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Axisymmetric Boundary Layers 

 

Assume no swirl and  is small vs. both longitudinal and transverse 

radius of curvature. Boundary layer equations derived by Mangler 

(1945), which differ from 2D planar case by the appearance in the 

continuity equation of r0: 
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Mangler also gave a mathematical transformation that transforms the 

axisymmetric problem into an equivalent plane problem. 
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Where L is an arbitrary length scale.  Substitution into axisymmetric 

boundary layer equations [
∂𝑥′

∂x
= (

𝑟0

𝐿
)
2
 and 

∂𝑦′

∂x
=
𝑦

𝐿

∂𝑟0

∂x
] produces the 

plane flow boundary layer equations: 
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A solution of an axisymmetric boundary layer may be found by 

considering an equivalent plane boundary layer vis Mangler’s 

transformation. When 𝑟0 is constant the transformation is trivial. 

As an example, consider axisymmetric stagnation point on a blunt body: 

Homann flow.  The inviscid velocity near the stagnation point is given 

by, 
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L = characteristic body dimension and 𝛼 depends on the shape of the 

body.  For 𝑟0 = 𝑥, 
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Which define the point 𝑥′, 𝑦′ in the plane flow, which is equivalent 
to the point x, y in the axisymmetric flow.  Next transform the 
external velocity, 
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The equivalent plane flow is, 𝑢𝑒 ≈ 𝑥
′1/3 where the reference velocity 

constant is unchanged, but the length constant is 
𝐿

3
= 𝐿′.   

The solution to a boundary layer obeying the 
𝑥′

𝐿
 and 

𝑦′

𝐿
 is the Falkner-

Skan flow for m=1/3 (1/2 = 45o wedge). Assuming that this solution is 

known, the u velocity at the point x, y in the axisymmetric stagnation 

point flow would be, 
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A corresponding formula for v is found from 𝑣′ =
𝐿
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An axisymmetric stagnation point is 80% as thick as a plane stagnation 

point. 

The flow toward a axisymmetric stagnation point is a special case of 

the streaming flow over a cone of a given angle.  Since the external 

flow over a code obeys 𝑢𝑒 ∝ 𝑥
𝑛 and the surface position is 𝑟0 =

𝑥𝑠𝑖𝑛θ1/2, Mangler’s transformation produces 𝑢′ ∝ 𝑥𝑛/3, which is one 

of the Falkner-Skan solutions.  Unfortunately, there is no simple 

relation between the code angle  and the exponent n.  Whitehead and 

Canetti (1950) prove a graphical relationship. 

 



4 

 

Three-dimensional boundary layers: flow driven by both 𝑝𝑥 and 𝑝𝑧 

𝑢𝑥 + 𝑣𝑦 + 𝑤𝑧 = 0             

𝑢𝑢𝑥 + 𝑣𝑢𝑦 + 𝑤𝑢𝑧 = −
𝑝𝑥
ρ
+ ν𝑢𝑦𝑦 

𝑢𝑤𝑥 + 𝑣𝑤𝑦 + 𝑤𝑤𝑧 = −
𝑝𝑧
ρ
+ ν𝑤𝑦𝑦 

 

 

Complex crossflow such as (b): death of 3D integral methods motivated 

3D differential BL methods: 

 

Three-dimensional turbulent boundary 
layers 

• J. Nash, V. C. Patel 

• Published 1972 

• Physics, Engineering 

 

Thick BL and separation led to rapid extensions differential methods to 

modern CFD: RANS, HRLES, LES, DNS. 

 

https://www.semanticscholar.org/author/J.-Nash/11155248
https://www.semanticscholar.org/author/V.-C.-Patel/143783650
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Boundary layer with constant transverse pressure gradient: flat plate 

BL with parabolic free stream. 

Flat plate with LE at 𝑥 = 0 and inflow at angle 𝜃0 

For 𝑥 > 0 the BC at 𝑦 → ∞ 

𝑢 → 𝑢𝑒 = constant    𝑝𝑥 = 0 

𝑤 → 𝑤𝑒 = 𝑢𝑒(𝑎 + 𝑏𝑥)  −
𝑝𝑧

ρ
= 𝑢𝑒𝑤𝑒,𝑥 = 𝑢𝑒

2𝑏    Euler equation 

𝑏 = magnitude transverse 𝑝𝑧 

External flow ω = 𝜔𝑦  𝑗 ̂    𝜔𝑦 = −
∂𝑤

∂𝑥
= −𝑢𝑒𝑏    

For 𝑏 = 0, 𝜃 = 𝜃0 = tan 
−1 (

𝑤𝑒

𝑢𝑒
) = tan −1 𝑎, which shows the effect 

of sweep on Blasius BL 

 
𝑑𝑧𝑒

𝑑𝑥
=
𝑤𝑒

𝑢𝑒
= 𝑎 + 𝑏𝑥    𝑧𝑒 = 𝑎𝑥 +

1

2
𝑏𝑥2 + 𝑐 

𝑐 = constant = 𝑧𝑒|𝐿𝐸 

Concept of region of influence: particles that pass through 𝑐 influence 

region CAD. 3D BL method must account for spreading lateral 

influence. 
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BL equations: 

𝑢𝑥 + 𝑣𝑦 = 0 

𝑢𝑢𝑥 + 𝑣𝑢𝑦 = ν𝑢𝑦𝑦 

𝑢𝑤𝑥 + 𝑣𝑤𝑦 = 𝑏𝑢0
2 + ν𝑤𝑦𝑦 

 

continuity and x-momentum ≠ 𝑓(𝑤)  = Blasius BL problem 

𝑢

𝑢𝑒
= 𝑓′(η)  η = 𝑦√

𝑢𝑒
ν𝑥

 

 

𝑓(η) solution Blasius equation: 𝑓𝑓′′ + 2𝑓′′′ = 0 

 

Sweep independence principle: 𝑢, 𝑣 solved independent 𝑤 

 

Assume: 
𝑤

𝑢𝑒
=
𝑤𝑒(𝑥)

𝑢𝑒
𝑓′(η)

⏟      
+ 𝑏𝑥 ℎ(η) 

Blasius component scaled to match 𝑤𝑒(𝑥) 
 

Substitution in w-momentum equation 

 

ℎ′′ +
1

2
𝑓ℎ′ − 𝑓′ℎ + 1 − 𝑓′2 = 0

ℎ(0) = ℎ(∞) = 0
} Similarly, Blasius equation solved 

numerically 

 

Solutions use normal and tangential coordinates to outer flow and 

normalized with outer flow velocity magnitude 𝑉∞ = [𝑢𝑒
2 + 𝑤𝑒

2]1/2 
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𝑣𝑡
𝑉∞
= 𝑓′(η) +

1

2
sin 2 θ (tan θ − tan θ0) ℎ(η) 

𝑣𝑛
𝑉∞
=
1

2
cos2 θ (tan θ − tan θ0) ℎ(η) 

 

θ= local inviscid ψ angle tan −1(𝑤𝑒/𝑢𝑒) 

 

(1) flat plate with sweep angle 𝜃 = 𝜃0 and 𝑏 = 0 

 

Blasius profile and no secondary flow, i.e., 𝑣𝑛 = 0 

 

If 𝜓𝑒 coincides with the surface geodesic curves ψ𝐵𝐿 = ψ𝑒 and no 

secondary flow 

Geodesic curve: curve whose tangent vectors remain parallel if they 

are transported along it 
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(2) θ ≠ θ0 and 𝑏 ≠ 0 

 

𝑣𝑛 not shown since ∝ ℎ(𝜂) 

θ   

-60 a  Blasius 

-40 b 
⇒ 

-20 c 

0 =a d Blasius 

20 e 

⇒ 

40 f 

60 g 

80 =  𝑓 h 

90 I 

 

 

Surface streamlines: 

 

𝑧𝑠 = 𝑎𝑥 +
1

2
𝑏𝑥2 [1 +

ℎ′(0)

𝑓′′(0)
] + 𝐶0 also, parabolas and differs 𝑧𝑒 by 

1 +
ℎ′(0)

𝑓′′(0)
≈ 1 +

1

3
 

 

 

𝑣𝑡 < 0 near 𝜂 = 0, but not reverse flow 

𝑣𝑛 large such that flow > 0 in 𝑥 direction 

𝑣𝑡  exhibits overshoot in upper BL occurs 

frequently in 3D BL in this region (similar as Stokes 

2nd problem for oscillating outer flow) net transverse 

viscous force some direction pressure force. Viscous 

force dies out at large η 

Note: flow never actually separates 


