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Planar jet 

 

width ℎ 

𝑅𝑒 =
𝑢0ℎ

ν
 large 

At sufficient distance orifice all jets 

decay with similarity independent  𝑢0 

 

Assume 𝑝𝑖𝑛𝑙𝑒𝑡 = 𝑝𝑒𝑥𝑖𝑡 

i.e., 𝑝 = constant and 𝑝𝑥 = 0 and 𝑝𝑦 = 0 along with BL assumptions 

∫ ρ𝑉
𝑐𝑠

⋅ 𝑛 𝑑𝐴 = 0 = −ρ𝑢0
2ℎ + ∫ ρ𝑢

∞

−∞

 𝑑𝑦 + 𝑚𝑡̇ + 𝑚𝑠̇  

𝑚𝑡̇ + 𝑚𝑠̇ = ρ𝑢0ℎ − ∫ ρ𝑢
∞

−∞

 𝑑𝑦 

∫ ρ𝑢
𝑐𝑠

 𝑉 ⋅ 𝑛 𝑑𝐴 = 0 = −ρ𝑢0
2ℎ + ∫ ρ𝑢2

∞

−∞

 𝑑𝑦 + 𝑢𝑡,𝑏(𝑚𝑡̇ + 𝑚𝑠̇ )   

𝑢𝑡,𝑏  =  0 

𝑀 = ρ𝑢0
2ℎ = ∫ ρ𝑢2

∞

−∞
 𝑑𝑦 = constant    M = only property flow at 

orifice carried downstream 

Since jet entrains ambient fluid, flow rate 𝑓(𝑥) 

Assume 𝜓(𝑥, 𝑦) exists with 𝑢 = 𝜓𝑦 ,  𝑣 = −𝜓𝑥 

𝑢𝑢𝑥 + 𝑣𝑢𝑦 = ν𝑢𝑦𝑦 

𝜓𝑦𝜓𝑦𝑥 − 𝜓𝑥𝜓𝑦𝑦 = 𝜈𝜓𝑦𝑦𝑦 
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𝐴𝑥𝑝 scales ψ and 𝐵𝑥𝑞 scales 𝑦    In this case p and q not assumed. 

ψ = 𝐴𝑥𝑝𝑓(η) = 𝑎(𝑥)𝑓(η)  η =
𝑦

𝐵𝑥𝑞
=

𝑦

𝑏(𝑥)
 

𝑝, 𝑞 part of solution and 𝐴, 𝐵 make 𝑓 and η dimensionless 

(𝑎𝑥𝑏 − 𝑎𝑏𝑥)𝑓
′2 − 𝑎𝑥𝑏𝑓𝑓

′′ − ν𝑓′′′ = 0  

𝑎𝑥 = 𝐴𝑝𝑥
𝑝−1  𝑎𝑥𝑏 = 𝐴𝑝𝑥

𝑝−1 𝐵𝑥𝑞 = 𝐴𝐵𝑝𝑥𝑝+𝑞−1 

𝑏𝑥 = 𝐵𝑞𝑥
𝑞−1  𝑎𝑏𝑥 = 𝐴𝑥

𝑝 𝐵𝑞𝑥𝑞−1 = 𝐴𝐵𝑞𝑥𝑝+𝑞−1 

𝑓′2(𝐴𝐵𝑝𝑥𝑝+𝑞−1 − 𝐴𝐵𝑞𝑥𝑝+𝑞−1) − 𝐴𝐵𝑝𝑥𝑝+𝑞−1𝑓𝑓′′ − ν𝑓′′′ = 0 

𝐴𝐵𝑥𝑝+𝑞−1

ν
[(𝑝 − 𝑞)𝑓′2 − 𝑝𝑓𝑓′′] = 𝑓′′′ 

𝑢 = 0 η = ±∞  𝑢𝑦 = 0 η = 0   𝑣 = 0  η = 0 

𝑓′(±∞) = 0  𝑓′(0) = 0  𝑓(0) = 0 

For similarity 
𝐴𝐵𝑥𝑝+𝑞−1

ν
≠ 𝑓(𝑥) ⇒ 𝑝 + 𝑞 = 1 

𝑀 = constant = ∫ ρ𝑢2
∞

−∞

 𝑑𝑦 = ∫ ρψ𝑦
2

∞

−∞

 𝑑𝑦 

ψ𝑦 =
𝐴𝑥𝑝𝑓′

𝐵𝑥𝑞
=
𝐴𝑥𝑝

𝐵𝑥𝑞
𝑓′(η)  η =

𝑦

𝐵𝑥𝑞
 

𝑀 = ∫ ρ
𝐴2𝑥2𝑝

(𝐵𝑥𝑞)2

∞

−∞

 𝐵𝑥𝑞  𝑓′2 𝑑𝜂   𝐵𝑥𝑞𝑑𝜂 = 𝑑𝑦 

= ρ𝐴2𝐵−1𝑥2𝑝−𝑞∫ 𝑓′2
∞

−∞

 𝑑𝜂 ≠ 𝑓(𝑥) ⇒ 2𝑝 − 𝑞 = 0  2𝑝 =  𝑞 

𝑝 + 2𝑝 = 1 ⇒ 𝑝 =
1

3
  𝑞 =

2

3
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−𝑓′′′ +
𝐴𝐵

ν
[−
1

3
𝑓′2 −

1

3
𝑓𝑓′′] = 0 

𝑓′′′ +
𝐴𝐵

3ν
[𝑓′2 + 𝑓𝑓′′]⏟        

𝑑
𝑑𝜂
(𝑓𝑓′)

= 0 

integrate 𝜂 = ±∞ 𝑓′′ +
𝐴𝐵

3ν
𝑓′𝑓 = 𝐶1 = 0  η = ±∞ 𝑓′ = 𝑓′′ = 0 

𝑑

𝑑η
(𝑓′) +

𝐴𝐵

3ν

𝑑

𝑑η
(
𝑓2

2
) = 0 

𝑓′ +
𝐴𝐵

6ν
𝑓2 = 𝐶2  

𝜂 = 0, 𝑓(0) = 0, 𝐶2 = 𝑓
′(0) 

𝑢 =
𝐴𝑥1/3

𝐵𝑥2/3
=
𝐴

𝐵
𝑥−1/3𝑓′ 

𝑢(0) = 𝑢𝑚𝑎𝑥𝑓
′(0)  𝑓′(0) = 1 𝐶2 = 1       𝑎 =

𝐴𝐵

6ν
 

𝑑𝑓

𝑑η
+ 𝑎𝑓2 = 1   𝑑𝑓 = (1 − 𝑎𝑓2) 𝑑𝜂  

𝑑𝑓

1 − 𝑎𝑓2
= 𝑑𝜂 

Insert #1 Jet 2D-1.  Let a = 1 

𝑓 = tanh 𝜂  𝑓′ = sech2𝜂 

𝐴 = (
9ν𝑀

2ρ
)
1/3

  𝐵 = (
48ν2ρ

𝑀
)
1/3

    Insert #1 

𝐴𝐵 = (
9ν𝑀

2ρ
⋅
48ν2ρ

𝑀
)

1/3

= (216ν3)1/3 = 6𝜈 ⇒ 𝑎 =  1 

𝑢 =
𝐴

𝐵
𝑥−1/3𝑓′(η) = 𝑢𝑚𝑎𝑥  sech

2η 
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3 × 3

2 × 3 × 16
=
3

32
  𝐴𝐵−1 = (

9ν𝑀

2ρ

𝑀

48ν2ρ
)
1/3

= (
3

32

𝑀2

νρ2
)

1/3

 

𝑢 = (
3

32

𝑀2

νρ2
)

1/3

𝑥−1/3𝑓′(η) = 𝑢𝑚𝑎𝑥  sech
2η 

𝑢𝑚𝑎𝑥 ∝ 𝑥
−1/3 

η =
𝑦

𝑏(𝑥)
= 𝑦 (

𝑀

48ν2ρ
)
1/3
𝑥−2/3    Insert #2 

Jet thickness 
𝑢

𝑢𝑚𝑎𝑥
 = fraction = locus point 𝑦 𝑥−2/3 = constant 

ℎ(𝑥) = C (
48ν2ρ

𝑀
)
1/3

𝑥2/3 ∝ 𝑥2/3    Insert #3 

Viscous forces at jet edge accelerate ambient fluid and entrain fluid at rate: 

𝑄 = ∫ 𝑢
∞

−∞
 𝑑𝑦 = (

36𝑀ν

ρ
)
1/3
𝑥1/3 ∝ 𝑥1/3    Insert #4 

𝑥 = 0  flow singularity (𝑢𝑚𝑎𝑥 =  ∞ , ℎ =  𝑄 =  0   due breakdown BL 

assumptions, i.e., need replace 𝑥 = 𝑥 − 𝑥0 where 𝑥0 = effective origin. 
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