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Exercise 11.9. Consider the centrifugal instability problem of Section 11.6. From (11.51) and
(11.53), the eigenvalue problem for determining the marginal state (o= 0) is

(%/dR? - k) ity = L+ )i, . (d/dR? ~ k) iy, = ~Tak%dty, (11.92,93)
with i, = dit, /dR=1,=0 at x = 0 and 1. Conditions on i, are satisfied by assuming solutions
of the form

i, = ¥C, sin(mmx) . (11.94)

m=1

Inserting this into (11.92), obtain an equation for i, , and arrange so that the solution satisfies the
four remaining conditions on i,. With i, determined in this manner and it.q_, given by (11.94),

(11.93) leads to an eigenvalue problem for Ta(k). Following Chandrasekhar (1961, p. 300), show
that the minimum Taylor number is given by (11.54) and is reached at k, = 3.12.

Solution 11.9. Continuing the effort from Exercise 11.8, insert (11.94) into (11.92) to find:

(dz/clxz—K2)2u=(1+ax)v=(l+ax)ic sin(mmx) , )

m
m=1

where a switch has been made to the dimensionless variables of Exercise 11.8. Now arrange that
the solution satisfies the four remaining boundary conditions on x. With u determined in this
fashion and v given by (11.94), (11.93) will lead to an equation for Ta.

The solution of (5) is straightforward. The general solution can be written in the form:

. & A" coshKx + B{™ sinh Kx + Ay x coshKx + By x sinh Kx
U= E——,} 5 m 4 JU * (6)

. om
“m*n® + K*)? + (1+ o) sin(max) + ————— cos(max)
ma +K

where the constants are determined by the boundary conditions # = (d/dx)u = 0 at x = 0 and 1.
These conditions lead to the four equations:

« 4amm )
A" = —————— KB + A" =—mm,
maa +K°
. : 4amr
A™ coshK + B{™ sinhK + A{" coshK + By sinhK = (-1)""" L g (7
m*a’ + K*

A™K sinhK + B™K coshK + Ay (coshK + K sinhK) + By (sinhK + K coshK) = (-1)"*'(1+ o)mz
The solution of these equations 1s:
4domrm
A(m) - .
’ m’n® + K’

B™ = —ng—{K + B, (sinhK + K coshK) - y,, sinh K}

Al = ——}/'Ilﬁ—fr{sinh2 K + B,K(sinhK + K coshK) - YmKSi“hK}

B™ = Lnil{(sinhK coshK - K) + B,K*sinhK — v, (K coshK - sinhK)} 8)
where:
A =sinh*K - K> - i—-{(—1)"’“ +coshK}, and
R wtat e KT ’

m+ 4a .
Y =D 1(1 -a)+ mKSll’lhK y
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Substituting # from (6) and v from (11.94) into (11.93) produces:
ECH(I’LZTEZ + Kz)sin o

n=1
] A™ coshKx + B™ sinh Kx + A" xcoshKx + B{"xsinh Kx| (©)
=TaK*> ) ——"1 —— 4

2 : amm
2 m’n® + K*) + (1+ ax)sin(momx) + —5———5 cos(mix)
ma +K*

Multiply this equation by sin(xnszx) and integrate from x = 0 to x = 1, to obtain a system of linear
homogeneous equations for the constants C,,. The requirement that these constants are not all
zero leads to the equation:

[1+ (-1)"" cosh K | A" +[(~1)"*' sinh K|B™ +(-1)"" [coshK - #ﬁsinhl{ A
nn+K-

nw
2.2 2
nn+K 2K
+|(=D)""sinhK = —————1{1+(-1)"""coshK } |B{"
where =D nzn2+K2{ 1 }] ’
1 1 2.2 2 3 6
+ax, +—=0 ——|\n"m + —m_ =) ; ; 10
nm 2 nm 2( (K) K”Ta lf"n+n 1S even and m#=n ( )
xnm=< 1/4 l:fm=n -2
4
7nm’ 5 72 A 71 5 ifm+nisodd
n"-m” \mn"+K" # (n"-m") ]

On using the first two equations of (7), equation (10) simplifies to:

nJt dmmo e 2K n+ m) - n+l p(m m
e { — [(_1) et 1] = [(-1) 'A{ sinh K + (—1)""' B coshK + BS >]}
+axllm + —1-61”)1 - —l-(l’lzfl,’z + K2)3 6’:1”1 = O (]‘ 1)

2 2 K*Ta

After substituting for the constants A{" and Bg”’) given by (8), (11) becomes:
Amna’o

(I’lzﬂz + K7 )(mznz e Kz) [(_1)”‘+” s 1]

(SinhK coshK — K)[l 3 (1 5 OC)(— 1)m+n]

2
- it +(sinhK - KcoshK)[(=1)"™ + (1+ a)(-D™"']}

(n2ﬂ2 $ Kz)(sinth—Kz) .

[sinhK O ][(-1)"”" -1]

M + K2
1 17 5 33 &
+ax. +—0 ~—|nm"+K°) —2-=0 12
nm 2 nm 2( ) KzTa ( )

A first approximation to the solution of (12) is obtained by setting the (1,1)-element of
the determinant zero. This implies:
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1 38, 1 1 2Kn*(2+ )
_2_(7[2 +K2) K1a 4772 (Jr2+K2)(sinh2K—K2>[

and this simplifies to:

(sinhK coshK - K) + (sinhK — KcoshK)]

2 (n2+K2)3

Ta= 5
2+a Kz{l —16Kn* cosh*(K /2)/[(752 ¥ Kz) (sinhK + K)]}

A plot of Ta(2 + @) as a function of K from this solution shows that the minimum value of the

Taylor number is:
Ta, =3430/(2+ a), and is reached at K, = 3.12.



