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2D mixing layer: free shear layer 

Two parallel streams, 𝑈1  (upper) and 𝑈2  (lower) meet at 𝑥 = 0   

Progression downstream smooths discontinuity due to jump into S shaped 

velocity profile is free-shear layer  Assume (1) 𝑝  constant (upper/lower 

layer), i e , 𝑝𝑥 = 0  and u1 and u2 uniform streams such that 𝑦 = 0 

dividing ψ  and (2) BL assumptions   Blasius type similarity variables 

ηα = (
𝑈1

υα𝑥
)

1/2
𝑦  and ψ = (να𝑈1𝑥)1/2𝑓α(ηα)  result in Blasius-type 

equation for each layer but with different BC  

  

Note: at 𝑦 =  0 

μ1𝑢1𝑦 = μ2𝑢2𝑦 

such that μ 

itself important 

physical 

property not 

just 

𝜈 = 𝜇/𝜌  

 𝑢1 > 0 whereas 

𝑢2 ≥ 0 
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Blasius Similarity 

𝜓𝛼 = (𝜈𝛼𝑈1𝑥)1/2𝑓𝛼(𝜂𝛼) = 𝑔𝛼(𝑥)𝑓𝛼 

𝜂𝛼 = (
𝑈1

𝜈𝛼𝑥
)

1/2

𝑦 = ℎ𝛼(𝑥) 𝑦 

𝜂𝛼𝑥
= 𝑦 ℎ𝛼𝑥

=
𝜂𝛼

ℎ𝛼
ℎ𝛼𝑥

 

𝜂𝛼𝑦
= ℎ𝛼   𝜂𝛼𝑦𝑦

= 0 

 

𝑢𝑢𝑥 + 𝑣𝑢𝑦 = ν𝑢𝑦𝑦 

𝑢α = 𝑈1𝑓α
′ = ψα𝑦 

𝜓α𝑦 = [𝜈𝛼𝑈1𝑥]1/2𝑓α
′ηα𝑦 = [𝜈𝛼𝑈1𝑥]1/2 (

𝑈1

𝜈𝛼𝑥
)

1/2

𝑓α
′ = 𝑈1𝑓′ 

𝑣α = −𝜓α𝑥
= −(𝑔α𝑥

𝑓α + 𝑔α𝑓α𝑥
) = −(𝑔α𝑥

𝑓α + 𝑔α𝑓α
′ηα𝑥

) 

𝑔α(𝑥) = [να𝑈1]1/2𝑥1/2    𝑔α𝑥
=

1

2
[να𝑈1]1/2𝑥−1/2 =

1

2
[

να𝑈1

𝑥
]

1/2
 

ℎα = [
𝑈1

να
]

1/2
𝑥−1/2   ℎα𝑥

= −
1

2
[

𝑈1

να
]

1/2
𝑥−3/2   

ℎ𝛼𝑥

ℎ𝛼
=

−
1

2
[

𝑈1
𝜈𝛼

]
1/2

𝑥−3/2

[
𝑈1
𝜈𝛼

]
1/2

𝑥−1/2
= −

1

2
𝑥−1     

−𝑣α =
1

2
[
να𝑈1

𝑥
]

1/2

𝑓α + [να𝑈1𝑥]1/2𝑓α
′ηα (−

1

2𝑥
)  

𝑣𝛼 =
1

2
[
𝜈𝛼𝑈1

𝑥
]

1/2

[𝜂𝛼𝑓𝛼
′ − 𝑓𝛼]  
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𝑢α𝑥
= 𝑈1𝑓α

′′ηα𝑥
= 𝑢1𝑓α

′′ (−
ηα

2𝑥
)   ηα𝑥

= −
η

2𝑥
 

𝑢α𝑦
= 𝑢1𝑓α

′′ηα𝑦
= 𝑢1𝑓α

′′ [
𝑈1

ν𝛼𝑥
]

1/2

  

𝑢𝛼𝑦𝑦
= 𝑢1𝑓𝛼

′′′ (𝜂𝛼𝑦
)

2
= 𝑢1𝑓𝛼

′′′ [
𝑈1

ν𝛼𝑥
]   

Drop 𝛼 

𝑢1𝑓′ [𝑈1𝑓′′ (−
η

2𝑥
)] +

1

2
[
ν𝑈1

𝑥
]

1/2

[η𝑓′ − 𝑓]𝑢1𝑓′′ [
𝑈1

ν𝑥
]

1/2

 

= ν𝑢1𝑓′′′ [
𝑈1

ν𝑥
]   

𝑈1
2 (−

η

2𝑥
) 𝑓′𝑓′′ +

1

2
(

𝑈1
2

𝑥
) [η𝑓′ − 𝑓]𝑓′′ =

𝑈1

𝑥
𝑓′′′ 

−
η

2
𝑓′𝑓′′ +

1

2
(η𝑓′𝑓′′ − 𝑓𝑓′′) = 𝑓′′′    2𝑓′′′ + 𝑓𝑓′′ = 0  

2𝑓α
′′′ + 𝑓α𝑓𝛼

′′, =  0    ODE solved numerically subject BC  

BC: 𝑢1 = 𝑢2,  𝑣1 = 𝑣2 = 0,  μ1𝑢1𝑦 = μ2𝑢2𝑦  𝑦 = 0 

𝑢1 = 𝑈1,  𝑢2 = 𝑈2 as 𝑦 → ± ∞ 

𝑓1
′(0) = 𝑓2

′(0), 𝑓1(0) = 𝑓2(0) = 0, μ1𝑢1𝑓1
′′ [

𝑈1

ν1𝑥
]

1/2

= μ2𝑢1𝑓2
′′ [

𝑈1

ν2𝑥
]

1/2

 

i e , 𝑓1
′′[μ1ρ1]1/2 = 𝑓2

′′[μ2ρ2]1/2𝑓1
′′(0) = [

ρ2μ2

ρ1μ1
]

1/2
𝑓2

′′(0) = 𝐴1/2𝑓2
′′(0) 

𝑓1
′(∞) = 𝑈1,  𝑓2

′(−∞) =
𝑈2

𝑈1
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𝐴 = 5.97 × 104 =
𝑤𝑎𝑡𝑒𝑟

𝑎𝑖𝑟
 shown with 𝑈2 = 0 (upper layer air and lower 

layer water)   Also, other A values down to 1 for which 
𝑢

𝑈1
(0) = 5.8 at 

𝑦 =  0   Discontinuity smoothed by μ as move downstream to S-shaped 

free shear layer  Assume no mass transfer between fluids, i e , immiscible  

Most practical cases: air/water and ρ1μ2 = ρ2μ1,  i e , same fluid  𝐴 ↑ 

lower fluid moves more slowly; air/water slow wind driven motion    

𝐴 ≠ 1,  𝑈2 = 0:     jump velocity gradient at y = 0  

𝐴 = 1,  𝑈2 = 0:  

(1) asymmetric, 
𝑢

𝑈1
(0) > 0.5 due differences convective deceleration 

between upper/lower  

(2)   
𝑓2(−∞)

√2
= −0.619 = flat plate at −∞ with BL blown off, as per Flat 

Plate with Wall Suction or Blowing  
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Additional discussion 

(1) For 𝜌1 ≠ 𝜌2,  𝜇1 ≠ 𝜇2 jump fluid properties and discontinuity at 

interface   20o 1 atm 
 

𝜌 [kg/𝑚3] 𝜇 [kg/ms] 𝜈 [𝑚2/𝑠] 

air 1.205 1.800E-05 1.500E-05 

water 1000 1.003E-03 1.005E-06 

 
 𝜌 𝜇 𝜈 𝜌𝜇 √𝜌𝜇  

water/air 832 56 0.067 46592 216 

 

∴ water/air jump condition mainly due 𝜌 which is reason sharp interface 

methods often; only consider 𝜌 jump and smooth 𝜇 

(2) 𝑣2 =
1

2
[

ν2𝑈1

𝑥
]

1/2
[η2𝑓2

′ − 𝑓2]  η2 = [
𝑈1

ν2𝑥
]

1/2
𝑦 

𝑣2(−∞) =
1

2
[

ν2𝑈1

𝑥
]

1/2
[(

𝑈1

ν2𝑥
)

1/2 𝑈2

𝑈1
− 𝑓2(−∞)]=−

1

2
[

ν2𝑈1

𝑥
]

1/2
𝑓2(−∞) 

𝑣2(−∞)

1

2
[

ν2𝑈1
𝑥

]
1/2 = 𝑓2(−∞) = −0.619 

(3) Interesting compare diffusion vortex sheet 

𝑢𝑡 = ν𝑢𝑦𝑦 𝑢(𝑦, 0) = 𝑈 sgn(𝑦),  𝑢(∞, 𝑡) = 𝑈,  𝑢(−∞, 𝑡) = −𝑈 

δ = ±5.52√ν𝑡 for 𝑢 =  ±0.95 𝑈 S shaped profile but with ±U 

(4) Stability: linearized stability parallel stream flow: 𝑅𝑒𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 = 0 

Also related Kelvin–Helmholtz interfacial instability for horizontal 

interface dividing two ideal fluids with different 𝑈 and ρ, i e , Δ𝑈  and Δρ 

jump at interface ⇒ vortex sheet  
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