-of-fluid (VOF) methods have
been extensively used for the interface tracking.

LS method: b :
v Simple and easy to implement, but susceptible to the numerical dissipation and poor \
mass conservation;
v not adopted by popular commercial codes, mostly used in research codes: e.g.,
CFDShip-lowa V4.5, WAVIS, SPLASH, FreSCo+, NAGISA, etc.
VOF method:
v accurate and good mass conservation property, but implementation is difficult using V4 . 5
geometric method; L

v widely used in commercial, open source, and research codes: FLOW-3D, ANSYS Fluent,
STAR-CCM+ , OpenfFoam, Gerris (code), NFA, CFDShip-Iowa V6, etc.

The implementation schemes of the VOF method: algebraic and

geometric methods
Algebraic VOF method: VS 5
v no interface reconstruction needed, simple and easy to implement, not restricted to c
structured grids
v low accuracy, smeared interface, anti-diffusion or artificial steepening treatment is
needed.

Geometric VOF method.

v high accuracy

v complex interface reconstruction, difficult to implement, mostly implemented on

structured grids
Most popular commercial and open-source codes use algebraic VOF method
andy/or with geometric method as an option: ANSYS Fluent, STAR-CCM+ ,
OpenfFoam
Geometric VOF method is used in FLOW-3D, Gerris (code), NFA, CFDShip-Iowa
V6, and some in-house research codes for high-fidelity small scale low Reynolds
— number.flows. — S
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Overview of the VOF method

The interface is captured by the VOF function, £, representing the volume fraction occupied

by the liquid phase in earh call-
1, in the liquid,

F(x,t) 0 < F < 1, at the interface,
0, in the gas.

The interface position is updated by solving the VOF function advection equation,

IF i
W+ u-VF=0.

Density and viscosity is treated using VOF function:

p=puF+p.(1=F), p=p.F+p.(1-F)

a) Hull with Numenical Ventilation Present

(Wheeler et al., 2021)

Implementation schemes: Geometric and Algebraic
VOF methods

Geometric VOF method:

* Involving an explicit reconstruction of the interface from the VOF functions, interface advection, and flux
calculation procedures

Algebraic VOF method:
* The advection equation is solved algebraically, no interface reconstruction needed,

» anti-diffusion or artificial steepening treatment is needed, such as HRIC (high resolution interface
capturing) and THINC (tangent of hyperbola for interface capturing) schemes.
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3.8

— exact
—gVaFoam
inil&rFoam

3.2r

1.2 1.6 2 24 2.

—axact
—gVoFoam
——interFoam

0.2 0.3 0.4 0.5 0.6 0.7 0,

(Cifani et al., 2016, Computer & Fluids)




’ /Interface Tracking Methods{cont’d) ~_ ~
VOF method

Definition

The interface 1s captured by the VOF function, F, representing the volume fraction
occupied by the liquid phase in each cell:

-

1 inside the interface,

F=<0< F <1 atthe interface,

\O external to fluid.
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0 02 0.4 0.6 08 1 1.2 1.4 16 18 2 0 02 0.4 06 08 1 1.2 1.4 16 1.8 2
¥ [ram] X [rmm]
A circle VOF functions

Advection
DF _oF

The VOF function can be advected by equation, — (V eV)F =0.

—_— : T

PLIC scheme 1s used to reconstruct the interface. 4



’ “Interface Tracking Methods{cont’d) -

LS |||eth0d \ 0Bl 071 o058 0810 05) 05 051 053 071 085

Definition i o071 o0s8 03 o026 022 02 02 03 058 071

The level set function is defined as a signed H
distance function: 12

‘¢ >0 outside of the interface, £ 1

A

¢ =0 at the interface,

‘¢ <0 inside the interface. M

AdVCCthn Dé D.:2 D.:a D.:E n.:s 1 1 _:2 1 .:4 1 .:5 1 .:a 2

The level set function 1s evolved by

LS Functions

D¢ _0¢ 7 evg—
pr o TV eVIe=0 - o
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’ interface Tracking Methods{cont’d) ~_ ~

To keep the LS function to be a distance function, a reinitialization process is
needed :

op _ 9

= -V

@, levelset function at the previousstep, ¢(x,0)= @,(x).

T : artificial time.

CLSVOF method

Description

*Reconstruct the interface from VOF function and normal vector.
*Re-distance LS function from the reconstructed interface.

*Compute curvature and normal from LS function.

——— S
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’ “Interface Tracking Methods{cont’d) ~_ ~
Cstart O,

||- Interface  Reconstruction

Y

mE===)>| Redistance

Interface reconstruction

Normal vector: Initialize LS(®") Initialize VOF(F’,n")
— V A v
n = —¢ = V¢, Advect LS Advect VOF
V¢
V¢ S B R i
i Reinitialization |
: i |
Local curvature of the interface: i o :
L fo)ul * |
i !
' |
; @
S . n" |
K=V e\Vgp. i i
! ‘ ‘ !
| |
! |
! |
| |

A 4 A 4
*Normal vector Advect LS| | Advect VOF
*VOF function é
. . . Flow diagram for a CLSVOF method, where ® denotes level set function, F is
.PLIC ! EleceWISe llnear VOF function and n is normal. Coupled process in the dashed box .

interface construction)
scheme: 52



Surface Tension

Modeling




Surface tension modeling approaches

- Continuum Surface Force (CSF) method

» Calculation of surface tension force simplified (no need for interface
reconstruction)

» No restrictions on the number, complexity , or dynamic evolution of fluid
interfaces

» Undesirable spurious currents generated

» Grid convergence problems found

A pressure boundary method (PBM) is developed based on the
ghost fluid method (GFM).
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Surface tension modeling (cont’d) —

CSF method

In the CSF model, surface tension force is treated as a body force, which acts
on fluid elements lying within transition regions of finite thickness.

. . . G;as
F;) — F;V — GKV F Transition
region

in the VOF method, I i I l/ﬁ'

or ML S
F,=F, =oKkio(9) el

Interface
in the LS method.
* Surface tension forces from the CSF model™ e—
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To apply surface tension effect, the force F ».appears as a source term in the

momentum equation,

vy _
, =-_V.(V
P 12
< —
n+1_N
| V V=_ 1 Vpn+1
ot foi
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" Surface tension maodeling (cont’d) =
PBM method
In the method , the surface tension effect is treated as a pressure jump
condition, which is given in the Laplace’s formula ,
p,=0K+p,

Then, the surface tension effect 1s implemented in the momentum equation via a
capillary pressure gradient ,

1 1

rn+l  1rn .
V V :—V'(VV)—FV]?”H"‘?V'Tn"'g_m

ot

where p™*! is separated into two pressure terms: p, and p, , the surface tension
effect 1s included via pressure p, .
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’ Surface tension modeling (cont’d) .~

First, a pressure field p, is computed with the pressure jump conditions by
the following equation,

VO{%VpI} =0
P

Next,the two-step projection method is applied,

il :—VO(W)”+LVOT”+§”—-
{ ot o

a7
:—pn sz

ot

V.Vn+1 :O

where p, 1s obtained by a pressure Poisson equation,

I —
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v{ ] sz}:VoV
p" ot

Finally, pressure p™"! is computed using equation

p"=p +p,
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’ Surface tension modeling (cont’d) .~

VO{lel} =0
o,

i,j

(Vp, /p)i+1/2,j —(Vp, /p)i—l/Z,j N (VP1/P),-,J-+1/2 —(Vp, /p)i,j—l/Z .

=0
Ax Ay
Free surface flows
The pressure gradients at faces are discretized as
Ve _ Pi; — Pia,,
(Vp )i—1/2, ;o \
(V) _ Prn — P
/2. =
i+1/2,j Hr ‘
[ o [
i-1,-1 ij-1 i+1,j-1
Pi; — Pij;j o
VP 1 = A Liquid
34 .
P, — P Determination of the distance from cell center to the
—— (Vp)l 1/ — L2 — e interface-in-x/y-direction-and-pressure discretization. atem
-/ Ht Ay the interface
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’ Surface tension modeling (c;il'lt’d) - -

The pressure at the interface is calculated by

P = Pg +OKy,

P = Pg T OKy,

The curvature at the interface is calculated by
+{A—-6)x, ;
+{A—-6)xK; ;

K]r — erKi+l,j

K, = QtKi,j+1

Define 0 to be the fraction of the distance from the cell (1,j) center to the interface:

5 %.]
: ¢i,j|+ ¢i+1,j|
o _ 2|

7

¢i,j| + ¢i,j+1|

——— S ——_
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Surface tension modeling (c;srlt’d) -

Two-phase flows

At the single phase, pressure gradient 1s
1 1 1 i-1,j+1 i,j+1 i+1,j+1
discretized using the standard method, Y N L
\V4 _pi,j _pi—l,j
( p)i—1/2, i
Ax ¢ ‘ pll\ p1g
£ o R
Pressure jump condition at the interface, i L A \“"J
Pn— P =0K b
. .. e g Y.
At the right face of cell (3, j), Ll i1 i1l
Liquid
(Vp) _ Pu— P Ax
P i+1/2,j 6 Ax ()
r
(a) Right face in the liquid phase
. (p]g + GK) —Pi;

(Vp)i+1/2,j = 0 Ax

P, can be extrapolated, here it is simply approximated by,

Pie ® Pisj
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f .gurface tension modeling (c;‘"t’d) -~

. (pi+1,j + O-K) — P,

(Vp)m/z,j = 0 Ax
r i-1,j+1 ij+1 i+1,j+1
® \&'ﬁ ® Gas
. . pu&f@
For case b, pressure gradient will be Ay C 5 € 2
. . i-1,j o i j 1-0)Ax i+l
discretized as, Y
1
\V _ Pina,j — Pl i-.l,j—l 1’1 i.+1,j-1
( p)i+1/2,j = -
(1 _ er ) Ax Liquid
Ax
v _ Pin; (Py —OK) ®)
( p)i+l/2,j _ (1 ) )AX (b) Right face in the gas phase
r
v _ DPiny _(pi,j —OK)
( P)i+1/2, i

(1-6.)Ax
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Surface tension modeling (c&Ht’d) S

Substitute pressure gradients into the following equation,

v .{l Vpl} _ (Vp, /p)i+1/2,j —(Vp, /p)i—1/2,j N (Vpl/p)i,j+1/2 —(Vp, /p)i,j—l/z ~0
p i Ax Ay
a of the pressure equation is obtained, the resulting

symmetric linear system can be readily solved using an incomplete Cholesky
conjugate gradient (ICCG) method.
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Velocity profiles for a stationary droplet in air, after 0.5ms, grid:0.02X0.02mm.
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Maximum Velocity Magnitude vs Time

—— VOF-CSF
—— CLSVOF-CSF
—©—- CLSVOF-PBM
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Y [mm]

04 05 06

OI.1 OI.2 OI.3 OI.4 0i5 0L6 01 02 03
X[mm] X [mm]
(a)CLSVOF —CSF (b)CLSVOF — PBM
e —— T —
Time sequence and velocity profiles for a falling droplet in air
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Transition
i+1

Density ratio:

Velocity profiles for a stationary droplet for cases with different density ratios.
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Maximum Velocity Magnitude [mm/ms]

1.8~

1.6
PBM:1000
tar /e PBM:100
- - - -PBM:
12 —+— CSF:1000
—o6— CSF:100
. —=&— CSF:1

0.8

0.6

04

0.2
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0 0.1 0.2 03 04 0.5 086 0.7 0.8 0.9 1
Time [ms]

Maximum velocity magnitude versus time for different density ratios.

70



Pressure

e —————— e ————— e ————— T e———— s

Pressure distribution: (a) CSF method; (b) PBM method.
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—PBM
0.8- e Analytical

0.4

Normalized amplitude
o

i 04+ -

-0.6 - :

1 0.8 1

-1 | | | |
! ! ! ! L ! 0 5 10 15 20 25
T
Oscillation of an interface between two viscous fluids Time evolution of the amplitude of the capillary wave.
Analytical solution, [Prosperetti, 1981]

T e — — A — S

72



o BNl e e

(a) d=1.5mm (b) d=3.0mm (c) d=6.0mm
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~ Interface modeling methods— _
in CFDShip-Iowa V5.5

* A geometric VOF method is implemented on the static/dynamic overset grids with a new VOF interpolation
algorithm developed.
The VOF value cannot be directly interpolated through the overset grid boundaries since the VOF function is a
discontinuous step function.
The VOF value in the fringe cells is calculated geometrically based on the reconstructed interface.

* The gravity and surface tension forces are implemented using a VOF based ghost fluid method,
A ghost pressure interpolation scheme is developed to handle the pressure jump across the interface due to the density
changes and surface tension effect.

* No-slip boundary condition and moving contact line problem.

A blanking distance (d_blank) from the wall is used for the interface functions chosen based on the y+ values. The
numerical experiments show that the blank distance needs to satisfy 30 < y+ < 200 in consideration of accuracy and
stability, and a value of y+ ~ 100 is usually used in practice
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Interface modeling methods

VOF interpolation on overset grid

ax +by+cz=d

d=dijrtaxyjr+byjr +czijr

F = VOlwater/VOItotal

I —— T I
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Interface modeling methods

VOF on overset grid tests

Slotted disk Single vertex flow

¢ 1 1
0'8_ 0.8- CI.B_-
O.Gh 0.6- 0.6_—

N i i

0.4 0.4_- 0.4;
0.2‘ 0.2-— 02

I I >

00'"ofz"'014')'('&6"'0!8"'1 °u"'o'_z'"0,4';('0,6"'&3'“1 0 ‘"nfz‘"n!a‘;(‘o'.a"'o'.s"'

3D deformation test
(A) (B)
—_— — o ——— ———— —
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~ Interface dee'Iing'/methods -

Gravity and surface tension forces implementation

Body forces including the interfacial force (such as the surface tension force) and the volumetric forces (such as the gravity
and electromagnetic forces), greatly depends on the interface tracking method, variable arrangement on the grid, and
pressure velocity coupling.

aui+ Ju;\ 6p+6 aui+auj N o
p ot uj aXJ B Oxi x] K axj axl- PYi st

Jump condition for piezometric pressure
Interface

f}wm‘er - ;ﬁar‘r = (Pwarer - Pa:'r)ng- a= PB
0.5~ + 1)

fp [

P =apy+(1—a)pp— ad.
! ’ g d = 0.5(zp + zp)(pp — pp)g.

Jump condition due to surface tension
Pwater — Pair = K],

Py = aps + (1 —a) pp + ppAzZg + ack.
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Interface modeli

Hydrostatic pressure test for gravity

0.4:
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(A) (B)
Velocity profiles for the hydro-static test on general

structured grid: (A) body force method; (B) VOF ghost
pressure method

04 0.6 04 0.6

X ) ’ X

(A) (B)

ng methods

3.5E-04 - - -
3.0E-04 |-
2.5E-04 |
2.0E-04 |- ——=—— BFM_Curvilinear

- ———— BFM_Cartesian

= v GFM_Curvilinear
1.5E-04 |- ——e—— GFM_Cartesian
1.0E-04 |- o . ) \ .
5.0E-05 r
0'0E+00 - L L L | | Il | L L L Il L [l 1 1 1 L L L |

0 100 200 300 400 500
Time Steps

Comparison of the CFL numbers for BFM and
GFM methods

Pressure distribution and interface prollles for the Iiyaro-sEatlc

test on general structured grid: (A) body force method; (B) VOF
ghost pressure method 79




e
.4\

y 4 -
4
y - w '/

Interface modeling methods

Static circular and oscillating elliptical drops for surface tension

Pressure
P >

Pressure
P R
o
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z
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(A) Pressure d1stribution for a circular static drop. (B)

Time history of the CFL number for a circular static
drop
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Interface modeling methods
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  u = U +  u ′


   C D = f  ( Re ( ) )


  𝜌   𝜕  U i  𝜕 t + 𝜌  U j   𝜕  U i  𝜕  x j = −   𝜕 P  𝜕  x i +  𝜕  𝜕  x j  ( 2 𝜇  S  j i − 𝜌    u j ′  u i ′ ¯ )


  𝜌   𝜕  U i  𝜕 t + 𝜌  𝜕  𝜕  x j  (  U j  U i +    u j ′  u i ′ ¯ ) = −   𝜕 P  𝜕  x i +  𝜕  𝜕  x j  ( 2 𝜇  S  j i )


   ( −    u i ′  u j ′ ¯ )


    𝜕  𝜏  i j  𝜕 t +  U k   𝜕  𝜏  i j  𝜕  x k = −  𝜏  i k   𝜕  U j  𝜕  x k −  𝜏  j k   𝜕  U i  𝜕  x k + 2 𝜈     𝜕  u i ′  𝜕  x k   𝜕  u j ′  𝜕  x k ¯


        +  (      u i ′ 𝜌   𝜕  p ′  𝜕  x j ¯ +      u j ′ 𝜌   𝜕  p ′  𝜕  x i ¯ ) +  𝜕  𝜕  x k  ( 𝜈   𝜕  𝜏  i j  𝜕  x k +    u i ′  u j ′  u k ′ ¯ )


  2 𝜈     𝜕  u i ′  𝜕  x k   𝜕  u j ′  𝜕  x k ¯ → 6    u n k o w n s


   (      u i ′ 𝜌   𝜕  p ′  𝜕  x j ¯ +      u j ′ 𝜌   𝜕  p ′  𝜕  x i ¯ ) → 6    u n k o w n s


     u i ′  u j ′  u k ′ ¯ → 10    u n k o w n s


   u   u 𝜏 =  u + =   y  u 𝜏 𝜈 =  y +   :  y + < 5


   u + =  1  0 . 4  ln ⁡ (  y + ) + 5 . 1   : 1  0 4 >  y + ≥ 30


     k     u 2 𝜏  = 0 . 3   : 1  0 4 >  y + ≥ 30


     u ∞ − u   u 𝜏 = 9 . 6 ( 1 −  y 𝛿  ) 2


  −    u i ′  u j ′ ¯ =  𝜈 T  (   𝜕  U i  𝜕  x j +   𝜕  U j  𝜕  x i ) −  2 3  𝛿  i j k


   𝜈 T =  C 𝜇 q L


  q =  2 k


  k =  1 2    u i ′  u i ′ ¯


   𝜈 T =  l  m i x 2  |   d U  d y |


   l  m i x = 𝛼 𝛿  ( x )


   𝜈 T =  {      𝜈   T i ,    y ≤  y m     𝜈   T o    y >  y m


   y m


  y


   𝜈   T i =  𝜈   T o


   𝜈   T i =  l  m i x 2    [    (   𝜕 U  𝜕 y ) 2 +    (   𝜕 V  𝜕 x ) 2 ]   1 2


   l  m i x = 𝜅 y  [ 1 −  e  −    y +   A 0 + ]


   𝜈   T 0 = 𝛼  U e  𝛿 v ∗  F  K l e b  ( y ; 𝛿 )


  𝜅 = 0 . 40


  𝛼 = 0 . 0168


   A + = 26    [ 1 + y     d P  d x  𝜌  U 𝜏 2 ]    − 1 2


   F  K l e b  ( y ; 𝛿 ) =    [ 1 + 5 . 5    (  y 𝛿 ) 6 ]  − 1


   𝛿 v ∗ =   ∫ 0 𝛿   ( 1 −  U   U e ) d y


  𝛿 ,  𝛿 v ∗ ,  U e


   𝜈 T =  {      𝜈   T i ,    y ≤  y m     𝜈   T o    y >  y m


   y m


  y


   𝜈   T i =  𝜈   T o


  𝛿 ,  𝛿 v ∗ ,  U e


   𝜈   T i =  l  m i x 2  | 𝜔 |


   l  m i x = 𝜅 y  [ 1 −  e  −    y +   A 0 + ]


   𝜈   T 0 = 𝛼  C  c p  F  w a k e  F  K l e b  ( y ;    y max   C  K l e b ( ) )


  𝜅 = 0 . 40


  𝛼 = 0 . 0168


   A + = 26


   C  c p = 1 . 6


   C  K l e b = 0 . 3


   C  w k = 1


   F  K l e b  ( y ;    y max   C  K l e b ( )  [ 1 + 5 . 5  (  y     y max   C  K l e b (  ) 6 ) [  ]  − 1 ] )


  𝜔 =    [    (   𝜕 V  𝜕 x −   𝜕 U  𝜕 y ) 2 +    (   𝜕 W  𝜕 y −   𝜕 V  𝜕 z ) 2 +    (   𝜕 U  𝜕 z −   𝜕 W  𝜕 x ) 2 ]   1 2


   𝜈 T =  C 𝜇 𝜈    R ~ T  D 1  D 2


    𝜕  ( 𝜈    R ~ T )  𝜕 t +  U j   𝜕  ( 𝜈    R ~ T )  𝜕  x j =  (  C  𝜀 2  f 2 −  C  𝜀 1 )  𝜈    R ~ T P +  ( 𝜈 +    𝜈 T   𝜎 𝜀 )    𝜕 2  ( 𝜈    R ~ T )  𝜕  x k 𝜕  x k −  1   𝜎 𝜀   𝜕  𝜈 T  𝜕  x k   𝜕  ( 𝜈    R ~ T )  𝜕  x k


   C  𝜀 1 = 1 . 2


   C  𝜀 2 = 2 . 0


   C 𝜇 = 0 . 09


   A 0 + = 26


   A 2 + = 10


   1   𝜎 𝜀 =  (  C  𝜀 1 −  C  𝜀 2 )     C 𝜇   𝜅 2


  𝜅 = 0 . 41


  P =  𝜈 T  [  (   𝜕  U i  𝜕  x j +   𝜕  U j  𝜕  x i )   𝜕  U i  𝜕  x j −  2 3   𝜕  U k  𝜕  x k   𝜕  U k  𝜕  x k ]


   D 1 = 1 −  e  −    y +   A 0 +


   D 2 = 1 −  e  −    y +   A 2 +


   f 2 =    C  𝜀 1   C  𝜀 2 +  ( 1 −    C  𝜀 1   C  𝜀 2 )  (  1  𝜅  y + +  D 1  D 2 ) ⋅  [   D 1  D 2 +  1    D 1  D 2  (    D 2   A 0 +  e  −    y +   A 0 + +    D 1   A 2 +  e  −    y +   A 2 + ) ]


   𝜈 T =  𝜈 ~  f  v 1


    𝜕  𝜈 ~  𝜕 t +  U j   𝜕  𝜈 ~  𝜕  x j =  c  b 1  S ~  𝜈 ~ −  c  w 1  f w    (    𝜈 ~ d ) 2 +  1 𝜎  𝜕  𝜕  x k  [  ( 𝜈 +  𝜈 ~ )   𝜕  𝜈 ~  𝜕  x k ] +    c  b 1 𝜎   𝜕  𝜈 ~  𝜕  x k   𝜕  𝜈 ~  𝜕  x k


   c  b 1 = 0 . 1355


   c  b 2 = 0 . 622


   c  v 1 = 7 . 1


  𝜎 =  2 3


   c  w 1 =    c  b 1   𝜅 2 +    ( 1 +  c  b 2 ) 𝜎


   c  w 2 = 0 . 3


   c  w 2 = 2 . 0


  𝜅 = 0 . 41


   f  v 1 =    𝜒 3   𝜒 3 +  c  v 1 3


   f  v 2 = 1 −  𝜒  1 + 𝜒  f  v 1


   f w = g    [   1 +  c  w 3 6   g 6 +  c  w 3 6 ]   1 6


  𝜒 =    𝜈 ~ 𝜈


  g = r +  c  w 2  (  r 6 − r )


  r =    𝜈 ~   S ~  𝜅 2  d 2


   S ~ = S +    𝜈 ~   𝜅 2  d 2  f  v 2


  S =  2  Ω  i j  Ω  i j


   𝜈 T =  C 𝜇    k 2 𝜀


    𝜕 k  𝜕 t +  U j   𝜕 k  𝜕  x j =  𝜏  i j   𝜕  U i  𝜕  x j − 𝜀 +  𝜕  𝜕  x j  [  ( 𝜈 +    𝜈 T   𝜎 k )   𝜕 k  𝜕  x j ]


    𝜕 𝜀  𝜕 t +  U j   𝜕 𝜀  𝜕  x j =  C  𝜀 1  𝜀 k  𝜏  i j   𝜕  U i  𝜕  x j −  C  𝜀 2    𝜀 2 k +  𝜕  𝜕  x j  [  ( 𝜈 +    𝜈 T   𝜎 𝜀 )   𝜕 𝜀  𝜕  x j ]


   C  𝜀 1 = 1 . 44


   C  𝜀 2 = 1 . 92


   C 𝜇 = 0 . 09


   𝜎 k = 1 . 0


   𝜎 𝜀 = 1 . 3


  𝜔 =  𝜀   (  C 𝜇 k )


  l =  C 𝜇    k   3 2 𝜀


   𝜈 T =  k 𝜔


    𝜕 k  𝜕 t +  U j   𝜕 k  𝜕  x j =  𝜏  i j   𝜕  U i  𝜕  x j −  𝛽 ∗ k 𝜔 +  𝜕  𝜕  x j  [  ( 𝜈 +  𝜎 ∗  𝜈 T )   𝜕 k  𝜕  x j ]


    𝜕 𝜔  𝜕 t +  U j   𝜕 𝜔  𝜕  x j = 𝛼  𝜔 k  𝜏  i j   𝜕  U i  𝜕  x j − 𝛽  𝜔 2 +  𝜕  𝜕  x j  [  ( 𝜈 + 𝜎  𝜈 T )   𝜕 𝜔  𝜕  x j ]


  𝛼 =  13 25


  𝛽 =  𝛽 0  f 𝛽


   𝛽 ∗ =  𝛽 0 ∗  f   𝛽 ∗


  𝜎 =  1 2


   𝜎 ∗ =  1 2


   𝛽 0 =  9 125


   f 𝛽 =   1 + 70  𝜒 𝜔  1 + 80  𝜒 𝜔


   𝜒 𝜔 =  |    Ω  i j  Ω  j k  S  k i     (  𝛽 0 ∗ 𝜔 ) 3 |


   𝛽 0 ∗ =  9 100


   f   𝛽 ∗ =  {     1 ,                          𝜒 k ≤ 0      1 + 680  𝜒 k 2  1 + 400  𝜒 k 2        𝜒 k > 0


   𝜒 k =  1   𝜔 3   𝜕 k  𝜕  x j   𝜕 𝜔  𝜕  x j


  𝜀 =  𝛽 ∗ 𝜔 k


  l =    k   1 2 𝜔


   𝜈 T =  C 𝜇    v 2 ¯ T


    D    v 2 ¯  D t = k f − 𝜀      v 2 ¯ k +  𝜕  𝜕  x j  [  ( 𝜈 +  𝜈 t )   𝜕    v 2 ¯  𝜕  x j ]


   L 2  ∇ 2 f − f =    C 1 T  (      v 2 ¯ k −  2 3 ) −  C 2    P k k


    D k  D t = P − 𝜀 +  𝜕  𝜕  x j  [  ( 𝜈 +    𝜈 t   𝜎 k )   𝜕 k  𝜕  x j ]


    D 𝜀  D t =  C  𝜀 1  𝜀 k P −  C  𝜀 2    𝜀 2 k +  𝜕  𝜕  x j  [  ( 𝜈 +    𝜈 t   𝜎 𝜀 )   𝜕 𝜀  𝜕  x j ]


   C 1 = 0 . 4


   C 2 = 0 . 3


   C L = 0 . 3


   C 𝜂 = 70


   C  𝜀 2 = 1 . 9


   𝜎 𝜀 = 1 . 0


   C  𝜀 1 = 1 . 3 +     0 . 25   [ 1 +    (    C L d  2 L ) 2 ] 4


  T =  max ⁡   {  k 𝜀 , 6   𝜈 𝜀 }


  L =  max ⁡   {  C L    k   3 2 𝜀 ,  C 𝜂    (    𝜈 3 𝜀 )   1 4 }


   𝜈 T =  C 𝜇    k n      v 2 ¯  1 − n 𝜔


    D    v 2 ¯  D t = k f − 6    v 2 ¯  𝜀 k +  𝜕  𝜕  x j  [  ( 𝜈 +  𝜈 t )   𝜕    v 2 ¯  𝜕  x j ]


   L 2  ∇ 2 − f =  1 T  (  C 1 − 1 )  (      v 2 ¯ k −  2 3 ) − 5  1 T      v  ′ 2 ¯ k −  C 2    P k k


    D k  D t =  𝜏  i j   𝜕  U i  𝜕  x j −  𝛽 ∗ 𝜔 k +  𝜕  𝜕  x j  [  ( 𝜈 +    𝜈 t   𝜎 k )   𝜕 k  𝜕  x j ]


    D 𝜔  D t = 𝛼  𝜔 k  𝜏  i j   𝜕  U i  𝜕  x j − 𝛽  𝜔 2    (      v 2 ¯ k )  1 − n +  𝜕  𝜕  x j  [  ( 𝜈 +    𝜈 t   𝜎 𝜔 )   𝜕 𝜔  𝜕  x j ]


  𝛼 = 0 . 45977


   𝛽 ∗ = 0 . 09


  𝛽 =  3 40


   𝜎 k = 1 . 0


   𝜎 𝜔 = 1 . 5


  T =  max ⁡   {  k 𝜀 , 6   𝜈 𝜀 }


  L =  max ⁡   {  C L    k   3 2 𝜀 ,  C 𝜂    (    𝜈 3 𝜀 )   1 4 }


    𝜕  𝜏  i j  𝜕 t +  U k   𝜕  𝜏  i j  𝜕  x k = −  𝜏  i k   𝜕  U j  𝜕  x k −  𝜏  j k   𝜕  U i  𝜕  x k + 2 𝜈     𝜕  u i ′  𝜕  x k   𝜕  u j ′  𝜕  x k ¯ +  (      u i ′ 𝜌   𝜕  p ′  𝜕  x j ¯ +      u j ′ 𝜌   𝜕  p ′  𝜕  x i ¯ ) +  𝜕  𝜕  x k  ( 𝜈   𝜕  𝜏  i j  𝜕  x k +    u i ′  u j ′  u k ′ ¯ )


     u ̄ i  ( x ) =  ∫  G  ( x − 𝜉 )  u i  ( 𝜉 ) d 𝜉


  G  ( x − 𝜉 ) =  {      1   Δ ̄    0


   | x − 𝜉 | ≤    Δ ̄ 2


  G  ( x − 𝜉 ) =    (  𝛾  𝜋    Δ ̄ 2 )   1 / 2  exp ⁡   (   − 𝛾    | x − 𝜉 | 2     Δ ̄ 2 )


  G  ( x − 𝜉 ) =    sin ⁡   (  k c  ( x − 𝜉 ) )   k c  ( x − 𝜉 )


   k c =  𝜋 Δ


    𝜕  ( 𝜌    u ̄ i )  𝜕 t +   𝜕   ( 𝜌    u i  u j - )  𝜕  x j = −   𝜕  p ̄  𝜕  x i +  𝜕  𝜕  x j  [ 𝜇  (   𝜕    u ̄ i  𝜕  x j +   𝜕    u ̄ j  𝜕  x i ) ]


    𝜕  ( 𝜌    u ̄ i )  𝜕  x i = 0


     u i  u j - ≠    u ̄ i    u ̄ j


   𝜏  i j S = − 𝜌  (    u i  u j - −    u ̄ i    u ̄ j )


    𝜕  ( 𝜌    u ̄ i )  𝜕 t +   𝜕   ( 𝜌    u i  u j - +    u ̄ i    u ̄ j −    u ̄ i    u ̄ j )  𝜕  x j = −   𝜕  p ̄  𝜕  x i +  𝜕  𝜕  x j  [ 𝜇  (   𝜕    u ̄ i  𝜕  x j +   𝜕    u ̄ j  𝜕  x i ) ]


    𝜕  ( 𝜌    u ̄ i )  𝜕 t +   𝜕   ( 𝜌    u ̄ i    u ̄ j )  𝜕  x j = −   𝜕  p ̄  𝜕  x i +  𝜕  𝜕  x j  [ 𝜇  (   𝜕    u ̄ i  𝜕  x j +   𝜕    u ̄ j  𝜕  x i ) ] +


    𝜕   (  𝜏  i j S )  𝜕  x j


   𝜏  i , j S −  1 3  𝜏  k k S  𝛿  i , j =  𝜇 t  (   𝜕    u ̄ i  𝜕  x j +   𝜕    u ̄ j  𝜕  x i ) = 2  𝜇 t    S ̄  i j


   𝜇 t


     S ̄  i j


   𝜇 t =  C S 2 𝜌  Δ 2  |  S ̄ |


   C S ≈ 0 . 2


   D  R A N S k = 𝜌  𝛽 ∗ k 𝜔 = 𝜌  k   3 2 /  l  k − 𝜔


   D  D E S k = 𝜌    k   3 2   l ~


   l  k − 𝜔 =    k   1 2  (  𝛽 ∗ 𝜔 )


   l ~ =  min ⁡ (  l  k − 𝜔 ,  C  D E S Δ )


   l ~


   l ~ =  min ⁡ (  d w ,  C  D E S Δ )


  Δ =  max ⁡ (  𝛿 x ,  𝛿 y ,  𝛿 z )


   d w


   C  D E S


  Δ


   𝛿 x ,  𝛿 y ,  𝛿 z


     u ′  v ′ ¯ =   −  𝜈 t  (   𝜕 u  𝜕 y +   𝜕 v  𝜕 x ) ¯


     Re L  3 / 4 ⁡ ≈  ( 0 . 01 Re (  )   3 / 4 )


  a x + b y + c z = d


  d =  𝜙  i , j , k + a  x  i ,   j , k + b  y  i , j , k   + c  z  i j , k


  F =     V o l  w a t e r /    V o l  t o t a l


  𝜌  (   𝜕  u i  𝜕 t +  u j   𝜕  u i  𝜕  x j ) = −   𝜕 p  𝜕  x i +  𝜕   x j  [ 𝜇  (   𝜕  u i  𝜕  x j +   𝜕  u j  𝜕  x i ) ] + 𝜌  g i +  F  s t

