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The planar laminar jet 

 

Since jet spreads at 𝑝 = constant w/o bounding walls 

𝑢𝑥 + 𝑣𝑦 = 0 

𝑢𝑢𝑥 + 𝑣𝑢𝑦 = ν𝑢𝑦𝑦 

𝐽 = ρ∫ 𝑢2
∞

−∞

 𝑑𝑦 = constant 

𝜓 = 𝜈1/2𝑥1/3𝑓(𝜂) = 𝑎(𝑥)𝑓(η) η =
𝑦

3ν1/2𝑥2/3
=

𝑦

𝑏(𝑥)
   scaling assumed 

η𝑦 = 𝑏
−1,  η𝑥 = −

𝑦

𝑏2
𝑏𝑥 = −

η𝑏𝑥
𝑏

 

𝑢 = 𝜓𝑦 = 𝑎𝑓
′𝑏−1 =

𝑥−1/3

3
𝑓′   

ν1/2𝑥1/3

3ν1/2𝑥2/3
=
𝑥−1/3

3
  

𝑣 = −𝜓𝑥 = −𝑎𝑥𝑓 + 𝑎𝑓
′
η𝑏𝑥
𝑏
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𝑣 = −
ν1/2

3
𝑥−2/3𝑓 +

𝑥−1/3

3
(2ν1/2𝑥−1/3)η𝑓′ 

𝑣 = −
1

3
ν1/2𝑥−2/3[𝑓 − 2η𝑓′] 

𝑎𝑥 =
ν1/2

3
𝑥−2/3   𝑏 = 3𝜈1/2𝑥2/3    𝑏𝑥 =

2

3
3𝜈1/2𝑥−1/3 = 2𝜈1/2𝑥−1/3 

(𝑎𝑥𝑏 − 𝑎𝑏𝑥)𝑓
′2 − 𝑎𝑥𝑏𝑓𝑓

′′ − ν𝑓′′′ = 0 

𝑎𝑥𝑏 =
ν1/2

3
𝑥−2/3 ⋅ 3ν1/2𝑥2/3 =  ν 

𝑎𝑏𝑥 = ν
1/2𝑥1/3 ⋅ 2ν1/2𝑥−1/3 = 2ν 

∴ 𝑓′′′ + 𝑓𝑓′′ + 𝑓′2⏟      
𝑑
𝑑η
(𝑓′𝑓)

= 0 

BC: 𝑢𝑦 = 0,  𝑣 = 0,  𝑦 = 0    𝑢 =  0,  𝑦 =  ±∞ 

∴ 𝑓′′(0) = 0,  𝑓(0) = 0  𝑦 =  0 

𝑓′(±∞) = 0 

𝑓′′ + 𝑓𝑓′ = 𝑐1 = 0  𝑓′ = 𝑓′′ = 0 η = ±∞ 

let β = αη,  𝑓 = 2α𝐹(β) 

β′ = α  𝑓′ = 2α𝐹′α = 2α2𝐹′  

𝑓′′ = 2α3𝐹′′ 

2α3𝐹′′ + 2α2𝐹′ 2α𝐹 = 0 

𝐹′′ + 2𝐹𝐹′ = 0     
𝑑

𝑑𝜂
(𝐹2) = 2𝐹𝐹′   

β = 0,  𝐹 = 0,  β = ±∞,  𝐹′ = 0    
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Also 𝑓′(0) = 1  𝑢 =
𝑥−1/3

3
𝑓′ 

𝑢(0) = 𝑢𝑚𝑎𝑥𝑓
′(0)  ∴ 𝑓′(0) = 1 and 𝐹′(0) = 1 

𝐹′ + 𝐹2 = 𝑐2 = 1    Riccati type 

β = ∫
𝑑𝐹

1 − 𝐹2

𝐹

0

=
1

2
ln (

1 + 𝐹

1 − 𝐹
) = tanh−1 𝐹  

or 𝐹 = tanh β =
1−exp(−2β)

1+exp(−2β)
 

𝑑𝐹

𝑑β
= 1 − tanh2 𝛽 

𝑢 =
2

3
α2𝑥−1/3(1 − tanh2 β) =

2

3
α2𝑥−1/3𝑠𝑒𝑐ℎ2𝛽 

𝐽 = ρ∫ 𝑢2
∞

−∞
 𝑑𝑦 = constant 

𝑑𝑦 = 𝑏(𝑥) 𝑑η = 3ν1/2𝑥2/3𝑑𝜂 

𝐽 = ρ∫ (
2α2

3𝑥1/3
sech2(αη))

2
∞

−∞

 3ν1/2𝑥2/3 𝑑𝜂  

=
16

9
ρν1/2α3  

i.e., α = (
9𝐽

16√𝜌𝜇
)
1/3

≈ 0.8255 
𝐽1/3

(𝜌𝜇)1/6
 

𝑢𝑚𝑎𝑥 = 𝑢(0) =
2α2

3
𝑥−1/3 =

2

3
(

9𝐽

16√ρμ
)

2/3

𝑥−1/3

=
2

3
(
9

16
)
2/3 𝐽2/3

(ρ𝜇𝑥)1/3
≈ 0.4544 (

𝐽2

ρ𝜇𝑥
)

1/3

∝ 𝑥−1/3 
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𝑢 = 𝑢𝑚𝑎𝑥  sech
2(αη) = 𝑢𝑚𝑎𝑥  sech

2 [0.2752 (
𝜌𝐽

𝜇2𝑥2
)
1/3

𝑦
⏟            

𝛼𝜂

] 

note sech23 ≈ 0.01  

b = width jet = 2𝑦 distance where 𝑢 = 0.01𝑢𝑚𝑎𝑥 

= 2𝑦|1% ≈ 21.8 (
𝜇2

𝜌𝐽
)

1/3

𝑥2/3 ∝ 𝑥2/3 

𝑚̇ = ρ∫ 𝑢
∞

−∞

 𝑑𝑦 = (36𝜇ρ𝐽𝑥)1/3 ≈ 3.302 (𝜇𝜌𝐽𝑥)1/3 ∝ 𝑥1/3 

Jet drags ambient fluid along its path as it develops. Solution not valid 

near 𝑥 = 0, as BL approximation not valid since 𝑅𝑒 =
𝑚̇

μ
∼ (

ρ𝐽𝑥

μ2
)
1/3

per 

unit depth not large. Profile S shape with inflection points ∴ unstable 

transition turbulence 𝑅𝑒𝑐𝑟𝑖𝑡 ∼ 30. 

 

 


