Appendix A: Example (use relative inertial reference frame):

A jet strikes a vane which moves to the right at constant velocity
V¢ on a frictionless cart. Compute (a) the force F, required to
restrain the cart and (b) the power P delivered to the cart. Also
find the cart velocity for which (¢) the force E, is a maximum
and (d) the power P 1s a maximum.

Solution:

Assume relative inertial coordinates with non-deforming CV 1i.e.
CV moves at constant translational non-accelerating

VCS - ucsl + stj + Wcsk == Vcl

then Vp =V — V5 . Also assume steady flow V # V (t) with
p = constant and neglect gravity effect.

Continuity:
0=p JcsVg - ndA
—pVr14; + pVro4; =0
Vr1d1 = Vpa Ay = (V] — Vc) A;

VR1=VR,,1=Vj—V¢



Bernoulli without gravity:

1 1
P’ +50Vi = 05 + 5PV
Vr1 = Vg2
Al == Az == A]

Momentum:

SF=p| VgVg-ndA
cs—

> Fe=Fe=p | Ve nda
CS T

—F = pVg 1(=Vr141) + pVg (Vg2 43)
—F = p(V; = Ve)[-(V; = Ve )4)]
+ p(V] — VC) cos 6 (VJ — VC)A]-

E, = p(V] — VC)ZAj[l — cos 6]

Power =V .F, = VCp(Vj — VC)ZAj(l — cos 6)
F

Xmax

_ 172 _
= pV°A;(1 — cos 0), Ve =20

dP
Pmax = d_VC =0

P =Vep(V7? —2VcV; 4+ VE)A;(1 — cos 6)



= p(V;?Ve — 2VEV; + VZ)A;(1 — cos 6)

dpP , ,
7 p(V? —4VeV; + 3VF)A;(1 — cos6) = 0

3VE—4ViVe + V72 =0

2 2
+4V i\/16Vj — 12V,

V: =
¢ 6

4V; £ 2V,
6

V—E Vj
For Ve = 3 Pmax=?p(

2V ; 2 4
Tj) A;j(1—cos@) = ZVJ'B'OAj(l —

cos )



Example (use absolute inertial and relative inertial reference
frames)

P3.51  Aliquid jer of velocity V; and area A, strikes a single 180°
bucket on a turbine wheel rotating at angular velocity ),

Vout =.

P3.51

as in Fig. P3.51. Derive an expression for the power P
delivered to this wheel at this instant as a function of

the system parameters, At what angular velocity is the

maximum power delivered? How would your analysis

differ if there were many, many buckets on the wheel,

50 that the jet was continually striking at least one
— bucket?

Assume gravity force is negligible, and the cross-section area of
the jet does not change after striking the bucket. Taking moving
CV at speed V= QR 1 enclosing jet and bucket:
Solution 1 (relative inertial coordinates)
Continuity: —m, p + Myyer = 0

Mp = Mipr = Moytr = P fCSZR ‘n dA

Bernoulli without gravity:

1 1
pr’ + ViR =p5° 5 PVourr

Vin,R — Vout,R



Inlet Ving = (V; — QR)1

Outlet Vourr = —(V; — 2R)1

Since —PVinrA1 + pVourrA2 = 0
A1 =A; = A
Momentum:
2. Fx = —Fpucker = MrVout,k = MrVinr
Foucker = —the|—(V; = 2R) — (V; — QR)]
= 2mg(V; — (IR)

= 2pA;(V; — OR)?
g = pA;(V; — OR)
P = ORFyycker = 2pA;0R(V; — QR)?

dP 2
—5 = 2pA;R(V; — QR)” — 2pA;0R2(V; — OR)R
= 2p4;R|(V; — 0R)" - 2R0(V; — OR))]
= 2pA;R(V; — QR)[V; — 2R — 2RQ]
P o0 - v—30R=0 - Z=qr
R A
Vi (Y VAV 8 s
ras = 2043 (V) =3) = 20455 = 75 A,

(-
0.296



If infinite number of buckets: mp = pA;V; All jet mass flow

Foucker = 2pA;V;(V; — OR) results in work.
P =2pAiViOR(V; — OR)

dp V; 1
—=0 for OR= ?’ Pmax:EijVj?’

Solution 2 (absolute inertial coordinates)
V=V Vs = V=Vp+Ves
Vin =V; i
Vour = —(V; = QR) i+ QR i = —(V; — 20R) 1
Continuity: from solution 1
~Vinr + Vourr =0
express in the absolute inertial coordinates: Vp =V — V¢
—(V;—0QR)i+ (V;—20R+OR)1=0

Momentum:

Z Fe = —Fpucket = MVour — Vin)

= o (V) — OR)[~(1; - 20R) - V]

2
Foucket = 2ij(Vj — ‘QR)

Same as Solution 1.
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      V  C S _ =   u  C S   i ^ +   v  C S   j ^ +   w  C S   k ^ =   V  C   i ^


      V _  R =   V _ −     V _  C S


    V _ ≠   V _  ( t )


  𝜌 = c o n s t a n t


  0 = 𝜌   ∫  C S      V  R _ ⋅   n _ d A


  − 𝜌   V  R 1   A 1 + 𝜌   V  R 2   A 2 = 0


    V  R 1   A 1 =   V  R 2   A 2 =      (   V  j −   V  C ) ⏟    V  R 1 =   V    R  x 1 =   V  j −   V  C   A  j


    V  R 1   A 1 =   V  R 2   A 2 =      (   V  j −   V  C ) ⏟    V  R 1 =   V    R  x 1 =   V  j −   V  C   A  j


       p 1 0 +  1 2 𝜌   V  R 1 2 =      p 2 0 +  1 2 𝜌   V  R 2 2


    V  R 1 =   V  R 2


    V  R 1 =   V  R 2


    A 1 =   A 2 =   A  j


    A 1 =   A 2 =   A  j


  ∑   F _ = 𝜌   ∫  C S      V  R _       V  R _ ⋅   n _ d A


   ∑    F  x = −   F  x = 𝜌   ∫  C S    V  R x     V  R _ ⋅   n _ d A


   ∑    F  x = −   F  x = 𝜌   ∫  C S    V  R x     V  R _ ⋅   n _ d A


  −   F  x = 𝜌   V    R  x 1  ( −   V  R 1   A 1 ) + 𝜌   V    R  x 2  (   V  R 2   A 2 )


  −   F  x = 𝜌   V    R  x 1  ( −   V  R 1   A 1 ) + 𝜌   V    R  x 2  (   V  R 2   A 2 )


  −   F  x = 𝜌  (   V  j −   V  C )  [ −  (   V  j −   V  C )   A  j ] + 𝜌  (   V  j −   V  C )  cos ⁡  𝜃  (   V  j −   V  C )   A  j


  −   F  x = 𝜌  (   V  j −   V  C )  [ −  (   V  j −   V  C )   A  j ] + 𝜌  (   V  j −   V  C )  cos ⁡  𝜃  (   V  j −   V  C )   A  j


    F  x = 𝜌    (   V  j −   V  C ) 2   A  j  [ 1 −  cos ⁡  𝜃 ]


    F  x = 𝜌    (   V  j −   V  C ) 2   A  j  [ 1 −  cos ⁡  𝜃 ]


  P o w e r =   V  C   F  x =   V  C 𝜌    (   V  j −   V  C ) 2   A  j  ( 1 −  cos ⁡  𝜃 )


      F  x  m a x = 𝜌   V  j 2   A  j  ( 1 −  cos ⁡  𝜃 ) ,       V  C = 0


      F  x  m a x = 𝜌   V  j 2   A  j  ( 1 −  cos ⁡  𝜃 ) ,       V  C = 0


    P  m a x ⇒   d P  d   V  C = 0


    P  m a x ⇒   d P  d   V  C = 0


  P =   V  C 𝜌  (   V  j 2 − 2   V  C   V  j +   V  C 2 )   A  j  ( 1 −  cos ⁡  𝜃 )


  P =   V  C 𝜌  (   V  j 2 − 2   V  C   V  j +   V  C 2 )   A  j  ( 1 −  cos ⁡  𝜃 )


  = 𝜌  (   V  j 2   V  C − 2   V  C 2   V  j +   V  C 3 )   A  j  ( 1 −  cos ⁡  𝜃 )


    d P  d   V  C = 𝜌  (   V  j 2 − 4   V  C   V  j + 3   V  C 2 )   A  j  ( 1 −  cos ⁡  𝜃 ) = 0


    d P  d   V  C = 𝜌  (   V  j 2 − 4   V  C   V  j + 3   V  C 2 )   A  j  ( 1 −  cos ⁡  𝜃 ) = 0


  3   V  C 2 − 4   V  j   V  C +   V  j 2 = 0


  3   V  C 2 − 4   V  j   V  C +   V  j 2 = 0


    V  C =   + 4   V  j ±         V  j 2 − 12   V  j 2 6  =   4   V  j ± 2   V  j 6


    V  C =   + 4   V  j ±         V  j 2 − 12   V  j 2 6  =   4   V  j ± 2   V  j 6


    P  m a x =     V  j 3 𝜌    (   2   V  j 3 ) 2   A  j  ( 1 −  cos ⁡  𝜃 ) =  4 27   V  j 3 𝜌   A  j  ( 1 −  cos ⁡  𝜃 )


  −     m .  i n , R +     m .  o u t , R = 0


      m .  R =     m .  i n , R =     m .  o u t , R = 𝜌   ∫  C S      V _  R ⋅   n _   d A


       p 1 0 +  1 2 𝜌   V  i n , R 2 =      p 2 0 +  1 2 𝜌   V  o u t , R 2


    V  i n , R =   V  o u t , R


      V  i n , R _ =  (   V  j − 𝛺 R )   i ^


      V  o u t , R _ = −  (   V  j − 𝛺 R )   i ^


  − 𝜌   V  i n , R   A 1 + 𝜌   V  o u t , R   A 2 = 0


    A 1 =   A 2 =   A  j


   ∑    F  X = −   F  b u c k e t =     m .  R   V  o u t , R −     m .  R   V  i n , R


    F  b u c k e t = −     m .  R  [ − (   V  j − 𝛺 R ) − (   V  j − 𝛺 R ) ]


  


      m .  R = 𝜌   A  j (   V  j − 𝛺 R )


  P = 𝛺 R   F  b u c k e t = 2 𝜌   A  j 𝛺 R (   V  j − 𝛺 R  ) 2


    d P  d 𝛺 = 2 𝜌   A  j R    (   V  j − 𝛺 R ) 2 − 2 𝜌   A  j 𝛺 R 2  (   V  j − 𝛺 R ) R


  = 2 𝜌   A  j R  [    (   V  j − 𝛺 R ) 2 − 2 R 𝛺  (   V  j − 𝛺 R ) ]


  = 2 𝜌   A  j R  [    (   V  j − 𝛺 R ) 2 − 2 R 𝛺  (   V  j − 𝛺 R ) ]


  = 2 𝜌   A  j R  (   V  j − 𝛺 R )  [   V  j − 𝛺 R − 2 R 𝛺 ]


  = 2 𝜌   A  j R  (   V  j − 𝛺 R )  [   V  j − 𝛺 R − 2 R 𝛺 ]


    d P  d 𝛺 = 0     →       V  j − 3 𝛺 R = 0     →         V  j 3 = 𝛺 R


    d P  d 𝛺 = 0     →       V  j − 3 𝛺 R = 0     →         V  j 3 = 𝛺 R


    P  m a x = 2 𝜌   A  j     V  j 3    (   V  j −     V  j 3 ) 2 = 2 𝜌   A  j     V  j 3   4   V  j 2 9 =      8 27 ⏟  0 . 296 𝜌   A  j   V  j 3


    P  m a x = 2 𝜌   A  j     V  j 3    (   V  j −     V  j 3 ) 2 = 2 𝜌   A  j     V  j 3   4   V  j 2 9 =      8 27 ⏟  0 . 296 𝜌   A  j   V  j 3


      m .  R = 𝜌   A  j   V  j


    F  b u c k e t = 2 𝜌   A  j   V  j  (   V  j − 𝛺 R )


  


    d P  d 𝛺 = 0   f o r   𝛺 R =     V  j 2


    P  m a x =  1 2 𝜌   A  j   V  j 3


      V _  R =   V _ −     V _  C S     →         V _ =     V _  R +     V _  C S


      V _  i n =   V  j     i ^


      V _  i n =   V  j     i ^


      V _  o u t = −  (   V  j − 𝛺 R )     i ^ + 𝛺 R     i ^ = −  (   V  j − 2 𝛺 R )     i ^


      V _  o u t = −  (   V  j − 𝛺 R )     i ^ + 𝛺 R     i ^ = −  (   V  j − 2 𝛺 R )     i ^


  −   V  i n , R +   V  o u t , R = 0


      V _  R =   V _ −     V _  C S


  −  (   V  j − 𝛺 R )     i ^ +  (   V  j − 2 𝛺 R + 𝛺 R )     i ^ = 0


   ∑    F  x = −   F  b u c k e t =   m .  (   V  o u t −   V  i n )


  = 𝜌   A  j  (   V  j − 𝛺 R )  [ −  (   V  j − 2 𝛺 R ) −   V  j ]


  = 𝜌   A  j  (   V  j − 𝛺 R )  [ −  (   V  j − 2 𝛺 R ) −   V  j ]


    F  b u c k e t = 2 𝜌   A  j    (   V  j − 𝛺 R ) 2


    F  b u c k e t = 2 𝜌   A  j    (   V  j − 𝛺 R ) 2

