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Flow in the wake of flat plate at zero incidence 

 

Drag 

 

(1) 𝜓 CV Boundary Layer 
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∫  
𝐶𝑆

 𝜌𝑉 ⋅ 𝑛𝑑𝐴 = 0 = −∫  
𝐻

0

 𝜌𝑈𝑑𝑦 + ∫  
𝑌=𝐻+𝛿∗

0

 𝜌𝑈𝑑𝑦 

𝑈𝐻 = ∫  
𝑌

0

 𝑢𝑑𝑦 = 𝑈𝑌 +∫  
𝑌

0

  (𝑢 − 𝑈)𝑑𝑦 

𝛿∗ = ∫  
𝑌

0
  (1 − 𝑢/𝑈)𝑑𝑦 = displacement thickness 

 

∑ 𝐹𝑥 = −𝐷 = ∫  
𝐶𝑆

 𝜌𝑢𝑉 ⋅ 𝑛𝑑𝐴

= −∫  
𝐻

0

 𝜌𝑈(𝑈𝑑𝑦) + ∫  
𝑌

0

 𝜌𝑢(𝑢𝑑𝑦) 

𝐷 = 𝜌𝑈2𝐻 −∫  
Y

0

𝜌𝑢2𝑑𝑦

=  fluid force on plate = −  plate force on CV 

𝐷 = 𝜌𝑈2 ∫  0  
𝑢

𝑈
𝑑𝑦 − ∫  0  𝜌𝑢

2𝑑𝑦 = ∫  
𝑥

0
  𝜏𝑤𝑑𝑥    using continuity 

𝐷/𝜌𝑈2 = 𝜃 = ∫  
𝑌

0

 
𝑢

𝑈
(1 −

𝑢

𝑈
)𝑑𝑦  =      momentum thickness 

𝐶𝐷 =
𝐷

1
2
𝜌𝑈2𝑥

=
2𝜃

𝑥
=
1

𝑥
∫  
𝑥

0

𝑐𝑓𝑑𝑥             per unit span 

𝑐𝑓 =
 𝜏𝑤
1
2
𝜌𝑈2

:  𝑐𝑓 =
𝑑

𝑑𝑥
(𝑥𝐶𝐷) = 2

𝑑𝜃

𝑑𝑥
, i.e., 

𝑑𝜃

𝑑𝑥
= 𝑐𝑓/2 
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(2) Box CV wake 

 

∫  
𝐶𝑆

 𝜌𝑉 ⋅ 𝑛 = −∫  
𝐴1

𝐴

 𝜌𝑈𝑑𝑦 + ∫  
𝐵1

𝐵

𝜌𝑢𝑑𝑦 + ∫  
𝐵1

𝐴1

 𝜌𝑣𝑑𝑥
⏟      

𝑚𝑡̇

+∫  
𝐵

𝐴

𝜌(−𝑣𝑑𝑥)
⏟        

𝑚𝑏̇

 

𝑚𝑡̇ + 𝑚𝑏̇ = 𝜌𝑈𝐴𝐴1 −∫  
𝐵1

𝐵

𝜌𝑢𝑑𝑦 

Σ𝐹𝑥 = −𝐷 = ∫  
𝑐𝑠

 𝜌𝑢𝑉 ⋅ 𝑛𝑑𝐴 = −∫  
𝐴1

𝐴

𝜌𝑈(𝑈𝑑𝑦) + ∫  
𝐵1

𝐵

 𝜌𝑢(𝑢𝑑𝑦) 

+∫  
𝐵1

𝐴1

 𝜌𝑢(𝑣𝑑𝑥) + ∫  
𝐵

𝐴

 𝜌𝑢(−𝑣𝑑𝑥)
⏟                    

assume 𝑢=𝑈 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡= 𝑈(𝑚𝑡̇ +𝑚𝑏̇ )

 

𝐷 = 𝜌𝑈2𝐴𝐴1 −∫  
𝐵1

𝐵

 𝜌𝑢2𝑑𝑦 − 𝑈 (𝜌𝑈𝐴𝐴1 −∫  
𝐵1

𝐵

𝜌𝑢𝑑𝑦) 

= 𝑈∫  
𝐵1

𝐵

 𝜌𝑢𝑑𝑦 − ∫  
𝐵1

𝐵

 𝜌𝑢2𝑑𝑦 =  𝜌∫  
∞

−∞

𝑢(𝑈 − 𝑢)𝑑𝑦 

𝐷 = 𝜌𝑈2∫  
𝐵1

𝐵

 
𝑢

𝑈
(1 −

𝑢

𝑈
)𝑑𝑦 

Same ψ CV with 𝐵 =  0 and 𝐵1 = 𝑌. Note for 𝑦 >  𝑌, 𝑢/𝑈 =  1.  

Requires integral taken at large distance from the body such that the 

static pressure at the measurement cross section is the same as that 

in the undisturbed uniform inflow.  Referred to as simplified Betz 

method, which considers differences in the static pressure between 

the inflow and the measurement section and is important when the 

measurement section is too close to body. 
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𝑢𝑥 + 𝑣𝑢𝑦 = 𝜈𝑢𝑦𝑦 

 

𝑢1 = 𝑈 − u(x, y)  𝑢1 ≪ 𝑈  velocity defect 

𝑢 = 𝑈 − 𝑢1  𝑣 = 𝑣1 ≪ 𝑈 

𝑢𝑥 = −𝑢1𝑥  𝑢𝑦 = −𝑢1𝑦  𝑢𝑦𝑦 = −𝑢1𝑦𝑦 

 

(𝑈 − 𝑢1)(−𝑢1𝑥) + 𝑣1(−𝑢1𝑦) = 𝑣(−𝑢1𝑦𝑦) 

 

𝑈𝑢1𝑥 = 𝑣𝑢1𝑦𝑦 to first order 

 

𝑢1𝑦(0) = 0 

𝑢1(∞) = 0 

 

Assume similarity for 𝑢1 as per Blasius 

 

𝜂 = 𝑦√𝑈/𝜈𝑥 = 𝑦𝑈1/2𝜈−1/2𝑥−1/2 

 

𝑢1 = 𝑐𝑈√
𝐿

𝑥
𝑔(𝜂)     𝑥−1/2 so that D independent of x 
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2𝐷 = 𝑏𝜌∫  
∞

−∞

 𝑢(𝑈 − 𝑢)𝑑𝑦 = 𝑏𝜌∫  
∞

−∞

  (𝑈 − 𝑢1)(𝑢1)𝑑𝑦 

= 𝑏𝜌𝑈∫  
∞

−∞

 𝑢1𝑑𝑦  

𝑑𝜂 = 𝑑𝑦√𝑈/𝑣𝑥     
𝑑𝜂

𝑑𝑥
= 𝑦𝑈1/2𝜈−1/2 (−

𝑥−3/2

2
) 

 

= 𝑏𝜌𝑈∫  
∞

−∞

  [𝑐𝑈√
𝐿

𝑥
 𝑔(𝜂)]√

𝜈𝑥

𝑈
𝑑𝜂 

 

= 𝑏𝜌𝑈2𝑐√
𝜈𝐿

𝑈
∫  
∞

−∞

 𝑔(𝜂)𝑑𝜂 

 

𝑢1𝑥 = 𝑐𝑈√𝐿 (−
1

2
𝑥−

3
2)𝑔(𝜂) + 𝑐𝑈√

𝐿

𝑥
𝑔′[𝑔𝑈

1
2𝑣−

1
2 (−

𝑥−
3
2

2
)] 

𝑢1𝑦 = 𝑐𝑈𝐿
1/2𝑥−1/2𝑔′(𝜂)√𝑈/𝑣𝑥 

𝑢1𝑦𝑦 = 𝑐𝑈𝐿
1/2𝑥−1/2𝑔′′𝑈𝑣−1𝑥−1 =

𝑐𝑈2𝐿1/2𝑥−3/2𝑔′′

𝑣
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𝑐𝑈2𝐿1/2 (−
1

2
𝑥−3/2) [𝑔 + 𝑥−1/2𝑦𝑈1/2𝑣−1/2⏟          

𝑦√
𝑈
𝑣𝑥

𝑔′]

= 𝑐𝑈2𝐿1/2𝑥−3/2𝑔′′ 

𝑔′′ + 𝑔/2 +
𝜂

2
𝑔′ = 0  𝑔′ = 0    𝜂 = 0  𝑔 = 0    𝜂 = ∞ 

𝑔′ +
1

2
𝜂𝑔 + 𝐴 = 0         

𝑔′(0) = 0 ⇒ 𝐴 = 0 

 

𝑔 = exp(−𝜂2/4)   

where constant of integration (in the form of a coefficient) is taken 

as unity since 𝑢1 has free coefficient c yet to be determined. 

  

Determine c in terms of the plate drag 

2𝐷 = 𝑏𝜌𝑈2𝑐√
𝜈𝐿

𝑈
∫ 𝑔(𝜂)𝑑𝜂
∞

−∞⏟      
2√𝜋

=  Blasius solution =1.328 𝑏𝜌𝑈2√
𝜈𝐿

𝑈
 

∴ 𝑐 = .664/√𝜋 

𝑢1
𝑈
=
0.664

√𝜋
(
𝐿

𝑥
)

1
2
𝑒𝑥𝑝 (−

1

4

𝑦2𝑈

𝑥𝑣
)             ∝ 𝑥−1/2 
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Note that solution only valid in far wake as per assumption 𝑢1 ≪ 𝑈, 

neglecting higher order terms, and Blasius type similarity. 

Therefore, 𝑥 > 3𝐿. 

 

Remarkable velocity distribution Gaussian  

 

𝑅𝑒𝑐𝑟𝑖𝑡 ∼ 4 

 

Boundary layer wake solutions generally require a "far wake" 

assumption (where the wake is fully developed) because they rely 

on self-similarity and small velocity deficits to make the governing 

equations tractable. Jets do not require this, as they are dominated 

by high-energy momentum at their source and do not depend on 

weak perturbations of a free stream to maintain their structure. 


