Part 3: Momentum Integral Equation

Historically similarity and other AFD methods used for idealized flows
and momentum integral methods for practical applications, including
pressure gradients, but failure 3D methods motivated 3D BL theory
which quickly progressed to modern day CFD.

Momentum integral equation, which is valid for both laminar and
turbulent flow:

j (steady flow BL equation + (u — U)continuity) dy
y=0

0 dU

W _ 1o _d0 9du
__ZCf_dx+(2+H)de

pU?

For flat plate equation 2> 3—5 =0

5
9=j0 %(1—%)@/

5*=f06(1—%)dy

H = &

)

The pressure gradient evaluated form the outer potential flow using
Bernoulli equation.

1
p + E'DUZ = constant

1
Dy +Ep2UUx =0
—px/p = UU,
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Momentum: uu, + vu,, = o (p + >3y where T = e

(u—U) (ux + vy) = uly, +uv, — Uu, — Uv,

Continuity

uux+vuy—UUx—;Ty+uux+uvy—qu—va =0

0

0
_;Ty=—ZUUx_vuy+UUx_uvy+qu+va
=Ll =) + (U = WUy +— (U
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© 1 Th—Tw __ 0 0
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p
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[e¢]

%Wz(j_x[wf%@—%)dybuxuk (1—%)dy

= U206, + 2UU, 0 + UU,5*

wo_Lle_g +(29+5*)1dU
pu2 271 T U dx
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Methods Solution Momentum Integral Equation
Historically two approaches:

(1) One parameter velocity profile
(2) Empirical correlations: Thwaites method

(1) Karman — Pohlhausen Method

D ulx,y) = UX)f (%,A(x)) guess form velocity profile

u A
7 =2n=2n° +n*+ = =)’

2
n= % A= 87 U, = Pohlhausen parameter

(2) uses 5 BC for u/U
(3) compute: 6,6% H,t,,
(4) substitute momentum integral equation for 1st order ODE & (x)

(5) with §(x) known all variables also known

(2) Accuracy not as good Thwaites method
Issues:

Recall using quadratic guessed profile flat plate velocity profile only
~10% accuracy

Accuracy depends on type of guessed profile.
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TABLE 4-1

Boundary-layer predictions from five piecewise analytic profiles with their
errors relative to the classic Blasius values

e . 0 .. 0 W N s

U= F(& " =3 0% = = H= S - VRe, C;/Re, e VRe, L; error
0.333 0.133 2.500 5477 0.730 1.826 0.020
3.1% 0.25% 3.59 9.5% 10% 6.1%

3 _ 18 0.375 0.139 2.692 4.641 0.646 1740 0.034
9.0% 47% 4.0% 71.2% 2.6% 1.1%

2U-28+& 0300 0.118 2554 5.836 0.685 1751 0.054
13% 12% 1.4% 17% 3.2% 1.8%

sin(} &) 0.363 0.137 2.660 4.795 0.655 1743 0.021
5.6% 2.7% 2.7% 4.1% 1.3% 1.3%

Se_2+18 03% 0.134 2.618 4.993 0.668 1748 0.008
1.7% 0.52% 1.1% 0.13% 0.53% 1.6%

Blasius (1908) 0.344 0.133 2.59 5 0.664 1.72 n/a

1
L, error = [f (F - FBlasius)2 dn
0

1, 2, 3 Pohlhausen (1921)
4 Schlichting (1979)
5 Majdalani & Xuan (2020)

Pohlhausen paradox: increasing order, i.e., # BC profile can satisfy
does not improve accuracy

BC: u(x,0) =0 1. no slip
u(x,8) =U 2. matching
u,(x,6) =0 3. smooth merge U

uu,,(x,0) = p, 4. correct balance momentum y = 0
Uyy(x,8) =0 5. u%ry = 0 zero shear stress at &

However, the Blasius profile does not in fact satisfy all these conditions!

Note 1 satisfies BCs 1-3 and 2-5 satisfy BCs 1-4 but only 3 satisfy

BCs 1-5
T largest L,error



BC5trueat y — oo butnottrue y = & where wuyy|pigsius =
—0.7085

Other differences such as initial slope F’'(0) and F(1) and F'(1)

Endpoint properties of the piecewise analytic velocity profiles and their
corresponding Blasius values

% = F() F0y F'(0) F"(0) F1) F(1 F*(1)
28 - :2 0 2000 -2 1.000 0 =2.000
3 _Lp 0 150 0 1000 0 —3.000
28 - lf + & 0 2.000 0 1.000 0 0.000
sin(} &) 0 1571 0 1000 0 -2.467
¥-2+3 0 1667 0 1000 0 —2.000
Blasius (1908) 0 1.630 0 0.990 00904 -0.709
1 04
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0.8 ~Quadratic_ - \ Sinusoldal
-BIQSIUS 25 Schlichting
06| Oid Quartic B,
£ ‘,-’,’_' / Majdalani-Xuan F 03k */— Blaslus
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FIGURE 4-5

Comparison of five analytic approximations to the Blasius solution (solid line)
including Pohlhausen’s quadratic, cubic, and quartic polynomials (chained lines)
as well as Schlichting’s sinusoidal (dotted) and Majdalani—Xuan’s quartic
(dashed) profiles across (a) the boundary layer and (b) a designated quadrant
where individual deviations from the Blasius curve are magnified.

Presumably these differences compounded for py + 0



Thwaites Method (1949)

Pressure gradient parameter A = o7du _ (Q)ZA
v dx )
2 2
where A =22 — —pxS— Is the Pohlhausen parameter.
v dx uu

Multiply momentum integral equation by UTQ

TWH_U9d9+02dU(2+H)
uU v dx v dx

The equation is dimensionless and, LHS and H can be correlated with
A as shear and shape-factor correlations:

T 0

—— =S(1) = (1 +0.09)%62
U (1) = (1+0.09)
5

H=6§/0=HQ) = Z a;(0.25 — 2)"

i=0
ai= (2, 4.14, -83.5, 854, -3337, 4576)

Note

UHdH_lUd RE
vde 2 dx\v

Substitute above into momentum integral equation.
1, d (62
S =3U= (%) + A2+ H)

LA/

[S—A2+H)]=FQ)
dx



F(A) = 0.45 — 64 based on AFD and EFD

1.0
*(%
0.8 ~
ox
s 06 >R\7'\
NS v ;N
" o
D> 04 xal
A X U= U1 - x/c); Howarth (1938) \‘{g\ F=045-64
0.2 Fo Schubauer's ellipse; Hartree (1939a) QAQ'A
V U = Uy(x/c); Hartree (1939b) 4
0 |-A Flat plate with constant suction; Iglisch \K 7
(1944)
P A N R
-0.10 -0.06 -0.02 0 0.02 0.06 0.10
A
au
Define z = —so that A = z—

dz dUu
U—=045—-61=045—-6z—

dx dx
Ud + 6 dU—O45

dx de

1d(U6)—Ud +6 av 0.45
USdx > dx  Cdx

d(zU®) = 0.45U°dx

zU = 045 [ USdx + C

0.45v

302 =62 +

fde

FIGURE 4-27
Empirical correlation of the boundary-layer function in
Eq. (4-156). [After Thwaites (1949).]

0y,(x = 0) = 0 and U(x) known from potential flow solution.



Complete solution:
2= 2(6) = 6% dU
B v odx

T, 0
—=51
U (D

0" = 0H(A)

Accuracy: mild px +5% and strong adverse px (tw near 0) +15%

Shear and shape functions correlated by Thwaites (1949)

A H() S@A) A H@®) S(4)

+0.25 2.00 0.500 -0.056 2.94 0.122
0.20 2.07 0.463 -0.060 2.99 0.113
0.14 2.18 0.404 -0.064 3.04 0.104
0.12 2.23 0.382 -0.068 3.09 0.095
0.10 2.28 0.359 -0.072 3.15 0.085

+0.080 2.34 £.333 -0.076 522 0.072
0.064 2.39 0.313 -0.080 3.30 0.056
0.048 2.44 0.291 -0.084 3.39 0.038
0.032 2.49 0.268 -0.086 3.44 0.027
0.016 2.53 0.244 —-0.088 3.49 0.015
0.0 2.61 0.220 -0.090 3.55 0.000

(Separation)

-0.016 2.67 0.195

-0.032 275 0.168

-0.040 2.81 0.153

~0.048 2.87 0.138

—-0.052 2.90 0.130




4.0

O Thwaites, Table 4-8

— Eq. (4-162)
H 30f
20 L - —
-0.10 0.00 0.10 0.20 0.30
62(dU/dx)
I=——"
v
(a)
06
O Thwaites, Table 4-8
04 — Eq.(4161)
S
0.2
09 ' : ; FIGURE 428
-0.10 0.00 0.10 0.20 0.30 5

The laminar boundary-layer correlated functions by
Thwaites (1949): (a) shape factor; (b) shear stress with
curve fits.

Separation predicted within 4%; however, large scale separation causes
viscous/inviscid interaction and alters imposed external U(x) and px(X)

Laminar-separation-point prediction by Thwaites’ method

; Thwaites —’
Ulx) Xy (exact) Xeep Error [%]
Howarth (1938)

1 —|x 0.120 0.123 +25
Tani (1949)

1oy 0.271 0.268 ~1.1

1 = 0.462 0.449 -2.8

e 0.640 0.621 -3.0
Terrill (1960)

sin(x) 1.823 1.800 -1.3
Curle (1958)

x—-x 0.655 0.648 -1.1
Gortler (1957)

cos(x) 0.389 0.384 —13

1 -yl 0.218 0.221 +1.3

1 - x)? 0.0637 0.0652 +2.4

A + )™ 0.151 0.158 +4.6

1 +x7 0.0713 0.0739 +3.6




Pohlhausen Velocity Profile:

%zf(n) = an + bn? + cn® + dn* with 7 =§
a, b, ¢, d determined from boundary conditions:
U

1) y=0>u=0, uyy=—;Ux
2) y=6 2u=U, u, =0, uy, =0

u 52 du 52
QE—F(T])‘FAG(U)r —-12< A< 12 A_Ta__pxu_U

separation | (experiment: Ag.paration = — 5)

F(n) =2n—2n° +n*
60) =2 (1 —n)’

(37 A A? >
A=AA) =

315 945 1 9072

Profiles are realistic, except near separation. In guessed profile
methods u/U directly used to solve momentum integral equation
numerically, but accuracy not as good as empirical correlation methods;
therefore, use Thwaites method to get A, etc., and then use A to get A
and plot u/U.

Fig. 103. The functioas Fin) sad G(n) for Fig. 104, The one-pesasseter fazlly of velo-
the velocsty distribution n the boundsry ety profiles from eqn. (10.22)
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Howarth linearly decelerating flow (example of exact solution of
steady state 2D boundary layer)

Sl a e z
g S Te, -5 [ <
i | ‘_\-\7\\1'5 Cw Q\‘}: ¥
R Ve Sy

» _ m]™ s s

~ by = - Al ~ Ao Ay

R = — L ot TRYU K
» L | 8 fr-X }\
g B o9 F 79
i . - N
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Howarth proposed a linearly decelerating external velocity

distribution U (x) = U, (1 —%) as a theoretical model for laminar
boundary layer study. Use Thwaites’s method to compute:

a) Xsep
b) ¢ (3 =10.1)

Note Uy = -Uo/L

Solution
0.45v
02 _

i e o3
0 L

Uy L

can be evaluated for given L, Re.

1= %zi—g — —0.075 [(1 - %)_6 - 1]

Xsep
Aeey = —0.09 = = 0.123
sep L

3% higher than exact solution =0.1199
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Cr (% = 0.1)9, I.e., just before separation

A =-0.0661
1
S() = 0.099 = - CrReg
2(0.099)
Cr=—"1—>
Reg

Compute Rep in terms if Re.

6° = 0.0755-[(1 —.1)~° — 1] = 00661

0 0
02 v 0.0661
— = 0.0661 =
L2 UpL Rep,

Re9=% ReL = 0257w/ ReL

To complete
_2(0.099) _ _, solution must
f= 0257 /ReL 0.77/\/Rey, specify Re,

12



Consider the complex potential Pttt fe

|
F(z)=%zz=§r2e2i9 ﬂ-§— ‘HJ\ \

@ = Re[F(2)]= %rz cos26

w =Im[F(z)]= 242 5in26 -
2 Y = X
Orthogonal rectangular hyperbolas ~~ 7 é—‘ e e
@ asymptotesy =+ x oo it : o2
- Ry
y : asymptotes x=0, y=0 | |
1 g i
(K=V¢:¢rér+_¢6é6 i ,iv-h_C-.\ot*A-qu\__,_
r e By man st sy

.

v, =arcos26 } % < 0 <0 (flow direction as shown)
(Vg = —arsin20

K=Vr(COSgi:+Sinﬁ)+V9(—Sin9f+cosé')= e by = Yau
(Vr cosf —vy sin «9)1c +(vr sin @+ vy cos 19)}

Potential flow slips along surface: (consider & =90") Lo (yragd) =2

1) determine a such that v, =Ujatr=L, @ = 90" Qo)== Po

AT IS O
v, =alcos(2x90)=U, = aL =-U,, i.e. a=-—* fx ~ = QUL ¥
2)let U (x)= v, at x=L-r: o= -2 ;’_—
= v, = a(L-x)cos(2x90) = U(x) ¥

Or: U(x)z—a(L—x)=%(L—x)=U0(1—%) g s 18

Af+ e vtz ¢
'e‘(\-t-{‘-)*)x‘sa

. f XN\ (2 Us) = U 3
= =-2UUY = —@ Dalv=2%) .,,) = R Uy X
Nt - lk = = <\ i\'—
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Alternative derivation momentum integral equation #1 (Currie)
Uy +u, =0
(u?), + (uv), = UUy + vuy, 2uu, + u, v + uuy = RHS
— Uy
uuy + vu, = RHS
u(x,0) =0 u(x,6) =U(x) puy(x,0) =15 =1,

u,(x,6) =0 T = HUy = VVUyy = Ty /p

8 8
j [(uz)x + (uv)y]dy = j [UUx + vry]dy
0 0

5 8
T

j (u?), dy + Uv(x,8) = Uxf Udy——
0 5 0 p
_fo Uy dy

U #+ f(y) but retained in integral to obtain desired form integral

equation
8

Fo) o) T,
j(u2>xdy—Uj uxdy=uxj U dy -2
0 0 0 P

Leibniz rule: ff((;)) u, dy = d%ffu dy + u(x,a) % —u(x, b) %

o) d o)
2y dy=— | u?dy—-U=?6
jo(u)xy dxfou y x

o) d o)
dy = — dy —Ub

15



d (° d (°
£ju2dy—y/28;— U—fudy + U286,
0

f Uudy Uxf udy

To

8
=UfUdy——
xO p

d o) d o) ) o) T,
— 2dy—— 1 Uud Uj d=UjUd ——
dx_[ou y dx_[O uy+x0uy xO y 0

dfﬁ(u ) d +Uf8(u ) dy = -2
dxou u)ay xo u y_p

« u To
Uzj 1—— d UUJ 1——=)dy=—
dx ( >y B 0( U) Y p

8*
Since for § — oo, U u = 0 upper limit can be taken as oo.

d (U20) + U, US* = =
dx T

or 2UU,0 + U%0, + U, U8* = =2

. o _ G

6x+(26+6)—_p7_7
0, +(2+H) U, T
2 0

Assume u(x,y) = 0, 6, 1, = f(6) then solve momentum
integral for §(x)

Karman—Pohlhausen 4" order velocity profile in classical approach,
which also uses empirical correlations.

16



Karman—Pohlhausen Method

u y
R b 2 d3 4 , —
7 a+bn+cn®+dn° +en nx,y) 500

where a —e = f(x), i.e., self-similarity not possible

u(x,0) =0 u(x,6) = U(x)
U(x)

u,(x,6) =0 Uyy(x,0) = — U, Uyy(x,8) =0

BL momehtumlyzo

orinterms of u/U = f(n)

1 2
2
u u
7=0 () =-TUe=-C0
3 4 5
u u u
—=1 (=) =(=) =0 =1
Lot () =) =0
o 0 0n az_a(an)z_aS_Z
dy ondy  dy? on*\dy)  on?
Jd _ U(x)
uyy 26_7’]25 z(uU) =unn8 2U= —TUx
yu, 52 52U,
o = 7 v ¥ v = —AW
—A(x)

diensionless measure p, outer flow

17



0 =a 1

—A=2c 2 (%) = b + 2cn + 3dn? + 4en?
U

l=a+b+c+d+e 3 (%) =2€+6dn+123n2|n=0=26
mm

O=b+2c+3d+4e 4
0=2c+6d+ 12e 5

0 b=242 . _q1_ A
o —cTe T3 = 2 T 7%
0=—A+6d+12e
JA-12e A A2

“ T 6 6 “°T%6 6 /

A
O=b—A+§—6e+4e

p=Ly2e=L42 Loy
—o Ty 3

A A
6
A
1=g+2/é—g+g—2/é+e

—1-—=
€ 6

—(2+A> A2+( 2+A)3+(1 A)4
U- 6)1 2" 2 )1 6]

A

= (Zn—2n3+n4)+g(n—3n2+3n3—n4)
3 1 3

=1—Uﬁﬂnﬂ—n)+Agnﬂ—n)

18



u

E=F(TI)+AG(77)
A-nNA-n*=Q-2n+n>)QA-n)=1-2n+n*-n+
2n2—n3 =1-3n+3n2-—n3

(1-3n+3n* =0 )A+n)=1-3n+31"—n>+n-31" +
33 —n* =1-2n+2n3—-n*

1—RHS =2n—2n3 +n*

(a) (b)
. Gm) Em) 1 -
F(n) monotonically 001661 b o—fin  mofeey S ey
. . / - // |
increasing ! 1
e o 1 }
% / L N/ |
f) 0<F<1 5 VA
| v/ |
</
5 }
G(T’) 0|17=0 tO maX = . 0.5 10 1 e —- 1.0 1
0.0166|T]=0_25 FIGURE 9.6
(a) Form of functions F(y) and G(n), and (b) velocity profiles for various values of the parameter

A(x).

to 0[,—4

A=0 u/U= F(n) 4" order polynomial approximation, Blasius
> 12 overshoot not physical .. A restricted < 12

< —12 reverse flow, i.e., separation, which violates BL theory

Conclusion: —12 < A(x) < 12

19



=5j01(1—%)dn

=5foll(1+n)(1—n)3—%n(l—n)3]dn=5(i—i)

10 120
0 = 5] 1 d Y A7
- 1 315 945 9072
ud (u _
To= Ha ay —Hsay (5)|n=0_
Uorq_ 3+ 2001 —n)3 — 4
Py 1 —@+mA—m)+ond—n) ]|n=0—u5(2+6)

6%, 0, 19 = f(6) & determined momentum integral equation

o)
<
)

ué «\ 0 _Tob ue
76x+(28+6);Ux—uU X

20



Also %*= (3}%;%12 ] = f(K)

315 945 9072

f=fA@), K=K@) = f=fEK)

=219 s o) =
uU 2+6 315 945 9072 = g(K)
708 6/68
uu

Functionally g(K) same reasoning f(K)

2

1 d (67 0

2
Let Z = 97 = new dependent variable i.e. K = ZU,

UZ, =2[g(K) — (2 + f(K))K| = H(K)

\ Y [, 116, 2 |

H(K) [

K and H(K) = f(A(x))

H(K) ~ 047 — 6K
UZ, = 047 — 6K

= 047 — 62U,

0 00783 g

dZ dU FIGURE 9.7

U —_ + 6Z —_ = 0 4_7 Exact form of the function H(K) (solid line) and straight-line approximation (dashed line).

dx dx

21



dz
— 5
(ZU6) 1B [U6 7 + 6U Zle

=UZ, + 6ZU, = 0.47
d(ZU®) = 0.47 US dx

X
ZU® = 0471 U> dx
0

047v
U(x)6 -0

Z=2=20[YUS dx i 02(x) = ot [XU(x)° dx

where U(x) potential flow solution geometry of interest

Solution procedure:

1. U(x)
2. 0(x)
37 A A% \? 02 52
3. A(x) from (315 ayrie 9072) A= TUx note A(x) = TUX
92
52

0(x)
37 A A2
315 945 9072

5. §*(x) =6 (i - i)

4. 5(x) =

10 120

U -

7.1 ;16()(2+)

22



Inverse problem: for specified A(x)= U(x)= type of geometry
Example: flat surface, i.e.,

(1) U =constant, U, =0

, vx 6 _ 0.686 _ Ux
(2) 6 —O.47U x — VRe Re—v
(3) A=0

a5, 5 _ses T
(4)5_379:>x_\/ﬁ 0 "~ 5.84x

i3 8 _1rs
(5)5—105:)6—@

_ ﬂ To __ 0.686
(6) To = ﬂ6(x) = %pUZ _ VRe

Ty 2uU _, 4vUY2xY? 0685v/2  0.685
B U 12— [j1/2.1/2
%puz %pUz U 584vi/2  U/2x12 ~ JRe

T, Within 3% Blasius
i.e. 0.685 vs. .686

whereas using 2nd order polynomial value was 0.73

23



Alternative derivation momentum integral equation #2 (Panton)

h = outside BL where u = U, and u,,u,,, etc. =0

h h u
f [uux + vuy]dy = f erUex + Euwl dy
0 0

h w1 To
.[ [uux - UeUex + vuy]dy = [_uS’] =T
0 P 0 P
jy jy integration by parts
v=| v, dy=—| u,dy
0 0 n h
, . y .];Wdz=[wz]g—JOZdW
j vuydy=f <—f Uy dy)uy dy y=u
0 0 0 W:—f U, dy dw = —u,dy
h h °
=—Uefuxdy+fuuxdy dz=u,dy z=u
0 0
[W'z]g - foh'z dw
foh[uux — UpU,, — Upliy + uuy|dy = —%0 +and —uU,_

h h T
_ j WUy — Wy + Uy — wuldy — f Uy — W)U, dy = — 22
0 0 P

or = |UZ [ <Ui (1 - Ui)> dy|+v.U,, [ (1 —Ui) dy = 2
; &

d
— (U, = W] = (U, — ) +u(Up, — )

d 2 * Lo
E(Ue 0) + UeU,p 6" = ;

24



Karman—Pohlhausen

u y
* — b 2 d3 —
u ——ue—a-l- 1’]+CT] -+ n n——5(x)

u=0 -=UU, =vu, uUy,=0 y=0
u=U, u,=0, u,,=0 y=9§

om"u

oy 0 n > 2 for u/U, polynomial > 3" order

Example: Blasius BL U, = U,
3 1

s _ 2 _ 2.3
u 277 277
5*—5]1(1 ") d —36 9—6}1 1 ") d _1175
— ) u n= 3 - . u u 1 840
TO 3U0
b~ Vb=V
To
Uzo, =?
Uz 1175 3vU0 840 vx 64 VX
840 39 U, Ug
2
Vel 545 =2vU, dx vs. 4.9 exact value
840 2
U¢1171 , 3
g0 20 —7'Uo¥

§2 =202 5= 4.64\/"2
117 U, Ue
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Alternative derivation momentum integral equation #3 (Kundu)

1
Ully + VUy = Ul + ;Ty

1
u(u, + vy) +uuy +vuy, = W), + (Vu)y, = ueu, + ;Ty

2uuy + vyu + vuy, = ugut vug+ u(uX + vy)

(0¢]

@ 1
-[o [(uz)x + (uv), — ueuex]dy = ;jo T, dy

*© T
j [(uz)x - ueuex]dy T UV = _?W
0

(0.0)

j(ux+vy)dy=0 fuxdy=—f v, dy = —v|g = —Vo
0 0 0

°° T
f [(uz)x — UelUe, — ueux]dy =——
0 P
e d (% d ® *
uefo uxdy=ueaj0udy=%uejoudy —uexfoudy
d [© > Tw
- (uz - ueu)dy T U (u - ue) dy - -
dx J, 0
S L [ (1 Yy g, [ (1-2)
P dx Ue o U U, Y T Uele . U, y
Z 8"
%wzi(uge) + Ul 87 note: u, and u,_ f(x) only

single ODE relating unknowns 6,6 and t,,
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Example: momentum integral, U,(x) = %x

Accelerating flow i.e. stagnation point flow FS withm =1

U=kx
2 vx1? vq1/2 vL1?
s0=—7 =k =ln
VX vI\/? — =7
o(x)= |—= (—) = constant U f1@)
Ué Ub ::X
=%

H—f (1——)dy 6f f'(1—=f" dn = & x constant and

6" =46 X constant, i.e., both 8 and & integrals velocity
profileand -~ o« §
¥ = [vxU Y2 f ()

vX x] 1z

w=1y =k 1) =) = Ue f' ()

tw _ d [Usx? UOx d onxl ZUOx M@*
L dx

p  dx

Tw 40426\ x . . .
T = ( )— = ax i.e. increases linearly
EIDUO L L

One equation, three unknowns: t,,, 9, 6*

Can use Thwaites method to solve (or Karman—Pohlhausen)
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EXAMPLE 10.6

Use Thwaites’ method to estimate the momentum thickness, displacement thickness, anc

shear stress of the Blasius boundary layer with f = 0 at x = 0.

Solution

The solution plan is to use (10.50) to obtain 4. Then, because dU,/dx = 0 for the Blasius boundamy
layer, 1 = 0 at all downstream locations and the remaining boundary-layer parameters ca- w
determined from the @ resuits, (10.45), (10.46), and Table 10.2. The first step is setting L, =

bE

constant in (10.50) with 6y = 0:

045 [ o 045 B v
= s /de— o5 or 0—0.671\/5.
0

This approximate answer is 1% higher than the Blasius-solution value. For 2 = 0, the tabuzns
~ shape factor is H(0) = 2.61, so:

AN o 3 _ 7%
& = a(-é-) = 6H(0) = 0.671\/;(2.61) = 1.75\/;.

This approximate answer is also 1% higher than the Blasius-solution value. For } — 0, the shess

correlation value is /(0) = 0.220, so:

u wld 1 con v
v = 151(0) = ——(0220) = Lo (0.656), /2,
= v 510) = G 020 = AU 0856

which implies a skin friction coefficient of:

T 0.656

Cr = =
f %puz

i

which is 1.2% below the Blasius-solution value.

E

j - e o

ML R SRS N T

A—;\n,\.h_s lpg‘:_q)quo, \'\(\L\:i‘ ‘h-‘( "4

’

Sk M EON) = 466N A=

(2P0 % 58 G
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B gt * Wi

U,/2
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U, S
At A)
= =2 —

¥

x=0 x=L

FIGURE 10.10 A simple two-dimensional diffuser of length L intended to slow the incoming flow to half its
speed by doubling the flow area. The resulting adverse pressure gradient in the diffuser influences the character of
“he boundary layers that develop on the diffuser’s inner surfaces, especially when these boundary layers are

‘aminar.
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3-D Integral methods

Momentum integral methods perform well (i.e. compare well with
experimental data) for a large class of both laminar and turbulent 2D
flows. However, for 3D flows they do not, primarily due to the inability

of correlating the crossflow velocity components.

SE
ﬁ\’@;ﬁ'
Crandiloes -

,n/ A
The cross flow is driven by 5—5 which is imposed on BL from the

outer potential flow U(x,z).

3-D boundary layer equations

Uy + v, +w, =0;

d 0 —
Uy + VUy, + WU, = —a(p/p)+vuyy —@(uv)

0 0 —
uwy + vwy, + ww, = —g(p/p) +vay—@(vw)

+ closure equations

Differential methods have been developed for this reason as well as
for extensions to more complex and non-thin boundary layer flows.
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