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     Part 2: Laminar Boundary Layer:  𝑹𝒆𝒄𝒓𝒊𝒕 =
𝟗𝟏, 𝟎𝟎𝟎;  𝑹𝒆𝒕𝒓𝒂𝒏𝒔 = 𝟓 × 𝟏𝟎

𝟓 − 𝟑 × 𝟏𝟎𝟔. 
 

Similarity solutions (2D, steady, incompressible): method of 

reducing PDE to ODE by appropriate similarity transformation; also, 

because of transformation at least one coordinate lacks origin such that 

the solution collapses to same form at all length or time scales. 

  

𝑢𝑥 + 𝑣𝑦 = 0 

𝑢𝑢𝑥 + 𝑣𝑢𝑦 = 𝑈𝑈𝑥 + 𝜈𝑢𝑦𝑦 

 

BCs: 𝑢(𝑥, 0) = 𝑣(𝑥, 0) = 0    no slip 

         𝑢(𝑥,∞) = 𝑈(𝑥)              matching outer flow 

 

For Similarity  
𝑢(𝑥,𝑦)

𝑈(𝑥)
= 𝑓 ′ (

𝑦

𝑔(𝑥)
)  expect 𝑔(𝑥) related to 𝛿(𝑥) 

Or in terms of stream function  : 𝑢 = 𝜓𝑦 𝑣 = −𝜓𝑥 

For similarity    𝜓 = 𝑈(𝑥)𝑔(𝑥)𝑓(𝜂)        𝜂 = 𝑦 𝑔(𝑥)⁄      

 

 𝑢 = 𝜓𝑦 = 𝑈𝑓
′   𝑣 = −𝜓𝑥 = −(𝑈𝑥𝑔𝑓 + 𝑈𝑔𝑥𝑓 − 𝑈𝑔𝑥𝜂𝑓

′) 

 

BC:  

( ) 0)0(0)0()(00, === ffxUxu  

( )

( )

0)0(

0)0()()()()(

0)0(0)()(

)0()()()0()()(00,

=

=+

=−

+=

f

fxgxUxgxU

fxgxU

fxgxUfxgxUxv

xx

x

xx

 

( ) ( ) ( ) 1)()()(, === fxUfxUxUxu  
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Write boundary layer equations in terms of   
 

𝜓𝑦𝜓𝑦𝑥 − 𝜓𝑥𝜓𝑦𝑦 = 𝑈𝑈𝑥 + 𝜈𝜓𝑦𝑦𝑦 

Substitute 

gUfyy

''=  

2''' gUfyyy =  

ggUffU xxxy /'''  −=  
 

Assemble them together: 

 

(𝑈𝑓 ′) (𝑈𝑥𝑓
′ − 𝑈𝑓 ′′𝜂

𝑔𝑥
𝑔
) − (𝑈𝑥𝑔𝑓 + 𝑈𝑔𝑥𝑓 − 𝑈𝑔𝑥𝜂𝑓

′)(𝑈𝑓 ′′ 𝑔⁄ ) 

 

= 𝑈𝑈𝑥 + 𝜈(𝑈 𝑓
′′′ 𝑔2⁄ ) 

 

𝑈𝑈𝑥𝑓
′2 − 𝑈𝑈𝑥𝑓𝑓

′′ − (𝑈2 𝑔𝑥 𝑔⁄ )𝑓𝑓 ′′ = 𝑈𝑈𝑥 + 𝜈
𝑈

𝑔2
𝑓 ′′′ 

𝑈𝑈𝑥𝑓
′2 −

𝑈

𝑔
(𝑈𝑔)𝑥𝑓𝑓

′′ = 𝑈𝑈𝑥 + 𝜈
𝑈

𝑔2
𝑓 ′′′ 

 

𝑓 ′′′ +
𝑔

𝜈
(𝑈𝑔)𝑥𝑓𝑓

′′ +
𝑔2

𝜈
𝑈𝑥(1 − 𝑓

′2) = 0 

 

 

 

Where for similarity C1 and C2 are constant or function  only 

• i.e. for a chosen pair of C1 and C2→ ( )xU , ( )xg  can be found, 

i.e., potential flow is NOT known a priori. 

• Then solution of ( ) 01 2'

2

''

1

''' =−++ fCffCf  gives ( )f →

( )yxu ,  , 𝜏𝑤 = 𝜇
𝜕𝑢

𝜕𝑦
|
𝑤
=
𝜇𝑈𝑓′′(0)

𝑔
, , *,, H, Cf, CD 

C1 C2 
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The Blasius Solution for Flat-Plate Flow 

 

          U=constant→ 0=xU → 02 =C  

 

          Then 𝐶1 =
𝑈

𝜈
𝑔𝑔𝑥 ≠ 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛(𝑥) 

 

         
𝑑

𝑑𝑥
(𝑔2) =

2𝐶1𝜈

𝑈
              𝑔(𝑥) = [2𝐶1𝜈𝑥 𝑈⁄ ]1 2⁄  

 

    Let 𝐶1 = 1, then 𝑔(𝑥) = √
2𝜈𝑥

𝑈
             𝜂 = 𝑦√

𝑈

2𝜈𝑥
 = 

𝑦

√
2𝜈𝑥

𝑈

 ∝ 
𝑦

𝛿
  

Note 
𝛿

𝑥
=

5

√𝑅𝑒𝑥
 , i.e., 𝛿 =

5𝑥

√
𝑈𝑥

𝜈

= 5√
𝜈𝑥

𝑈
 

𝜓 = 𝑈[2𝜈𝑥 𝑈⁄ ]1 2⁄ 𝑓 (𝑦√
𝑈

2𝜈𝑥
)=√2𝜈𝑈𝑥𝑓(𝜂) 

𝑢 = 𝜓𝑦 = 𝑈𝑓
′  

𝑣 = −𝜓𝑥 = 𝑈𝑔𝑥(𝜂𝑓
′ − 𝑓) = [𝑈𝜈 2𝑥⁄ ]1 2⁄ (𝜂𝑓 ′ − 𝑓) =

𝑈(𝜂𝑓′−𝑓)

√2𝑅𝑒𝑥
 

 

 

𝑓 ′′′ + 𝑓𝑓 ′′ = 0 

 

𝑓(0) = 𝑓 ′(0) = 0, 𝑓 ′(∞) = 1 

 

Solutions by series or numerical methods 

 

 

Blasius Equation 

for Flat Plate 

Boundary Layer 
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𝑢

𝑈
= 0.99 when 5.3=   →  

𝛿

𝑥
=

5

√𝑅𝑒𝑥
   𝑅𝑒𝑥 =

𝑈𝑥

𝜈
 

 

𝛿∗ = ∫ (1 −
𝑢

𝑈
)

∞

0
𝑑𝑦 = ∫ (1 − 𝑓 ′)𝑑𝜂

∞

0
√
2𝜈𝑥

𝑈
  →     

𝛿∗

𝑥
=
1.7208

√𝑅𝑒𝑥
  

 

𝜃 = ∫ (1 −
𝑢

𝑈
)

∞

0

𝑢

𝑈
𝑑𝑦 = ∫ (1 − 𝑓 ′)

∞

0
𝑓 ′√

2𝜈𝑥

𝑈
𝑑𝜂    →   

𝜃

𝑥
=
0.664

√𝑅𝑒𝑥
 

 

  
𝛿∗

𝜃
= 𝐻 = 𝑠ℎ𝑎𝑝𝑒 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟 2.59 

 

𝜏𝑤 = 𝜇
𝜕𝑢

𝜕𝑦
|
𝑤
=  

𝜇𝑈𝑓′′(0)

√
2𝜈𝑥

𝑈

      →    𝐶𝑓 =
𝜏𝑤
1

2
𝜌𝑈2

=
0.664

√𝑅𝑒𝑥
=
𝜃

𝑥
 

 

𝐶𝐷 =
𝐷

1

2
𝜌𝑈2𝐿

= ∫ 𝐶𝑓
𝐿

0

𝑑𝑥

𝐿
= 2𝐶𝑓(𝐿) =

1.328

√𝑅𝑒𝐿
       𝑅𝑒𝐿 =

𝑈𝐿

𝜈
 

 

 
𝑣

𝑈
=
𝜂𝑓′−𝑓

√2𝑅𝑒𝑥
≪ 1            for    1Re x  
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Falkner-Skan Wedge Flows 

 

𝑓 ′′′ + 𝐶1𝑓𝑓
′′ + 𝐶2(1 − 𝑓

′2) = 0  

              

𝑓(0) = 𝑓 ′(0) = 0,    ( ) 1' =f    

           

   𝐶1 =
𝑔

𝜐
(𝑈𝑔)𝑥     𝐶2 =

𝑔2

𝜐
𝑈𝑥     (Blasius Solution: C2=0, C1=1) 

 

Consider   (𝑈𝑔2)𝑥 = 2𝑈𝑔𝑔𝑥 + 𝑔
2𝑈𝑥 

 

                            = 2𝑈𝑔𝑔𝑥 + 2𝑔
2𝑈𝑥 − 𝑔

2𝑈𝑥 = 2g(U𝑔𝑥+g𝑈𝑥)- 𝑔2𝑈𝑥 

 

                            = 2𝑔(𝑈𝑔)𝑥 − 𝑔
2𝑈𝑥 

 

                                = 2𝜐𝐶1 − 𝜐𝐶2 

 

Hence    (𝑈𝑔2)𝑥 = 𝜐(2𝐶1 − 𝐶2)         

  

Choose C1=1 and let C2 = C                          

 

Integrate                   𝑈𝑔2 = 𝜐(2 − 𝐶)𝑥     note 𝑔2 = 𝜐𝐶/𝑈𝑥 

 

Combine                  
𝑈𝜐𝐶

𝑈𝑥
= 𝜐(2 − 𝐶)𝑥           

Rearrange  
𝑑𝑈

𝑑𝑥

𝑈
=

𝐶

2−𝐶

1

𝑥
 

 

Integrate 𝑙𝑛 𝑈 =
𝐶

2−𝐶
𝑙𝑛 𝑥 + ln 𝑘  where ln 𝑘 = constant  

 

𝑙𝑛 𝑈 = 𝑙𝑛 𝑥
𝐶

2−𝐶 + 𝑙𝑛 𝑘= ln 𝑘𝑥
𝐶

2−𝐶 

 

                                 𝑈(𝑥) = 𝑘𝑥𝐶 (2−𝐶)⁄  
 

𝑓 = 𝑓(𝜂) 
𝜂 = 𝑦 𝑔(𝑥)⁄  

𝑢 𝑈⁄ = 𝑓 ′(𝜂) 
Similarity 

form of BL 

equations 
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𝑔(𝑥) = [
𝜐𝐶

𝑈𝑥
]

1

2
  note 𝑈𝑥 = 𝑘

𝐶

2−𝐶
𝑥(

𝐶

2−𝐶
−1)

= 𝑘
𝐶

2−𝐶
𝑥(

−2(1−𝐶)

2−𝐶
)
 

 

𝑔(𝑥) = [
𝜐𝐶

𝑘
𝐶

2−𝐶
𝑥
(
−2(1−𝐶)
2−𝐶 )

]

1

2

= [
𝜐(2−𝐶)

𝑘
𝑥(

2(1−𝐶)

2−𝐶
)]

1

2

= √
𝜐(2−𝐶)

𝑘
𝑥
1−𝐶

2−𝐶  

 

using a1/2b1/2=(ab)1/2 and (am)n=amn 

 

Alternatively, 𝑈𝑥 =
𝐶

2−𝐶
 k𝑥(𝐶 (2−𝐶))⁄ 𝑥−1= 

𝐶

2−𝐶
 U𝑥−1 

Such that 𝑔(𝑥) =  [
𝜐𝐶

𝐶

2−𝐶
 U𝑥−1

]

1

2

= [
𝜐(2−𝐶)𝑥

 U
]

1

2
  

 

Change constant:  𝐶 =  𝛽 =
2𝑚

𝑚+1
  and  𝑚 =

𝛽

2−𝛽
 

 

𝑈(𝑥) = 𝑘𝑥𝑚 
 

𝜂 =
𝑦

𝑔
= 𝑦√

𝑚 + 1

2

𝑈

𝜈𝑥
 

 

𝑓 ′′′ + 𝑓𝑓 ′′ + 𝛽(1 − 𝑓 ′2) = 0 

 

𝑓(0) = 𝑓 ′(0) = 0 and 𝑓 ′(∞) = 1 

 

Note:  

 

2m/(m+1) = 
2𝛽

2−𝛽
/(

𝛽

2−𝛽
+ 1)= 

2𝛽

2−𝛽
/(

2

(2− 𝛽)
)= 𝛽 

 

2-C = 2 -2m/(m+1) = 2/(m+1) 

 

𝑔(𝑥)= [
𝜐(2−𝐶)𝑥

 U
]

1

2
= [

𝜐2𝑥

 U(m+1)
]

1

2
 , i.e., 𝑔(𝑥)-1 = [

𝑚+1

 2

𝑈

𝜐𝑥
]

1

2
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Numerical solutions for −0.19884 ≤ 𝛽 ≤ 1.0. 

 

                               Separation ( 0=w ) 

𝑈(𝑥) = 𝑘𝑥𝑚    𝑈𝑥 = 𝑘𝑥
𝑚−1    𝑝𝑥 = −

𝜌𝑈2

𝑥

𝛽

2−𝛽
 

 
 

 

Solutions show many commonly observed characteristics of BL flow: 

 

• The parameter 𝛽 is a measure of the pressure gradient, dxdp . For 

0 , 𝑑𝑝 𝑑𝑥⁄ < 0and the pressure gradient is favorable. For 0 , 

the 0dxdp  and the pressure gradient is adverse. 

 

𝛽 = 𝐶 = 𝐶2 =
𝑔2

𝜐
𝑈𝑥    𝜂 = 𝑦 𝑔(𝑥)⁄  

 

• Negative  solutions drop away from Blasius profiles as separation 

approached. 

 

• Positive  solutions squeeze closer to wall due to flow acceleration. 

 

• Accelerated flow: max near wall. 

 

• Decelerated flow: max moves toward 2  
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Inviscid flow past wedge & corner 

 

𝑈(𝑥) = 𝐾𝑥𝑚 exact solution potential flow past wedge or corner shapes 

Plane polar coordinates ∇2𝜓 = 0,  ∇ × 𝑢 = 0 

1

𝑟

𝜕

𝜕𝑟
(𝑟𝜓𝑟) +

1

𝑟2
𝜓𝜃𝜃 = 0  𝑣𝑟 =

1

𝑟
𝜓𝜃 ,  𝑣𝜃 = −𝜓𝑟 

𝜓(𝑟, 𝜃) = 𝐶𝑟𝑚+1 sin[(𝑚 + 1)𝜃]   𝛽 =
2𝑚

𝑚 + 1
   𝑚 =

𝛽

2 − 𝛽
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𝑢 = 𝑈(𝑥)𝑓′  where 𝑈(𝑥) = 𝐾𝑥𝑚 

 

𝛽 =
2𝑚

𝑚 + 1
  𝜂 =

𝑦

𝑔(𝑥)
= 𝑦 [

𝑚 + 1

2

𝑈(𝑥)

𝜈𝑥
]

1/2

= 𝑦 [
2

𝑚 + 1

𝜈𝑥

𝐾𝑥𝑚
]
1/2

⁄  

𝛿(𝑥) = [
2𝜈

(𝑚 + 1)𝐾
] 𝑥(1−𝑚)/2 

𝛿∗(𝑥) = (
2

𝑚+1
)
1/2
(
𝜈𝑥

𝑈
)
1/2

∫ (1 − 𝑓′)
∞

0
 𝑑𝜂           (

2𝜈

(𝑚+1)𝐾
) 𝑥(1−𝑚)/2 

𝜏𝑤(𝑥) = 𝜇 (
𝑚+1

2
)
1/2
(
𝑈3

𝜈𝑥
)
1/2

𝑓′′(0)                  𝜇 (
(𝑚+1)𝐾3

2𝜈
)
1/2

𝑥(3𝑚−1)/2 

𝛿 ∝ 𝑥(1−𝑚)/2 𝛿∗ ∝ 𝑥(1−𝑚)/2 𝜏𝑤 ∝ 𝑥
(3𝑚−1)/2 

 

Special cases: 

𝑈(𝑥) = constant  1. Blasius 𝑚 = 0, 𝛽 = 0:  𝛿 ∝ 𝑥1/2,  𝛿∗ ∝ 𝑥1/2, 

                                    𝜏𝑤 ∝ 𝑥
−1/2 

𝑈(𝑥) =  𝑘𝑥  2. Stagnation Point 𝑚 = 1, 𝛽 = 1:  

𝛿,  𝛿∗ = constant,  𝜏𝑤 ∝ 𝑥 

Linearly increasing velocity 𝑈 thinning of BL exactly balanced by viscous 

diffusion such that 𝛿,  𝛿∗ = constant.  BL solution = exact solution NS. 

𝑈(𝑥) = 𝑘𝑥3 3. 𝑚 = 3, 𝛽 = 1.5: 𝛿 ∝ 𝑥−1,  𝛿∗ ∝ 𝑥−1,  𝜏𝑤 =∝ 𝑥
4 

The acceleration sets the high value of 𝜏𝑤, and the viscous diffusion sets 

the rate at which that stress drops off as you move away from the surface. 

 

 

velocity at edge of BL 
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Alternative derivation Falkner–Skan equation #1 

𝑢𝑥 + 𝑣𝑦 = 0 i.e. 𝑣𝑦 = −𝑢𝑥 

Leibniz rule ∫ [
𝜕

𝜕𝑥
𝑢(𝑥, 𝑦)] 𝑑𝑦

𝑏(𝑥)

𝑎(𝑥)
=

𝑑

𝑑𝑥
∫ 𝑢
𝑏

𝑎
 𝑑𝑦 + 𝑢(𝑥, 𝑎)

𝑑𝑎

𝑑𝑥
− 𝑢(𝑥, 𝑏)

𝑑𝑏

𝑑𝑥
 

∫ 𝑑𝑣
𝑣

0

= −∫
𝜕𝑢

𝜕𝑥

𝑦

0

 𝑑𝑦 = −
𝜕

𝜕𝑥
∫ 𝑢
𝑦

0

 𝑑𝑦 − 𝑢(𝑥, 𝑦)
𝑑𝑦

𝑑𝑥
+ 𝑢(𝑥, 0)

𝑑0

𝑑𝑥
 

𝑣 = −
𝜕

𝜕𝑥
∫ 𝑢
𝛿

0
 𝑑𝑦   

x BL equation: 𝑢𝑢𝑥 + 𝑣𝑢𝑦 = 𝑈𝑈𝑥 + 𝜈𝑢𝑦𝑦 

𝑢𝑢𝑥 − (
𝜕

𝜕𝑥
∫ 𝑢
𝑦

0
 𝑑𝑦) 𝑢𝑦 = RHS      integro-differential equation in 𝑢 only 

Combine 𝑥 and 𝑦 single variable 𝜂(𝑥, 𝑦) to transform PDE to ODE as 

𝑓(𝜂) only to achieve similarity. 

Assume: 𝑢(𝑥, 𝑦) = 𝑈(𝑥)𝑓′(𝜂) where 𝜂 dimensionless and 𝑈(𝑥) not 

arbitrary but part of solution. 

Let 𝜂 = 𝑦ℎ(𝑥)   𝜂𝑥 = 𝑦ℎ𝑥 =
𝜂ℎ𝑥

ℎ(𝑥)
   𝜂𝑦 = ℎ(𝑥)      𝜂𝑦𝑦 = 0  

𝑢𝑥 = 𝑈𝑥𝑓
′ + 𝑈𝑓′′𝜂𝑥 

𝑢𝑦 = 𝑈𝑓
′′𝜂𝑦 = 𝑈𝑓′′ℎ 

𝑢𝑦𝑦 = 𝑈𝑓
′′′𝜂𝑦

2 + 𝑈𝑓′′𝜂𝑦𝑦= 𝑈𝑓′′′ℎ2 

𝑈𝑓′ (𝑈𝑥𝑓
′ + 𝑈𝑓′′

𝜂ℎ𝑥
ℎ
) − (

𝜕

𝜕𝑥
∫ 𝑈
𝑦

0

𝑓′ 𝑑𝑦)𝑈𝑓′′ℎ = 𝑈𝑈𝑥 + 𝜈𝑈𝑓
′′′ℎ2 

∫ 𝑓′
𝑦

0

 𝑑𝑦 = ℎ−1∫
𝑑𝑓

𝑑𝜂

𝜂/ℎ

0

 𝑑𝜂 =
𝑓

ℎ
    

𝜕

𝜕𝑥
(
𝑈𝑓

ℎ
) =

𝑈𝑥𝑓

ℎ
−
𝑈ℎ𝑥𝑓

ℎ2
+
𝑈

ℎ
𝑓′
𝜂ℎ𝑥
ℎ

 

Since 𝑈(𝑥) and ℎ(𝑥) ≠ 𝑓(𝜂) for fixed 𝑥 

=0 since integration 

across BL for 𝑥 = 

constant 
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𝑈𝑓′ (𝑈𝑥𝑓
′ + 𝑈𝑓′′

𝜂ℎ𝑥
ℎ
) + (−

𝑈𝑥𝑓

ℎ
+
𝑈𝑓ℎ𝑥
ℎ2

−
𝑈

ℎ2
𝑓′𝜂ℎ𝑥)𝑈𝑓

′′ℎ

= 𝑈𝑈𝑥 + 𝜈𝑈𝑓
′′′ℎ2 

𝑈𝑈𝑥𝑓
′2 +

𝑈2𝜂ℎ𝑥
ℎ

𝑓′𝑓′′ − 𝑈𝑈𝑥𝑓𝑓
′′ +

𝑈2ℎ𝑥
ℎ

𝑓𝑓′′ −
𝑈2𝜂ℎ𝑥
ℎ

𝑓′𝑓′′ 

= 𝑈𝑈𝑥 + 𝜈𝑈ℎ
2𝑓′′′ 

𝑈𝑈𝑥(𝑓
′2 − 𝑓𝑓′′ − 1) +

𝑈2ℎ𝑥
ℎ

𝑓𝑓′′ = 𝜈𝑈ℎ2𝑓′′′ 

 

𝑓′′′ =
𝑈𝑥

𝜈ℎ2⏟
≠𝑓(𝑥)

(𝑓′2 − 𝑓𝑓′′ − 1) +
𝑈ℎ𝑥

𝜈ℎ3⏟
≠𝑓(𝑥)

𝑓𝑓′′ for similarity only 𝑓(𝜂) 

 

Assume 𝜂 = 𝐶 𝑦 𝑥𝑎  𝑈 = 𝑘𝑥𝑚   𝑚 = 2𝑎 + 1 

ℎ = 𝐶𝑥𝑎  𝑈𝑥 = 𝑘𝑚𝑥
𝑚−1  𝑎 =

𝑚 − 1

2
  𝑎 − 1 =

𝑚 − 1

2
− 1 =

𝑚 − 3

2
 

ℎ𝑥 = 𝑎𝐶𝑥
𝑎−1 

 

𝑈𝑥
𝜈ℎ2

=
𝑘𝑚𝑥𝑚−1

𝜈𝑐2𝑥𝑚−1
=
𝑘𝑚

𝜈𝑐2
    

𝑈ℎ𝑥
𝜈ℎ3

=
𝑘𝑥𝑚 (

𝑚 − 1
2 ) 𝑐𝑥

𝑚−3
2

𝜈𝑐3𝑥
3(𝑚−1)

2

=
𝑘 (
𝑚 − 1
2 ) 𝑐𝑥

3(𝑚−1)
2

𝜈𝑐3𝑥
3(𝑚−1)

2

=
𝑘
𝑚 − 1
2

𝜈𝑐2
 

 

𝑓′′′ +
𝑈𝑥
𝜈ℎ2

(1 − 𝑓′2) + (
𝑈𝑥
𝜈ℎ2

−
𝑈ℎ𝑥
𝜈ℎ3

)
⏟        

1

𝑓𝑓′′ = 0 

𝛽 =
𝑘𝑚

𝜈𝑐2
=

𝑘𝑚
𝜈𝑘(𝑚+1)

2𝜈

= 
2𝑚

𝑚+1
 

 

∴ 𝑓′′′ + 𝛽(1 − 𝑓′2) + 𝑓𝑓′′ = 0 

 

 

 

𝑘 (𝑚 −
𝑚 − 1
2 )

𝜈𝑐2
 

=
𝑘 (
𝑚 + 1
2 )

𝜈𝑐2
 

= 1   if 𝑐2 =
𝑘(𝑚 + 1)

2𝜈
 

h(x) = [k
𝑚+1

2𝜈
]1/2𝑥

𝑚−1

2 = [k
𝑚+1

2𝜈
𝑥𝑚𝑥𝑚−1]1/2=[

𝑚+1

2

𝑈

𝑥𝜈
]1/2 = 𝑔(𝑥)−1 



16 

 

Alternative derivation Falkner − Skan equation  #2:  what types of 

external flows allow similarity solutions BL equations. 

Assume self-similar velocity profiles: 𝑢(𝑥, 𝑦) = 𝑢𝑒(𝑥)𝑓
′(𝜂) 𝜂 =

𝑦

𝛿(𝑥)
 

𝜂 = 𝑦𝛿−1    𝜂𝑥 = −𝑦𝛿
−2𝛿𝑥 = −𝜂𝛿

−1𝛿𝑥    𝜂𝑦 =
1

𝛿(𝑥)
 

𝑢𝑒 , 𝛿 determined as part of solution. 

𝑢 = 𝜓𝑦 𝑣 = −𝜓𝑥⏟            
𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑡𝑦 𝑎𝑢𝑡𝑜𝑚𝑎𝑡𝑖𝑐𝑎𝑙𝑙𝑦 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑑

 

𝑑𝜓 = 𝜓𝑥  𝑑𝑥 + 𝜓𝑦  𝑑𝑦 

for 𝑥 = constant  𝜓(𝑥, 𝑦) − 𝜓(𝑥, 0) = ∫ 𝜓𝑦
𝑦

0
 𝑑𝑦 = 𝛿𝑢𝑒 ∫

𝑢

𝑢𝑒

𝜂

0
 𝑑 (

𝑦

𝛿
) =

𝛿𝑢𝑒 ∫ 𝑓′
𝜂

0
 𝑑𝜂 = 𝛿𝑢𝑒𝑓(𝜂) 

𝜓 = 0 at 𝑦 =  0  ⇒   
𝜓

𝛿𝑢𝑒
= 𝑓(𝜂), i.e., 𝜓 = 𝛿𝑢𝑒𝑓(𝜂) and ⇒ 𝑓(0) = 0  

u=𝑢𝑒(𝑥)𝑓
′(𝜂) = 𝜓𝑦 = 𝑢𝑒𝑓

′    𝑢𝑥 = 𝑢𝑒𝑥𝑓
′ − 𝑢𝑒𝑓

′′𝜂𝛿−1𝛿𝑥 

𝑢𝑦 = 𝑢𝑒𝑓
′′𝛿−1  𝑢𝑦𝑦 = 𝑢𝑒𝑓

′′′𝛿−2 

𝑣 = −𝜓𝑥 = −𝑓(𝛿𝑢𝑒)𝑥 − (𝛿𝑢𝑒)𝑓
′𝜂𝑥 = −𝑓(𝛿𝑥𝑢𝑒 + 𝛿𝑢𝑒𝑥) +

(𝛿𝑢𝑒)𝑓
′𝜂𝛿−1𝛿𝑥 = −𝑓(𝛿𝑥𝑢𝑒 + 𝛿𝑢𝑒𝑥) + 𝜂𝑢𝑒𝑓

′𝛿𝑥 

𝑢𝑢𝑥 + 𝑣𝑢𝑦 = 𝑢𝑒𝑢𝑒𝑥 + 𝜈𝑢𝑦𝑦 

𝑢𝑒𝑓
′(𝑢𝑒𝑥𝑓

′ − 𝑢𝑒𝑓
′′𝜂𝛿−1𝛿𝑥)

+ [−𝑓(𝛿𝑥𝑢𝑒 + 𝛿𝑢𝑒𝑥) + 𝜂𝑢𝑒𝑓
′𝛿𝑥]𝑢𝑒𝑓

′′𝛿−1

= 𝑢𝑒𝑢𝑒𝑥 + 𝜈𝑢𝑒𝑓
′′′𝛿−2 

𝑢𝑒𝑢𝑒,𝑥𝑓
′2 − 𝑢𝑒

2𝜂
𝛿𝑥
𝛿
𝑓′′𝑓′ − (𝛿𝑥𝑢𝑒

2 + 𝛿𝑢𝑒𝑢𝑒𝑥)
𝑓𝑓′′

𝛿
+ 𝑢𝑒

2𝜂
𝛿𝑥
𝛿
𝑓′𝑓′′ = RHS 
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𝑢𝑒𝑢𝑒𝑥𝑓
′2 − (𝛿𝑥𝑢𝑒

2 + 𝛿𝑢𝑒𝑢𝑒𝑥)
𝑓𝑓′′

𝛿
− 𝑢𝑒𝑢𝑒𝑥 =

𝜈𝑢𝑒
𝛿2

𝑓′′′ 

𝑓′′′ +
𝑢𝑒𝑢𝑒𝑥𝛿

2

𝜈𝑢𝑒
(1 − 𝑓′2) +

𝛿

𝜈𝑢𝑒
(𝛿𝑥𝑢𝑒

2 + 𝛿𝑢𝑒𝑢𝑒𝑥)𝑓𝑓
′′ = 0 

𝑓′′′ +
𝑢𝑒𝑥𝛿

2

𝜈
(1 − 𝑓′2) +

𝛿

𝜈
(𝛿𝑥𝑢𝑒 + 𝛿𝑢𝑒𝑥⏟        

𝑑

𝑑𝑥
(𝛿𝑢𝑒)

)𝑓𝑓′′ = 0 

𝑓′′′ + 𝛼𝑓𝑓′′ + 𝛽(1 − 𝑓′2) = 0  𝛽 =
𝑢𝑒𝑥𝛿

2

𝜈
    𝛼 =

𝛿

𝜈
(𝛿𝑢𝑒)𝑥 

 

ODE for 𝑓 assuming 𝛼, 𝛽 ≠ 𝑓(𝑥) = constant  

note: 2𝛼 − 𝛽 =
1

𝜈

𝑑

𝑑𝑥
(𝛿2𝑢𝑒)  (2𝛼 − 𝛽)(𝑥 − 𝑥0) =

1

𝜈
𝛿2𝑢𝑒 

Assume 𝑥0 = 0 and 𝛿(0) = 0:    𝛿 = [
𝜈(2𝛼−𝛽)𝑥

𝑢𝑒
]
1/2

 

Usually, 𝑢𝑒 , 𝑥 > 0⏟      
2𝛼−𝛽=1

; however, may have apposite sign⏟        
2𝛼−𝛽=−1

 

2𝛼 − 𝛽 any value acceptable. Also, since 𝑦/𝛿 similarity variable 

𝑦/c𝛿 also OK and c = constant.  Thus, 

𝛿 = [±
𝜈𝑥

𝑢𝑒
]
1/2

 

Original derivation, whereas sometimes 𝛼 = 1 used such that 

𝛿 = [
𝜈(2−𝛽)𝑥

𝑢𝑒
]
1/2

. 
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𝑢𝑒(𝑥) from 𝛽 =
𝑢𝑒𝑥𝛿

2

𝜈
= ±

𝑢𝑒𝑥𝜈𝑥

𝑢𝑒
/𝜈 = ±

𝑥

𝑢𝑒
 𝑢𝑒𝑥 = ∓

𝑥

𝜌𝑢𝑒
2 𝑝𝑥 

𝛽 = ±
𝑥

𝑢𝑒

𝑑𝑢𝑒

𝑑𝑥
        𝛽

𝑑𝑥

𝑥
= ±

𝑑𝑢𝑒

𝑢𝑒
 

𝑙𝑛 𝐿−1 + 𝛽 𝑙𝑛 𝑥 = ± 𝑙𝑛 𝑢𝑒 + 𝑙𝑛 𝑢0
−1 

ln (
𝑥

𝐿
)
𝛽

= ± ln (
𝑢𝑒
𝑢0
) 

𝑢𝑒 = 𝑢0 (
𝑥

𝐿
)
𝑚

    For self-similar BL, 𝑢𝑒 assumes power law 

𝜂 = 𝑦 𝛿⁄ = 𝑦 [±
𝜈𝑥

𝑢𝑒
]
1/2

⁄ = 𝑦 𝐿⁄ /√𝑅𝑒 (
𝑥

𝐿
)

1−𝑚
2

 𝑅𝑒 =
𝑢𝑒𝐿

𝜈
 

For 𝑢𝑒 , 𝑥 same sign 𝑚 = 𝛽 2𝛼 −𝑚 = 1 𝛼 =
𝑚+1

2
 

𝑓′′′ +
𝑚 + 1

2
𝑓𝑓′′ +𝑚(1 − 𝑓′2) = 0 

where for BL flow 𝑢 = 𝑣 = 0 𝑦 = 0 𝑢 = 𝑢𝑒   𝑦 → ∞ 

𝑢(𝑥, 𝑦) = 𝑢𝑒(𝑥)𝑓
′(𝜂)  𝜂 =

𝑦

𝛿
 

𝑣(𝑥, 𝑦) = −𝑓(𝑢𝑒𝛿)𝑥 + 𝜂𝑢𝑒𝑓
′𝛿𝑥 

∴ 𝑓(0) = 0 𝑓′(0) = 0 and 𝑓′(∞) = 1 

IC not needed; however, 𝑥1 = 0  𝜂 singular 

FS equation nonlinear ODE ∴ a priori not known which 𝑚 provides 

solutions and whether or not unique. 

 

𝐿, 𝑢0 same sign 𝑢𝑒 , 𝑥 

𝑚 = 𝛽        𝑢𝑒 , 𝑥 same sign 

𝑚 = −𝛽    𝑢𝑒 , 𝑥 opposite sign 
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𝑚 ≥ 0 unique solutions for: 
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Vertical velocity 

From outside BL, as 𝑅𝑒 ↑ ∞ 𝑣/𝑢0 → 0 since 𝛿 → 0 

From inside BL, 𝑣𝑢𝑦 same order remaining terms x-momentum equation 

since 𝑢𝑦 → ∞ and 𝑣 → 0 as 𝑅𝑒 → ∞, i. e. , 0 × ∞ finite. 

𝑣∗ =
𝑣

𝑢0
(
𝐿

𝛿
) =

𝑣

𝑢0
√𝑅𝑒 

  

 
𝛿

𝐿
∼

1

√𝑅𝑒𝐿
 

𝑢 𝑢𝑥 ∼
𝑈2

𝐿
 ∝  𝜈 𝑢𝑦𝑦 ∼

𝜈𝑈

𝛿2
 

𝛿2 ∼
𝜈𝐿

𝑈
 ,  i. e. ,   

𝛿

𝐿
∼

1

√𝑅𝑒
 

 

(1) Inviscid flow near wall continuity equation 

𝑑𝑢𝑒

𝑑𝑥
+
𝑑𝑣

𝑑𝑦
= 0 ⇒ 𝑣|𝑖𝑛𝑣𝑖𝑠𝑐𝑖𝑑 = ∫

𝜕𝑣

𝜕𝑦

𝑦

0
 𝑑𝑦 = −

𝑑𝑢𝑒

𝑑𝑥
∫ 𝑑𝑦
𝑦

0
 

Assuming 
𝑑𝑢𝑒

𝑑𝑥
 constant 𝑣|𝑖𝑛𝑣𝑖𝑠𝑐𝑖𝑑 ∼ −

𝑑𝑢𝑒

𝑑𝑥
𝑦 as 𝑦 → 0 and 𝛿 = 0. 

Inviscid flow near wall 

1. 𝑢𝑒 = 𝑢𝑒(𝑥)  

2. 𝑣(𝑥, 0) = 0 and 
𝜕𝑣

𝜕𝑛
= 0 

3. 𝑣 ∼ 𝐴𝑦, i.e., grows linearly 
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(2) Viscous BL flow near wall continuity equation 

𝑣 = ∫
𝜕𝑣

𝜕𝑦

𝑦

0

 𝑑𝑦 = −∫
𝜕𝑢

𝜕𝑥

𝑦

0

 𝑑𝑦 =
𝑑

𝑑𝑥
∫ (𝑢𝑒 − 𝑢)
𝑦

0

 𝑑𝑦 −
𝑑𝑢𝑒
𝑑𝑥

𝑦 

𝑣(𝑦 → ∞) = −
𝑑𝑢𝑒

𝑑𝑥
𝑦⏟

𝑖𝑛𝑣𝑖𝑠𝑐𝑖𝑑 𝑣

+
𝑑

𝑑𝑥
(𝑢𝑒𝛿

∗)⏟       where 𝛿∗ = ∫ (1 −
𝑢

𝑢𝑒
) 𝑑𝑦

∞

0
 

 

 

2𝑛𝑑order solution inviscid solution instead of 𝑣(𝑤𝑎𝑙𝑙) = 0 use 

𝑣(𝑤𝑎𝑙𝑙) =
𝑑

𝑑𝑥
(𝑢𝑒𝛿

∗) 

 

𝑣(η) for Falkner–Skan BL solutions various m 

𝑣 = −𝜓𝑥 = −𝑓
𝑑

𝑑𝑥
(𝑢𝑒𝛿) + 𝜂𝑢𝑒𝑓

′
𝑑𝛿

𝑑𝑥
 

= −√
(𝑚 + 1)𝜈𝑈(𝑥)

2𝑥
[𝑓(𝜂) +

𝑚 − 1

𝑚 + 1
𝜂𝑓′(𝜂)] 

𝛽 =
2𝑚

𝑚+1
 

influence BL profile on 𝑣, 
i.e., 𝑣𝐵𝐿 correction inviscid 

flow 
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For m > 0 favorable pressure gradient and v < 0, i.e., entrainment, whereas 

m < 0 adverse pressure gradient and v > 0, i.e., expulsion. 

 
 

For η → ∞ approaches nondimensional form previous equation: 

𝑉(∞) =
𝑣

𝑢𝑒
(
𝑢𝑒𝑥

𝜈
)
1/2

= −𝛽⏟
⇑

𝜂 +
𝑥

𝑢𝑒𝛿

𝑑

𝑑𝑥
(𝑢𝑒𝛿

∗)
⏟        
𝑣 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡

   𝛿 = (±
𝜈𝑥

𝑢𝑒
)
1/2

 

 

Linear f(𝜂) for large 𝜂 with slope −𝛽 and intercept 
𝑥

𝑢𝑒𝛿

𝑑

𝑑𝑥
(𝑢𝑒𝛿

∗).  

Intercept is the value where the asymptotic linear portion of V(𝜂) crosses 

the 𝜂 = 0 axis.  Physically it represents the effect of 𝛿∗ on the outer 

inviscid flow. 

𝑚 𝛽 

-0.0904 -0.199 

-0.05 -0.105 

0 0 

0.1 0.182 

0.3333 0.5 

1 1 

𝛽 ≠  0  
𝑉(∞) →  ∞ 
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Flat Plate with Wall Suction or Blowing 

Blowing solution with 𝑣𝑤 ≪ 𝑈 ≠ 0 and 𝑢𝑤 = 0.  Similarity requires 

𝑣𝑤 = −𝜓𝑥 = √
ν𝑈

2𝑥
(η𝑓′ − 𝑓)|η=0,   η = 𝑦√

𝑈

2ν𝑥
 

= √
ν𝑈

2𝑥
(−𝑓(0))    ∴ 𝑓(0) ≠ 0 sets 𝑣𝑤 ∝ 𝑥

−1/2 

Same Blasius equation with: 𝑓′(0) = 0,  𝑓′(∞) = 1 and 𝑓(0) ≠ 0 

Suction–blowing parameter 𝑣𝑤
∗ =

𝑣𝑤

𝑈
√𝑅𝑒𝑥 = −

𝑓(0)

√2
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𝑣𝑤 ≤ 0  suction thins BL, increases 𝜏𝑤 similar favorable 𝑝𝑥 and stable 

transition 

𝑣𝑤 > 0 blowing thickens BL, reduces 𝜏𝑤 similar adverse 𝑝𝑥 S-shaped 

with inflection point, i.e., unstable to turbulent transition 

𝑣𝑤
∗ = 0.619 ⇒ 

𝜕𝑢

𝜕𝑦
= 0 at 𝑦 = 0 and  𝑢 = 0  𝑦 ≥ 0  

BL blown off, i.e., 𝜏𝑤 = 0 and BL approximation not valid! 

 

See Appendices A and B 


