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Appendix A: Example (use relative inertial reference frame): 

A jet strikes a vane which moves to the right at constant velocity 

𝑉𝐶  on a frictionless cart.  Compute (a) the force 𝐹𝑥 required to 

restrain the cart and (b) the power 𝑃 delivered to the cart.  Also 

find the cart velocity for which (c) the force 𝐹𝑥 is a maximum 

and (d) the power 𝑃 is a maximum. 

 

Solution: 

Assume relative inertial coordinates with non-deforming CV i.e. 

CV moves at constant translational non-accelerating  

   𝑉𝐶𝑆 = 𝑢𝐶𝑆𝑖̂ + 𝑣𝐶𝑆𝑗̂ + 𝑤𝐶𝑆𝑘̂ = 𝑉𝐶𝑖̂ 

then 𝑉𝑅 = 𝑉 − 𝑉𝐶𝑆 . Also assume steady flow 𝑉 ≠ 𝑉(𝑡) with 

𝜌 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 and neglect gravity effect. 

Continuity: 

     0 = 𝜌∫ 𝑉𝑅 ⋅ 𝑛𝑑𝐴𝐶𝑆
 

−𝜌𝑉𝑅1𝐴1 + 𝜌𝑉𝑅2𝐴2 = 0 

𝑉𝑅1𝐴1 = 𝑉𝑅2𝐴2 = (𝑉𝑗 − 𝑉𝐶)⏟      
𝑉𝑅1=𝑉𝑅𝑥1=𝑉𝑗−𝑉𝐶

𝐴𝑗 
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Bernoulli without gravity: 

𝑝1
0 +

1

2
𝜌𝑉𝑅1

2 = 𝑝2
0 +

1

2
𝜌𝑉𝑅2

2  

𝑉𝑅1 = 𝑉𝑅2 

𝐴1 = 𝐴2 = 𝐴𝑗 

Momentum: 

∑𝐹 = 𝜌∫ 𝑉𝑅 𝑉𝑅 ⋅ 𝑛𝑑𝐴
𝐶𝑆

 

∑𝐹𝑥 = −𝐹𝑥 = 𝜌∫ 𝑉𝑅𝑥𝑉𝑅
𝐶𝑆

⋅ 𝑛𝑑𝐴 

−𝐹𝑥 = 𝜌𝑉𝑅𝑥1(−𝑉𝑅1𝐴1) + 𝜌𝑉𝑅𝑥2(𝑉𝑅2𝐴2) 

−𝐹𝑥 = 𝜌(𝑉𝑗 − 𝑉𝐶)[−(𝑉𝑗 − 𝑉𝐶)𝐴𝑗]

+ 𝜌(𝑉𝑗 − 𝑉𝐶) cos 𝜃 (𝑉𝑗 − 𝑉𝐶)𝐴𝑗 

𝐹𝑥 = 𝜌(𝑉𝑗 − 𝑉𝐶)
2
𝐴𝑗[1 − cos 𝜃] 

 

𝑃𝑜𝑤𝑒𝑟 = 𝑉𝐶𝐹𝑥 = 𝑉𝐶𝜌(𝑉𝑗 − 𝑉𝐶)
2
𝐴𝑗(1 − cos 𝜃) 

𝐹𝑥𝑚𝑎𝑥 = 𝜌𝑉𝑗
2𝐴𝑗(1 − cos 𝜃), 𝑉𝐶 = 0 

𝑃𝑚𝑎𝑥 ⇒
𝑑𝑃

𝑑𝑉𝐶
= 0 

𝑃 = 𝑉𝐶𝜌(𝑉𝑗
2 − 2𝑉𝐶𝑉𝑗 + 𝑉𝐶

2)𝐴𝑗(1 − cos 𝜃) 
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= 𝜌(𝑉𝑗
2𝑉𝐶 − 2𝑉𝐶

2𝑉𝑗 + 𝑉𝐶
3)𝐴𝑗(1 − cos 𝜃) 

𝑑𝑃

𝑑𝑉𝐶
= 𝜌(𝑉𝑗

2 − 4𝑉𝐶𝑉𝑗 + 3𝑉𝐶
2)𝐴𝑗(1 − cos 𝜃) = 0 

3𝑉𝐶
2 − 4𝑉𝑗𝑉𝐶 + 𝑉𝑗

2 = 0 

𝑉𝐶 =

+4𝑉𝑗 ± √16𝑉𝑗
2 − 12𝑉𝑗

2

6
=
4𝑉𝑗 ± 2𝑉𝑗

6
 

For 
3

j

C

V
V = :  𝑃𝑚𝑎𝑥 =

𝑉𝑗

3
𝜌 (

2𝑉𝑗

3
)
2
𝐴𝑗(1 − cos 𝜃) =

4

27
𝑉𝑗
3𝜌𝐴𝑗(1 −

cos 𝜃) 
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Example (use absolute inertial and relative inertial reference 

frames) 

 

Assume gravity force is negligible, and the cross-section area of 

the jet does not change after striking the bucket. Taking moving 

CV at speed Vs= ΩR î enclosing jet and bucket: 

Solution 1 (relative inertial coordinates) 

Continuity:  −𝑚̇𝑖𝑛,𝑅 + 𝑚̇𝑜𝑢𝑡,𝑅 = 0 

  𝑚̇𝑅 = 𝑚̇𝑖𝑛,𝑅 = 𝑚̇𝑜𝑢𝑡,𝑅 = 𝜌∫ 𝑉𝑅 ⋅ 𝑛𝐶𝑆
 𝑑𝐴 

Bernoulli without gravity: 

                   𝑝1
0 +

1

2
𝜌𝑉𝑖𝑛,𝑅

2 = 𝑝2
0 +

1

2
𝜌𝑉𝑜𝑢𝑡,𝑅

2  

                             𝑉𝑖𝑛,𝑅 = 𝑉𝑜𝑢𝑡,𝑅 

ΩR 

CV 

Vout,R 

Vin,R 
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Inlet             𝑉𝑖𝑛,𝑅 = (𝑉𝑗 − 𝛺𝑅)𝑖̂ 

Outlet          𝑉𝑜𝑢𝑡,𝑅 = −(𝑉𝑗 − 𝛺𝑅)𝑖̂ 

Since        −𝜌𝑉𝑖𝑛,𝑅𝐴1 + 𝜌𝑉𝑜𝑢𝑡,𝑅𝐴2 = 0 

                            𝐴1 = 𝐴2 = 𝐴𝑗     

Momentum: 

 ∑𝐹𝑋 = −𝐹𝑏𝑢𝑐𝑘𝑒𝑡 = 𝑚̇𝑅𝑉𝑜𝑢𝑡,𝑅 − 𝑚̇𝑅𝑉𝑖𝑛,𝑅 

 𝐹𝑏𝑢𝑐𝑘𝑒𝑡 = −𝑚̇𝑅[−(𝑉𝑗 − 𝛺𝑅) − (𝑉𝑗 − 𝛺𝑅)] 

  = 2𝑚̇𝑅(𝑉𝑗 − 𝛺𝑅) 

  = 2𝜌𝐴𝑗(𝑉𝑗 − 𝛺𝑅)
2 

  𝑚̇𝑅 = 𝜌𝐴𝑗(𝑉𝑗 − 𝛺𝑅) 

 𝑃 = 𝛺𝑅𝐹𝑏𝑢𝑐𝑘𝑒𝑡 = 2𝜌𝐴𝑗𝛺𝑅(𝑉𝑗 − 𝛺𝑅)
2 

𝑑𝑃

𝑑𝛺
= 2𝜌𝐴𝑗𝑅(𝑉𝑗 − 𝛺𝑅)

2
− 2𝜌𝐴𝑗𝛺𝑅2(𝑉𝑗 − 𝛺𝑅)𝑅 

= 2𝜌𝐴𝑗𝑅 [(𝑉𝑗 − 𝛺𝑅)
2
− 2𝑅𝛺(𝑉𝑗 − 𝛺𝑅)] 

= 2𝜌𝐴𝑗𝑅(𝑉𝑗 − 𝛺𝑅)[𝑉𝑗 − 𝛺𝑅 − 2𝑅𝛺] 

𝑑𝑃

𝑑𝛺
= 0  →   𝑉𝑗 − 3𝛺𝑅 = 0  →   

𝑉𝑗

3
= 𝛺𝑅 

𝑃𝑚𝑎𝑥 = 2𝜌𝐴𝑗
𝑉𝑗

3
(𝑉𝑗 −

𝑉𝑗

3
)
2

= 2𝜌𝐴𝑗
𝑉𝑗

3

4𝑉𝑗
2

9
=

8

27⏟
0.296

𝜌𝐴𝑗𝑉𝑗
3 
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If infinite number of buckets:  𝑚̇𝑅 = 𝜌𝐴𝑗𝑉𝑗 

  𝐹𝑏𝑢𝑐𝑘𝑒𝑡 = 2𝜌𝐴𝑗𝑉𝑗(𝑉𝑗 − 𝛺𝑅) 

𝑃 = 2𝜌𝐴𝑗𝑉𝑗𝛺𝑅(𝑉𝑗 − 𝛺𝑅) 

𝑑𝑃

𝑑𝛺
= 0 𝑓𝑜𝑟 𝛺𝑅 =

𝑉𝑗

2
   𝑃𝑚𝑎𝑥=

1

2
𝜌𝐴𝑗𝑉𝑗

3 

Solution 2 (absolute inertial coordinates) 

𝑉𝑅 = 𝑉 − 𝑉𝐶𝑆   →    𝑉 = 𝑉𝑅 + 𝑉𝐶𝑆 

𝑉𝑖𝑛 = 𝑉𝑗  𝑖̂ 

𝑉𝑜𝑢𝑡 = −(𝑉𝑗 − 𝛺𝑅) 𝑖̂ + 𝛺𝑅 𝑖̂ = −(𝑉𝑗 − 2𝛺𝑅) 𝑖̂ 

Continuity: from solution 1 

−𝑉𝑖𝑛,𝑅 + 𝑉𝑜𝑢𝑡,𝑅 = 0 

express in the absolute inertial coordinates: 𝑉𝑅 = 𝑉 − 𝑉𝐶𝑆 

−(𝑉𝑗 − 𝛺𝑅) 𝑖̂ + (𝑉𝑗 − 2𝛺𝑅 + 𝛺𝑅) 𝑖̂ = 0 

Momentum: 

∑𝐹𝑥 = −𝐹𝑏𝑢𝑐𝑘𝑒𝑡 = 𝑚̇(𝑉𝑜𝑢𝑡 − 𝑉𝑖𝑛) 

= 𝜌𝐴𝑗(𝑉𝑗 − 𝛺𝑅)[−(𝑉𝑗 − 2𝛺𝑅) − 𝑉𝑗] 

𝐹𝑏𝑢𝑐𝑘𝑒𝑡 = 2𝜌𝐴𝑗(𝑉𝑗 − 𝛺𝑅)
2
 

Same as Solution 1. 

All jet mass flow 

results in work. 



    V  C


    F  x


  P


    F  x


  P


      V  C S _ =   u  C S   i ^ +   v  C S   j ^ +   w  C S   k ^ =   V  C   i ^


      V _  R =   V _ −     V _  C S


    V _ ≠   V _  ( t )


  𝜌 = c o n s t a n t


  0 = 𝜌   ∫  C S      V  R _ ⋅   n _ d A


  − 𝜌   V  R 1   A 1 + 𝜌   V  R 2   A 2 = 0


    V  R 1   A 1 =   V  R 2   A 2 =      (   V  j −   V  C ) ⏟    V  R 1 =   V    R  x 1 =   V  j −   V  C   A  j


    V  R 1   A 1 =   V  R 2   A 2 =      (   V  j −   V  C ) ⏟    V  R 1 =   V    R  x 1 =   V  j −   V  C   A  j


       p 1 0 +  1 2 𝜌   V  R 1 2 =      p 2 0 +  1 2 𝜌   V  R 2 2


    V  R 1 =   V  R 2


    V  R 1 =   V  R 2


    A 1 =   A 2 =   A  j


    A 1 =   A 2 =   A  j


  ∑   F _ = 𝜌   ∫  C S      V  R _       V  R _ ⋅   n _ d A


   ∑    F  x = −   F  x = 𝜌   ∫  C S    V  R x     V  R _ ⋅   n _ d A


   ∑    F  x = −   F  x = 𝜌   ∫  C S    V  R x     V  R _ ⋅   n _ d A


  −   F  x = 𝜌   V    R  x 1  ( −   V  R 1   A 1 ) + 𝜌   V    R  x 2  (   V  R 2   A 2 )


  −   F  x = 𝜌   V    R  x 1  ( −   V  R 1   A 1 ) + 𝜌   V    R  x 2  (   V  R 2   A 2 )


  −   F  x = 𝜌  (   V  j −   V  C )  [ −  (   V  j −   V  C )   A  j ] + 𝜌  (   V  j −   V  C )  cos ⁡  𝜃  (   V  j −   V  C )   A  j


  −   F  x = 𝜌  (   V  j −   V  C )  [ −  (   V  j −   V  C )   A  j ] + 𝜌  (   V  j −   V  C )  cos ⁡  𝜃  (   V  j −   V  C )   A  j


    F  x = 𝜌    (   V  j −   V  C ) 2   A  j  [ 1 −  cos ⁡  𝜃 ]


    F  x = 𝜌    (   V  j −   V  C ) 2   A  j  [ 1 −  cos ⁡  𝜃 ]


  P o w e r =   V  C   F  x =   V  C 𝜌    (   V  j −   V  C ) 2   A  j  ( 1 −  cos ⁡  𝜃 )


      F  x  m a x = 𝜌   V  j 2   A  j  ( 1 −  cos ⁡  𝜃 ) ,       V  C = 0


      F  x  m a x = 𝜌   V  j 2   A  j  ( 1 −  cos ⁡  𝜃 ) ,       V  C = 0


    P  m a x ⇒   d P  d   V  C = 0


    P  m a x ⇒   d P  d   V  C = 0


  P =   V  C 𝜌  (   V  j 2 − 2   V  C   V  j +   V  C 2 )   A  j  ( 1 −  cos ⁡  𝜃 )


  P =   V  C 𝜌  (   V  j 2 − 2   V  C   V  j +   V  C 2 )   A  j  ( 1 −  cos ⁡  𝜃 )


  = 𝜌  (   V  j 2   V  C − 2   V  C 2   V  j +   V  C 3 )   A  j  ( 1 −  cos ⁡  𝜃 )


    d P  d   V  C = 𝜌  (   V  j 2 − 4   V  C   V  j + 3   V  C 2 )   A  j  ( 1 −  cos ⁡  𝜃 ) = 0


    d P  d   V  C = 𝜌  (   V  j 2 − 4   V  C   V  j + 3   V  C 2 )   A  j  ( 1 −  cos ⁡  𝜃 ) = 0


  3   V  C 2 − 4   V  j   V  C +   V  j 2 = 0


  3   V  C 2 − 4   V  j   V  C +   V  j 2 = 0


    V  C =   + 4   V  j ±         V  j 2 − 12   V  j 2 6  =   4   V  j ± 2   V  j 6


    V  C =   + 4   V  j ±         V  j 2 − 12   V  j 2 6  =   4   V  j ± 2   V  j 6


    P  m a x =     V  j 3 𝜌    (   2   V  j 3 ) 2   A  j  ( 1 −  cos ⁡  𝜃 ) =  4 27   V  j 3 𝜌   A  j  ( 1 −  cos ⁡  𝜃 )


  −     m .  i n , R +     m .  o u t , R = 0


      m .  R =     m .  i n , R =     m .  o u t , R = 𝜌   ∫  C S      V _  R ⋅   n _   d A


       p 1 0 +  1 2 𝜌   V  i n , R 2 =      p 2 0 +  1 2 𝜌   V  o u t , R 2


    V  i n , R =   V  o u t , R


      V  i n , R _ =  (   V  j − 𝛺 R )   i ^


      V  o u t , R _ = −  (   V  j − 𝛺 R )   i ^


  − 𝜌   V  i n , R   A 1 + 𝜌   V  o u t , R   A 2 = 0


    A 1 =   A 2 =   A  j


   ∑    F  X = −   F  b u c k e t =     m .  R   V  o u t , R −     m .  R   V  i n , R


    F  b u c k e t = −     m .  R  [ − (   V  j − 𝛺 R ) − (   V  j − 𝛺 R ) ]


  


      m .  R = 𝜌   A  j (   V  j − 𝛺 R )


  P = 𝛺 R   F  b u c k e t = 2 𝜌   A  j 𝛺 R (   V  j − 𝛺 R  ) 2


    d P  d 𝛺 = 2 𝜌   A  j R    (   V  j − 𝛺 R ) 2 − 2 𝜌   A  j 𝛺 R 2  (   V  j − 𝛺 R ) R


  = 2 𝜌   A  j R  [    (   V  j − 𝛺 R ) 2 − 2 R 𝛺  (   V  j − 𝛺 R ) ]


  = 2 𝜌   A  j R  [    (   V  j − 𝛺 R ) 2 − 2 R 𝛺  (   V  j − 𝛺 R ) ]


  = 2 𝜌   A  j R  (   V  j − 𝛺 R )  [   V  j − 𝛺 R − 2 R 𝛺 ]


  = 2 𝜌   A  j R  (   V  j − 𝛺 R )  [   V  j − 𝛺 R − 2 R 𝛺 ]


    d P  d 𝛺 = 0     →       V  j − 3 𝛺 R = 0     →         V  j 3 = 𝛺 R


    d P  d 𝛺 = 0     →       V  j − 3 𝛺 R = 0     →         V  j 3 = 𝛺 R


    P  m a x = 2 𝜌   A  j     V  j 3    (   V  j −     V  j 3 ) 2 = 2 𝜌   A  j     V  j 3   4   V  j 2 9 =      8 27 ⏟  0 . 296 𝜌   A  j   V  j 3


    P  m a x = 2 𝜌   A  j     V  j 3    (   V  j −     V  j 3 ) 2 = 2 𝜌   A  j     V  j 3   4   V  j 2 9 =      8 27 ⏟  0 . 296 𝜌   A  j   V  j 3


      m .  R = 𝜌   A  j   V  j


    F  b u c k e t = 2 𝜌   A  j   V  j  (   V  j − 𝛺 R )


  


    d P  d 𝛺 = 0   f o r   𝛺 R =     V  j 2


    P  m a x =  1 2 𝜌   A  j   V  j 3


      V _  R =   V _ −     V _  C S     →         V _ =     V _  R +     V _  C S


      V _  i n =   V  j     i ^


      V _  i n =   V  j     i ^


      V _  o u t = −  (   V  j − 𝛺 R )     i ^ + 𝛺 R     i ^ = −  (   V  j − 2 𝛺 R )     i ^


      V _  o u t = −  (   V  j − 𝛺 R )     i ^ + 𝛺 R     i ^ = −  (   V  j − 2 𝛺 R )     i ^


  −   V  i n , R +   V  o u t , R = 0


      V _  R =   V _ −     V _  C S


  −  (   V  j − 𝛺 R )     i ^ +  (   V  j − 2 𝛺 R + 𝛺 R )     i ^ = 0


   ∑    F  x = −   F  b u c k e t =   m .  (   V  o u t −   V  i n )


  = 𝜌   A  j  (   V  j − 𝛺 R )  [ −  (   V  j − 2 𝛺 R ) −   V  j ]


  = 𝜌   A  j  (   V  j − 𝛺 R )  [ −  (   V  j − 2 𝛺 R ) −   V  j ]


    F  b u c k e t = 2 𝜌   A  j    (   V  j − 𝛺 R ) 2


    F  b u c k e t = 2 𝜌   A  j    (   V  j − 𝛺 R ) 2

