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3D Separation 

2D separation: at 𝜏𝑤 = 𝜇𝑢𝑦 = 0 entire BL breaks away surface and 

must travel over separation bubble and into wake 

 

3D separation leads to more freedom and breakaway options and 

different types/definitions separations. For example: ψω → 𝑆  while 

outer flow goes over separation bubble. 
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Closed separation: upstream flow does not enter separation region 

 

𝑝𝑥 > 0 ⇒ junction/horseshoe 

vortex 

S = nodal point of separation 

other singular point of present 

S = Saddle point 

F = Focus point (near S) 

= tornado vortex 
nodal attachment 

point 
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Open separation: upstream flow may enter separation region 
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Unsteady Separation 

Typical examples: 

(1) start-up flow 

(2) periodic flow 

Chapter 3 Exact Solutions 

𝑆𝑡𝑜𝑘𝑒𝑠 1𝑠𝑡 and 2nd ⏟            
𝑛𝑜 𝑠𝑒𝑝𝑎𝑟𝑎𝑡𝑖𝑜𝑛

 

(a) Start-up flow circular cylinder.  Stokes flow for low Re. 

 

(b) 
𝑈𝑡

𝑅
≈ 0.35 

(c) 
𝑈𝑡

𝑅
≈ 1.5 strong symmetric vortex 

(d) Kármán vortex street Strouhal number = fL/U ≈ 0.2 

Moore, Rott, & Sears: MRS unsteady separation definition 

Singular point (𝑥𝑠(𝑡),  𝑦𝑠(𝑡)) in the flow where 𝑢𝑠 =
𝑑𝑥𝑠

𝑑𝑡
= 0 and 

τ𝑠 = ω𝑠 =
∂𝑢

∂𝑦
|𝑠 = 0 
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(2) periodic flows 

 

Assume body in uniform flow has potential flow 𝑈0(𝑥)  such that 

oscillating body motion creates 

𝑈(𝑥, 𝑡) = 𝑈0(𝑥) cosω 𝑡 

relative body. Thus, BL driven by free stream similar Stokes 2nd.  

Schlichting series solution pp. 428–432: (0th order same Stokes 2nd) 

0th order 𝑢0(𝑥, 𝑡) = 𝑈0(𝑥)[cosω 𝑡 − 𝑒
−η cos(ω𝑡 − η)]  η = 𝑦√

ω

2ν
 

2nd order includes steady-state term which does not vanish at large 

distances from the body 

 𝑢2 (𝑥,∞) = −
3

4

𝑈0

ω
 𝑈0𝑥⏟              

acoustic streaming

 due 𝑢0𝑢0𝑥 nonzero mean 

 

Explains dust patterns Kundt tube 

Periodic motions induce non-zero mean convection important stability 

and turbulence 

= steady-state motion towards decreasing 𝑈0(𝑥) due 

body motion 

 

A<<L = length of body 
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3D Separation Patterns 

Classification flow patterns for separation first approached 

using special planes curved or flat: body surface, symmetry, 

cross flow, or other. 

2D vector field 𝑢 =
𝑑𝑥

𝑑𝑡
 and 𝑣 =

𝑑𝑦

𝑑𝑡
 has trajectory y(x) ⇒ 

flow patterns. On body surface ⇒ surface streamlines, i.e., 

shear stress lines. Patterns depend on motion of observer in 

unsteady flow. Not true vortex lines for translation, which are 

⟂ ψ on body surface. Assuming 𝑢 continuous ⇒ trajectories 

and critical points = points 𝑢 and ω  =  0  and trajectories 

may split. 

Theory and nomenclature from phase plane analysis of 

autonomous differential equations, e.g., Tobak and Peak (1982). 

At critical points 𝑢  =  0 but derivative organized by:  

(1) J = Jacobian = 𝑢𝑥𝑣𝑦 − 𝑢𝑦𝑣𝑥 

(2) Δ =  divergence = 𝑢𝑥 + 𝑣𝑦  plane of interest where 

Δ = −ω𝑧 and z normal to the plane 

Thus, on body surface Δ = 0. 

In 3D invariant of strain tensor also investigated. 
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Critical points classified three 

groups depending on 𝐽  and 

Δ. 

(1) foci within area above 

parabola 𝐽 =
Δ2

4
 

(2) nodes between 𝐽 =
Δ2

4
 

and Δ axis 

(3) saddles below Δ axis 

 

On boundary called focal or saddle node, and special case 

attachment saddle node = plane stagnation line, whereas special 

case attachment focus node = axisymmetric stagnation point. 

2nd quadrant patterns are unstable since all trajectories leave 

these points and integration 𝑢(𝑡), 𝑣(𝑡) from these points not 

possible. 

1st quadrant patterns are stable since integration progresses 

towards these points. 

𝐿𝐻𝑆 =  𝑅𝐻𝑆 figure except flow direction reversed 

Critical points follow certain topological rules, e.g., on closed 

body #nodes − #saddles = 2, as per W2025 JBC test case. 
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Other special features: local separation lines, limit cycle lines 

or bifurcation lines (different nomenclature used). 

Lines towards which other lines asymptote. 

 

 

 

Taylor–Couette flow = stack spiral vortex cells due moving 

inner and stationary outer walls. Cross plane shows swirling 

vortices and wall shows lines of separation and attachment to 

which the streamlines asymptote. 

In general, separation flow patterns are extremely complex and 

different analysis including alternative interpretations even for 

steady, much less unsteady flows. 

Since separation usually unsteady, instability analysis such as 

shear layer, Kármán shedding, breathing mode, etc., often more 

productive. 

Small section outer 

wall 
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