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2D Far wake of non-lifting bodies 

 

Assume 𝑅𝑒𝑏𝑜𝑑𝑦 = 
𝑢0𝐿

𝜈
 large, similarly for the velocity defect 𝑢 = 𝑢0 −

𝑢𝑤 and BL equations with 𝑝𝑥 = 0. 

 

𝑢𝑥 + 𝑣𝑦 = 0  𝑢 𝑢𝑥 + 𝑣 𝑢𝑦 = 𝜈 𝑢𝑦𝑦            subscript w not shown 

𝑢𝑤 = 𝑢0 − 𝑢  𝑣𝑤 = 𝑣  𝑢 = 𝑢0 − 𝑢𝑤  = velocity defect 

𝑢𝑤𝑥 = −𝑢𝑥 

𝑢𝑤𝑦 = −𝑢𝑦 

𝑢𝑤𝑦𝑦 = −𝑢𝑦𝑦 

(𝑢0 − 𝑢)(−𝑢𝑥) + 𝑣(−𝑢𝑦) = 𝜈(−𝑢𝑦𝑦) 

(𝑢0 − 𝑢)𝑢𝑥 + 𝑣𝑢𝑦 = 𝜈𝑢𝑦𝑦 
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Assume 𝑢 = 𝜓𝑦 ,  𝑣 = −𝜓𝑥 

𝜓 = 𝐴𝑥𝑝𝑓(𝜂) = 𝑎(𝑥)𝑓(𝜂)  𝜂 =
𝑦

𝐵𝑥𝑞
=

𝑦

𝑏(𝑥)
  

𝑎(𝑥) =  𝐴𝑥𝑝    𝑏(𝑥) =  𝐵𝑥𝑞 

𝜂𝑦 = 𝑏
−1 𝜂𝑥 = −

𝜂𝑏𝑥
𝑏

 

𝑎𝑥 = 𝐴𝑝𝑥
𝑝−1    𝑏𝑥 = 𝐵𝑞𝑥

𝑞−1 

𝑎𝑥𝑏 = 𝐴𝐵𝑝𝑥
𝑝+𝑞−1    𝑎𝑏𝑥 = 𝐴𝐵𝑞𝑥

𝑝+𝑞−1 

A, B, p, q chosen as part of solution. 

 

𝑢 =
𝑎

b
𝑓′  𝑣 = −𝑎𝑥𝑓 + 𝑎𝑓

′ (η
𝑎𝑏𝑥
𝑏
)   

𝑢𝑥 = (𝑎b
−1)𝑥𝑓

′ + (𝑎b−1)𝑓′′ (−η
𝑏𝑥
𝑏
)   

𝑢𝑦 = (𝑎𝑏
−2)𝑓′′   

𝑢𝑦𝑦 = (𝑎𝑏
−3)𝑓′′′   

𝑢0𝑢𝑥 = 𝑢0 [(𝑎𝑥𝑏
−1 − 𝑎𝑏−2𝑏𝑥)𝑓

′ − (η
𝑎𝑏𝑥
𝑏2
) 𝑓′′] 

= 𝑢0 [(
𝐴𝑝𝑥𝑝−1

𝐵𝑥𝑞
−
𝐴𝑥𝑝𝐵𝑞𝑥𝑞−1

𝐵2𝑥2𝑞
)𝑓′ − (

η𝐴𝑥𝑝𝐵𝑞𝑥𝑞−1

𝐵2𝑥2𝑞
)𝑓′′] 

= 𝑢0 [(
𝐴𝑝

𝐵
𝑥𝑝−𝑞−1 −

𝐴𝑞

𝐵
𝑥𝑝−𝑞−1) 𝑓′ −

η𝐴𝑞

𝐵
𝑥𝑝−𝑞−1𝑓′′] 

𝑢0𝑢𝑥 = 𝑢0
𝐴

𝐵
𝑥𝑝−𝑞−1 [(𝑝 − 𝑞)𝑓′ − η𝑞𝑓′′]⏟            

(1)
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−𝑢𝑢𝑥 + 𝑣𝑢𝑦 = − [(
𝐴𝑥𝑝

𝐵𝑥𝑞
) 𝑓′] [

𝐴

𝐵
𝑥𝑝−𝑞−1((𝑝 − 𝑞)𝑓′ − η𝑞𝑓′′)] 

+(−𝐴𝑝𝑥𝑝−1𝑓 + 𝐴𝑥𝑝𝑓′ (η
𝐵𝑞𝑥𝑞−1

𝐵𝑥𝑞
)) (

𝐴𝑥𝑝

𝐵2𝑥2𝑞
)⏟    

𝐴

𝐵2
𝑥𝑝−2𝑞

𝑓′′ 

= −
𝐴2

𝐵2
𝑥2𝑝−2𝑞−1[(𝑝 − 𝑞)𝑓′2 − η𝑞𝑓′𝑓′′] 

−
𝐴2

𝐵2
𝑝𝑥2𝑝−2𝑞−1𝑓𝑓′′ + η

𝐴2𝑞

𝐵2
𝑥2𝑝−2𝑞−1𝑓′𝑓′′ 

=−
𝐴2

𝐵2
𝑥2𝑝−2𝑞−1 [(𝑝 − 𝑞)𝑓′2 − 2𝑞η𝑓′𝑓′′ + 𝑝𝑓𝑓′′]⏟                    

(2)

 

𝑢𝑦𝑦 = (
𝐴𝑥𝑝

𝐵3𝑥3𝑞
) 𝑓′′′ =

𝐴

𝐵3
𝑥𝑝−3𝑞𝑓′′′ 

 

𝑢0𝑢𝑥 − 𝑢𝑢𝑥 + 𝑣𝑢𝑦 = ν𝑢𝑦𝑦 

 

𝑢0𝐵
2𝑥2𝑞−1[(1)] − 𝐴𝐵𝑥𝑝+𝑞−1[(2)] = ν𝑓′′′ 

 

𝐹𝐷 = ρ𝑢0
2θ = ρ𝑢0

2∫ [
𝑢𝑤
𝑢0
− (

𝑢𝑤
𝑢0
)
2

] 𝑑𝑦
∞

−∞

= 𝜌𝑢0
2∫ 𝑢0

−2[𝑢𝑤𝑢0 − 𝑢𝑤
2 ]𝑑𝑦

∞

−∞

= ρ∫ 𝑢𝑤

∞

−∞

(𝑢0 − 𝑢𝑤) 𝑑𝑦

= ρ∫ (𝑢0 − 𝑢)𝑢
∞

−∞

 𝑑𝑦 

subscript w not shown after last equality 

η = 𝑦𝑏  𝑑η = 𝑑𝑦 b−1  𝐵𝑥𝑞𝑑η = 𝑑𝑦 
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𝑢 = (𝑎𝑏−1)𝑓′   

(𝑢0 − (𝑎𝑏
−1)𝑓′)(𝑎𝑏−1)𝑓′ 

= 𝑢0(𝑎𝑏
−1)𝑓′ − (𝑎𝑏−1)2𝑓′2 

(𝑢0
𝐴

𝐵
𝑥𝑝−𝑞𝑓′ −

𝐴2

𝐵2
𝑥2𝑝−2𝑞𝑓′2) × 𝐵𝑥𝑞 = 𝑢0𝐴𝑥

𝑝𝑓′ −
𝐴2

𝐵
𝑥2𝑝−𝑞𝑓′2 

= 𝐴𝑥𝑝(𝑢0𝑓
′ −

𝐴

𝐵
𝑥𝑝−𝑞𝑓′2)     

 

𝐹𝐷 = ρ𝐴𝑥
𝑝∫ [𝑢0 −

𝐴

𝐵
𝑥𝑝−𝑞𝑓′] 𝑓′

∞

−∞

 𝑑η 

 

𝑝 = 0, 𝑞 =
1

2
  independent 𝑥 𝑎𝑠 𝑥 → ∞.  Shows as additional restriction 

is required that 𝑥 → ∞.   

 

𝑢0𝐵
2

2
[−𝑓′ − η𝑓′′] − 𝐴𝐵𝑥−1/2[−

1

2
𝑓′
2
−
1

2
ηf𝑓′′] = ν𝑓′′′   

Highlight = nonlinear terms drop out Oseen approximation 

lim
x→∞

    𝑓′′′ +
𝑢0𝐵

2

2ν
(𝑓′ + 𝜂𝑓′′) = 0  

 

𝐹𝐷 = ρ𝐴𝑢0∫ 𝑓′
∞

−∞

 𝑑η 

= ρ𝐴𝑢0∫
𝐵𝑥1/2

𝐴

∞

−∞

𝑢

𝐵𝑥1/2
 𝑑𝑦 = ρ𝑢0∫ 𝑢

∞

−∞

 𝑑𝑦 = ρ𝑢0𝑄 

𝑄 = ∫𝑉 ⋅ 𝑛𝑑𝐴 = ∫ 𝑢
∞

−∞
 𝑑𝑦  per unit span 

 

𝑎(𝑥) = 𝐴𝑥𝑝 = 𝐴 

𝑏(𝑥) = 𝐵𝑥1/2 

𝑑𝜂 =
𝑑𝑦

𝐵𝑥1/2
 

𝑢 =
𝑎

𝑏
𝑓′ 

𝑓′ =
𝑏

𝑎
𝑢 =

𝐵𝑥1/2

𝐴
𝑢 
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Let 𝐵 = (
4ν

𝑢0
)
1/2

  𝐵2 =
4ν

𝑢0
⋅
𝑢0

2ν
= 2 ⇒ 𝑓′′′ + 2(𝑓′ + η𝑓′′) = 0 

𝑓′ = 𝑒−η
2
  𝑓′′ = −2η𝑒−η

2
  𝑓′′′ = −2𝑒−η

2
+ 4η2𝑒−η

2
 

𝑑

𝑑𝑥
𝑒𝑢 = 𝑒𝑢

𝑑𝑢

𝑑𝑥
 

2(𝑓′ + η𝑓′′) = 2(𝑒−η
2
− 2η2𝑒−η

2
)  OK 

 

𝐹𝐷 = ρ𝐴𝑢0∫ 𝑒−η
2
𝑑η

∞

−∞

= ρ𝐴𝑢0π
1/2 ⇒ 𝐴 =

𝐹𝐷

ρ𝑢0√π
 

 

η =
𝑦

(
4ν
𝑢0
)
1/2

𝑥1/2
= 𝑦√

𝑢0
4ν𝑥

 

ψ =
𝐹𝐷

ρ𝑢0π
1/2
∫𝑒−η

2
𝑑 η

⏟      

√π
2 erf(η)

=
𝐹𝐷
2ρ𝑢0

 erf(η)   

 
𝑑𝑓

𝑑η
= 𝑒−η

2
  𝑓 = ∫ 𝑒−η

2
𝑑

η

0
η       erf(η) =

2

√π
∫ 𝑒−η

2
𝑑

η

0
η 

 

𝑢 = 𝑢0 − 𝑢𝑤 =
𝐴

𝐵
𝑥1/2𝑒−η

2
=

𝐹𝐷

𝜌𝑢0√𝜋 (
4𝜈𝑥
𝑢0
)
1/2
𝑒−η

2
 

𝑢 = [
𝐹𝐷
2

ρ2𝑢0
2π
⋅
𝑢0
4ν𝑥

]

1/2

𝑒−η
2
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𝑢 = [
𝐹𝐷
2

4πρ2𝑢0ν𝑥
]
1/2

𝑒−η
2
         velocity defect decays 𝑥−1/2 

𝑦 = 𝐵𝑥1/2 = (
4ν

𝑢0
)
1/2
𝑥1/2η         grows 𝑥1/2 

 

Momentum thickness wake = constant = 𝜃 =
𝐹𝐷

ρ𝑢0
2 

Whereas in the far wake Q⏟
velocity defect ∀/𝑠

=
𝐹𝐷

ρ𝑢0
= 𝑢0𝜃 

 

It can be shown that 𝑄 = 𝑢0δ
∗ thus δ∗ = 𝜃 in the far wake 

 

Note we assumed large Re but additionally required 𝑥 → ∞, i.e., far wake. 

It is interesting to note that the same result is obtained using the Oseen 

equation, which are derived for low Re, i.e., linearized convection. 

 

∫ 𝑢0

∞

δ∗
 𝑑𝑦 = ∫ 𝑢𝑤

∞

0

 𝑑𝑦 = ∫ 𝑢0

∞

0

 𝑑𝑦 − ∫ 𝑢0

δ∗

0

 𝑑𝑦 

i.e.,  𝑢0δ
∗ = ∫ (𝑢0 − 𝑢𝑤)

∞

0
 𝑑𝑦 = ∫ 𝑢

∞

0
 𝑑𝑦 = 𝑄   velocity defect flow rate 

 

i.e., in the far wake the velocity defect momentum and displacement 

thickness are equal 


