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Axisymmetric round/circular jet 

 

𝑅𝑒 =
𝑢0𝑟0

ν
 large 

𝜕

𝜕𝑟
≫

𝜕

𝜕𝑥
 (𝑥, 𝑟) coordinates and 𝑢 = 𝑢(𝑥, 𝑟) 

𝑝 = constant and jet narrow with slow growth rate 

As with 2D jet: 𝐽 = 2πρ∫ 𝑢2𝑟
∞

0
 𝑑𝑟 = constant (1) 

𝑢𝑥 +
1

𝑟
(𝑟𝑣)𝑟 = 0 (2)  𝑢𝑥 + 𝑣𝑟 +

𝑣

𝑟
= 0 

𝑢𝑢𝑥 + 𝑣𝑢𝑟 =
ν

𝑟
(𝑟𝑢𝑟)𝑟  (3)  RHS =

𝜈

𝑟
(𝑢𝑟 + 𝑟𝑢𝑟𝑟) = 𝜈 (

𝑢𝑟

𝑟
+ 𝑢𝑟𝑟) 

𝑢𝑦 = 0 (𝑢 = 𝑢𝑚𝑎𝑥),  𝑣 = 0,  𝑟 = 0 

𝑢 =  0,  𝑟 =∞ 

Assume similarity solution for 𝑢(𝑥, 𝑦) with jet width ∝ 𝑥𝑛 and stream 

function 

𝜓 ∝ 𝑥𝑝𝐹(η) and η =
𝑟

𝑥𝑛
= 𝑟𝑥−𝑛  𝑟 = η𝑥𝑛 ∝ 𝑥𝑛 

𝑝 and 𝑛 determined, 𝐽 ≠ 𝑓(𝑥) and LHS & RHS(3) same order of 

magnitude 

Note: 𝑢 =
1

𝑟
𝜓𝑟 and 𝑣 = −

1

𝑟
𝜓𝑥  𝑚−1 × 𝜓𝑟 =

𝑚

𝑠
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𝑢 ∝ 𝑥𝑝−2𝑛 , i.e., 𝑟−1ψ𝑟 ∝
𝑥𝑝

𝑥𝑛
⋅ 𝑥−𝑛 = 𝑥𝑝−2𝑛 

𝑢𝑥 ∝ 𝑥
𝑝−2𝑛−1 𝑢𝑟 ∝ 𝑥

𝑝−2𝑛 ⋅ 𝑥−𝑛 = 𝑥𝑝−3𝑛  

𝑢𝑟𝑟 ∝ 𝑥
𝑝−3𝑛 ⋅ 𝑥−𝑛  ∝ 𝑥𝑝−4𝑛 

From (1) 𝑢2𝑟 𝑑𝑟 ∝ 2𝑝 − 4𝑛 + 2𝑛 = 0  𝑝 = 𝑛 

From (3) 𝑢𝑢𝑥 ∝ 𝑟
−1(𝑟𝑢𝑟)𝑟   2𝑝 − 4𝑛 − 1 = 𝑝 − 4𝑛  

−2𝑝 −  1 =  −3𝑝  𝑝 = 1 

∴ ψ = ν𝑥 𝐹(η)  η =
𝑟

𝑥
,  𝑟 = 𝑥𝜂  η𝑟 = 𝑥

−1,  η𝑟𝑟 = 0   

η𝑥 = −𝑟𝑥
−2 = −

η

𝑥
 

𝑢 = 𝑟−1ψ𝑟 = 𝑟
−1ν𝑥𝐹′𝑥−1 =

ν𝐹′

𝑟
=
ν𝐹′

𝑥η
 

𝑣 = −𝑟−1ψ𝑥 = −𝑟
−1ν[𝐹 − 𝑥𝐹′ η 𝑥⁄ ] = −

ν

𝑟
[𝐹 − η𝐹′] = ν [

η

𝑟
𝐹′ −

𝐹

𝑟
]

=
ν

𝑥
[𝐹′ − 𝐹/𝜂] 

𝑢𝑥 = ν𝑟
−1𝐹′′(−𝑟𝑥−2) = −ν𝐹′′𝑥−2 

𝑢𝑟 = ν [−
𝐹′

𝑟2
+
1

𝑟

𝐹′′

𝑥
] =

ν

𝑟
[−
𝐹′

𝑟
+
𝐹′′

𝑥
] = ν [−

𝐹′

𝑥2η2
+
𝐹′′

𝑥2η
] 

𝑢𝑟𝑟 = ν [−𝑟
−2 (−

𝐹′

𝑟
+
𝐹′′

𝑥
) + 𝑟−1 (

𝐹′

𝑟2
−
𝐹′′

𝑟𝑥
+
𝐹′′′

𝑥2
)] =

= ν [
2𝐹′

𝑟3
−
2𝐹′′

𝑥𝑟2
+
𝐹′′′

𝑥2𝑟
] = ν [

2𝐹′

𝑥3η3
−
2𝐹′′

𝑥3η2
+
𝐹′′′

𝑥3η
] 
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ν𝐹′

𝑥η
[−ν

𝐹′′

𝑥2
] +

ν

𝑥
[𝐹′ −

𝐹

η
] [ν (−

𝑥2η2
+
𝐹′′

𝑥2η
)]

= ν [ν (−
𝐹′

𝑥3η3
+
𝐹′′

𝑥3η2
) + ν(

2𝐹′

𝑥3η3
−
2𝐹′′

𝑥3η2
+
𝐹′′′

𝑥3η
)] 

𝐹′𝐹′′ [−
ν2

𝑥3η
+ −

ν2

𝑥3η
] + 𝐹′2 [−

ν2

𝑥3η2
] + 𝐹𝐹′ [

ν2

𝑥3η3
] − 𝐹𝐹′′ [

ν2

𝑥3η2
]

= −𝐹′ [
ν2

𝑥3η3
] + 𝐹′′ [

ν2

𝑥3η2
] + 𝐹′ [

2ν2

𝑥3η3
] − 𝐹′′ [

2ν2

𝑥3η2
]

+ 𝐹′′′ [
ν2

𝑥3η
] 

−
𝐹′2

η2
+
𝐹𝐹′

η3
−
𝐹𝐹′′

η2
= −

𝐹′

η3
+
𝐹′′

η2
+
2𝐹′

η3
−
2𝐹′′

η2
+
𝐹′′′

η
 

𝐹𝐹′

η2
−
𝐹′2

η
−
𝐹𝐹′′

η
=
𝐹′

η2
−
𝐹′′

η
+ 𝐹′′′ =

𝑑

𝑑η
(𝐹′′ −

𝐹′

η
) 

𝑑

𝑑η
(−

𝐹𝐹′

η
) = η−2𝐹𝐹′ − η−1(𝐹′2 + 𝐹𝐹′′) 

𝑑

𝑑η
(−

𝐹′

η
) = −

𝐹′′

η
+
𝐹′

η2
 

𝑢 = 𝑢𝑚𝑎𝑥 and 𝑣 = 0 𝑦 = 0 

𝐹′(0) = 0,  𝐹(0) = 0 

Since 𝑢 even 𝑓(𝜂),
𝐹′

η
 = even, 𝐹′  = odd, 𝐹 = even 

1st integration 
𝑑

𝑑η
(−

𝐹𝐹′

η
) =

𝑑

𝑑η
(𝐹′′ −

𝐹′

η
) 

𝐹𝐹′ = 𝐹′ − η𝐹′′ + 𝐶1  𝐹(0) = 𝐹′(0) = 0 ∴ 𝐶1 = 0 
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rewrite equation: 
𝑑

𝑑η
(
𝐹2

2
) = 2𝐹′ −

𝑑

𝑑η
(η𝐹′) 

𝐹2

2
= 2𝐹 − η𝐹′ + 𝐶2    C2 = 0     

same reasoning 𝐶1 

i.e., (2𝐹 −
𝐹2

2
)
−1

𝐹′ = η−1 

1

2
ln (

𝐹

4 − 𝐹
) = ln η + 𝐶 

ln (
𝐹

4 − 𝐹
) = 2 ln η + 2𝐶 = ln η2 + 2𝐶 = ln η2 + ln 𝑎 = ln(𝑎η2) 

𝐹

4 − 𝐹
= 𝑎η2 

𝐹 = 𝑎η2(4 − 𝐹) = 4𝑎η2 − 𝑎η2𝐹 

𝐹 =
4𝑎η2

1 + 𝑎η2
 

2√𝑎 η = ξ  ξ2 = 4𝑎η2  
ξ2

4
= aη2    

γ = 2√𝑎  = constant of integration 

i.e., ξ = γη =
γ𝑟

𝑥
 𝑑ξ = γ𝑑η ξη = γ 

𝐹 =
ξ2

1 +
1
4
ξ2
= ξ2 (1 +

1

4
ξ2)

−1

 

 

∫
𝑑𝐹

1
2
(4𝐹 − 𝐹2)

 

𝑑𝐹 =  𝑑𝑥 

𝑋 = 𝑎 + 𝑏𝑥 + 𝑐𝑥2 

𝑎 = 0,  𝑏 = 1,  𝑐 = −
1

2
 

𝑞 = 4𝑎𝑐 − 𝑏2 = −4 √−𝑞 = 2 

1

2
ln (

−𝐹

−𝐹 + 4
) =

1

2
ln (

𝐹

4 − 𝐹
) 
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𝑑𝐹

𝑑ξ
= [2ξ (1 +

1

4
ξ2)

−1

− ξ2 (1 +
ξ2

4
)

−2

(
ξ

2
)]

= [2ξ (1 +
1

4
ξ2)

−1

−
ξ3

2
(1 +

ξ2

4
)

−2

] 

=
2ξ (1 +

ξ2

4
) −

ξ3

2

(1 +
ξ2

4
)
2 = 2𝜉 +

𝜉3

2
−
𝜉3

2
 

u =
ν

x

F′

η
=
ν

𝑥η
 γ
𝑑𝐹

𝑑ξ
=
ν

𝑥𝜉
 𝛾2  

𝑑𝐹

𝑑ξ
 

 

𝑢 =
ν

𝑥

2γ2

(1 +
ξ2

4
)
2 

𝑣 =
ν

𝑥
(𝐹′ −

𝐹

η
) =

ν

𝑥
 γ (
𝑑𝐹

𝑑ξ
−
𝐹

ξ
) =

ν

𝑥
 γ

[
 
 
 

2ξ

(1 +
ξ2

4
)
2 −

ξ

(1 +
ξ2

4
)
]
 
 
 

 

𝑣 =
𝜈

𝑥
𝛾

[
 
 
 𝜉 −

𝜉3

4

(1 +
𝜉2

4
)
2

]
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Determine γ from J 

𝐽 = 2πρ∫ 𝑢2𝑟
∞

0

 𝑑𝑟 

= 2πρ∫

[
 
 
 
ν

𝑥

2γ2

(1 +
ξ2

4
)
2

]
 
 
 
2

𝑟
∞

0

 𝑑𝑟    

= 2πρ
ν2

𝑥2
 4𝛾4

𝑥2

𝛾2
∫

𝜉𝑑𝜉

(1 +
ξ2

4
)
4

∞

0

  = 8πρν2𝛾2

[
 
 
 

−2

3 (1 +
ξ2

4
)
3

]
 
 
 

0

∞

 

 

 

 

 

 

 

 

 

𝐽 =
16

3
πρ γ2ν2 Kinematic momentum = 𝐾 =

𝐽

ρ
 

[
3𝐽

16πρν2
]
1/2

= γ = [
3𝐾

16πν2
]
1/2

 

 

𝜉 =
𝛿𝑟

𝑥
,  𝑟 =

𝑥

𝛿
 

𝜉 =
𝛿

𝑥
𝑑𝑟 𝑑𝑟

=
𝑥

𝛿
𝑑𝜉 

𝑟 𝑑𝑟 =
𝑥2

𝛿2
𝜉 𝑑𝜉 

𝑥 = 𝑎 + 𝑏𝑥 + 𝑐𝑥2 

𝑎 = 1,  𝑏 = 0,  𝑐 =
1

4
 

𝑞 = 𝑏2 − 4𝑎𝑐 = 1 

∫
𝑥

𝑥2 + 4
 𝑑𝑥 =

2𝑎 + 𝑏𝑥

3𝑞𝑥3
−
𝑏𝜉

3𝑞
∫
𝑑𝑥

𝑥3

= −
2

3 (1 +
𝜉2

4
)
3 
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𝑢 =
2ν

𝑥
[
3𝐾

16πν2
] (1 +

ξ2

4
)

−2

=
3

8π

𝐾

ν𝑥⏟  
𝑢𝑚𝑎𝑥

(1 +
𝜉2

4
)

−2

⏟      
𝑗𝑒𝑡 𝑝𝑟𝑜𝑓𝑖𝑙𝑒 𝑑𝑖𝑓𝑓𝑒𝑟𝑠  2𝐷 𝑗𝑒𝑡

 

𝑢𝑚𝑎𝑥 ∝ 𝑥
−1 

𝑣 =
𝜈

𝑥
[
3𝐾

16𝜋𝜈2
]
1/2

⏟        

1
4𝑥
[
3𝐾
𝜋
]
1/2

(ξ −
ξ3

4
)(1 +

ξ2

4
)

−2

  ξ = γη = [
3𝐾

16π
]
1/2 𝑟

𝜈x
 

 

 

𝑄 = 2π∫ 𝑢𝑟
∞

0

𝑑𝑟 =
∀

𝑠
= 2π∫

ν

𝑥

2γ2

(1 +
ξ2

4
)
2 𝑟

∞

0

 𝑑𝑟 

= 4πγ2
ν

𝑥

𝑥2

𝛾2⏟      
4𝜋𝜈𝑥

∫
𝜉

(1 +
ξ2

4
)
2 𝑑ξ

∞

0

= 4𝜋𝜈𝑥 [
−2

(1 +
𝜉2

4
)
]

0

∞

 

−
𝑏𝑥 + 2𝑎

𝑞𝑥
−
𝑏

𝑞
∫
𝑥 𝑑𝑥

𝑋
 = −

2𝑎

𝑋
= −

2

(1 +
ξ2

4
)
 

 𝑄 = 8𝜋𝜈𝑥 ≠ 𝑓(𝐾) and  𝑚̇ = 8πμ𝑥      
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2D jet 𝑄 = 3.3019 (𝐾𝜈𝑥)1/3 

Interestingly axisymmetric jet 𝑄 = 𝑓(𝑥)  uut ≠ 𝑓(𝐽) , i.e., jet with large 

𝐽/𝐾  has large 𝑢 is narrower vs. jet with small 𝐽/𝐾 and small 𝑢. Small 𝑢 

jet carries more external flow such that uoth have same 𝑄 if uoth have 

same 𝑣 

ξ = γη = γ
𝑟

𝑥
⇒ 𝑟 =

𝑥ξ

γ
 large 𝛾 small 𝑟 vs. small 𝛾 large 𝑟 

 

 

 𝐶 =  γ ∶   γ =  1 not narrow ∴ BL assumptions weak 

 γ ≥ 4  narrow and BL assumption OK 
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𝐽

ρ
= ∫ 𝑢0

2(2π𝑟)
𝑅0

0

 𝑑𝑟 = 𝑢0
2(2π) [

𝑟2

2
]
0

𝑅0

= 𝑢0
2π𝑅0

2 = 𝑢0
2𝐴0  

𝐴0 = π𝐷
2/4 

𝐾 = 𝑢0
2𝐴0 ⇒ 𝑢0 = (

𝐾

𝐴0
)
1/2

 

𝑅𝑒 =
𝑢0𝐷

ν
= (

𝐾

𝐴0
)
1/2𝐷

ν
=

𝐾1/2𝐷

(
𝜋𝐷2

4
)
1/2

𝜈

=
2

√𝜋

𝐾1/2

𝜈
 

𝑅𝑒𝑐𝑟𝑖𝑡 ≈ 30 

γ = [
3𝐾

16πν2
]
1/2

, i.e., [
4𝛾216

3
]
1/2

= [
4𝐾

πν2
]
1/2

=
2

√𝜋

𝐾1/2

𝜈
 = 𝑅𝑒 

For γ = 4, 𝑅𝑒 = 18.5  

 

 

Yih, Fluid Mechanics, 1969:  Chapter 7 Sections 4.1 (Landau-Squire) and 8 

(Schlichting) jets using spherical coordinates. 
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