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Steady Flow Between Concentric Rotating Cylinders 

 

𝑢 = (0, 𝑢θ(𝑅), 0)  

𝑅−1
∂

∂𝑅
(𝑅𝑢𝑅) + 𝑅

−1 𝜕

𝜕𝜃
(𝑢𝜃) +

𝜕

𝜕𝑧
(𝑢𝑧) = 0  

Continuity automatically satisfied 

R-momentum: −
𝑢θ
2

𝑅
= −

1

ρ

𝑑𝑝

𝑑𝑅
 𝑝(𝑅) = 𝑓(𝑢θ(𝑅)) 

θ-momentum: 0 = μ
𝑑

𝑑𝑅
[𝑅−1

𝑑

𝑑𝑅
(𝑅𝑢𝜃)] 

double integration ⇒ 

 𝑢θ(𝑅) = 𝐴𝑅 +
𝐵

𝑅
  𝑢θ(𝑅1) = Ω1𝑅1,  𝑢θ(𝑅2) = Ω2𝑅2 
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Interesting limiting cases: 

(1) 𝑅2 → ∞ Ω2 = 0 

(2) 𝑅1 → 0 Ω1 = 0 

(1)  

 

𝑢θ(𝑅) =
Ω1𝑅1

2

𝑅
  Same as ideal vortex for 𝑅 > 𝑅1  Γ = 2πΩ1𝑅1

2 

Only example viscous solution that is completely irrotational. σ𝑅𝜃 exists 

due to net viscous force on fluid element. 

σ𝑅θ = μ [𝑅
−1
∂𝑢𝑟
∂θ

+ 𝑅
∂

∂𝑅
(
𝑢θ
𝑅
)] = −

2μΩ1𝑅1
2

𝑅2
  𝑃 = 𝐴 × stress × 𝑉 

Mechanical power per unit length= (2π𝑅1)σ𝑅θ𝑢θ   which equals the 

integrated dissipation. 
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𝜕𝑥𝑗
(𝑈𝑖𝜎𝑖𝑗)         =           𝜎𝑖𝑗

𝜕𝑈𝑖
𝜕𝑥𝑗

         +            𝑈𝑖
𝜕𝜎𝑖𝑗

𝜕𝑥𝑗
 

 

 

 

𝜎𝑖𝑗
𝜕𝑈𝑖
𝜕𝑥𝑗

= 𝜎𝑖𝑗  (𝜀𝑖𝑗 + 𝜔𝑖𝑗) = 𝜎𝑖𝑗𝜀𝑖𝑗 

𝜎𝑖𝑗𝜔𝑖𝑗 = 0 since it is the product of a symmetric and an anti-symmetric tensor. 

𝜎𝑖𝑗
𝜕𝑈𝑖
𝜕𝑥𝑗

= [−(𝑝 +
2

3
𝜇∇ ∙ 𝑈) 𝛿𝑖𝑗 + 2𝜇𝜀𝑖𝑗] 𝜀𝑖𝑗 

𝜎𝑖𝑗
𝜕𝑈𝑖

𝜕𝑥𝑗
= −𝑝∇ ∙ 𝑈 + 2𝜇𝜀𝑖𝑗𝜀𝑖𝑗 −

2

3
𝜇(∇ ∙ 𝑈)

2

⏟                   

  

𝜎𝑖𝑗
𝜕𝑈𝑖
𝜕𝑥𝑗

= −𝑝∇ ∙ 𝑈 +  𝜑 

Total work 
of surface 

force 

Deformatio
n work w/o 
𝑎 and lost 
to internal 

energy 

Increase of 
KE since 

contributes 
fluid 𝑎 

𝜑 

Since 𝜀𝑖𝑗𝛿𝑖𝑗 = 𝜀𝑖𝑖 = ∇ ∙ 𝑈 
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(2) 𝑢θ(𝑅) = Ω2𝑅 solid body rotation 

 

 


