Wind generated waves: Kelvin-Helmholtz Instability
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FIGURE 5-2

Sketch and nomenclature for the Kelvin-Helmholtz interfacial instability.

Step 1 Basic Flow

z<0: ¢;=Ux p=py—p19Z

z>0: ¢, =Ux p; =po—P29Z

Both flows have velocity potential and hydrostatic p(z)

Horizontal interface
divides two uniform
flows of different U
and p

p =constant, u = 0,
w = 0 1n each flow

Since u = 0 tangential slip at interface: vortex sheet with discontinuity

in velocity. Recall Chapter 3 (5b): potential flow vortex sheet and

diffusion vortex sheet.



Step 2 Add disturbance

¢, =Ux + J)\l(x,z, t) ¢, = U,x + @(x,z, t)

Interface BC's:

Dynamic = pressure continuous across interface

unsteady Bernoulli  p; = p;C; — p; % — % Vo;|? — p;gz

For basic flowonz =0  p,(C; —%plUl2 = p,C, — %szzz

For perturbed flow on z = 7

01  p1 2
,01C1_,01_at —?|V¢1| — P19Z
dd, p
=P2C2—P2?—7|V¢2|2—P292

Kinematic = vertical velocities = interfacial motion or equivalently F =
z — 1n(x, t) is a material surface for which particles which lie on surface
stay on surface, i.e., surface is stream surface.
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Vi = (U + dux )i+ bik Vo = (Ug + b )T+ Dk
VF = F, i+ F,k=—,i+k
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Far field BC: disturbances — 0 for large z

Vp, >0 z— Vp, >0 z— —oo



Step 3 Subtract basic flow from disturbance equation
Vi, = V2h =0 Vi, = Vi, =0

Both basic and disturbance equations satisfy Laplace equation

Step 4
Linearize equations

Disturbances <« basic flow; therefore, neglect products of disturbances
and apply BConz = 0

Dynamic BC

—~ P —~\2 .
P1C1 — P1P1e — o [(U1 +d1x) + ¢1zz] —p1gn =

— P2 — \2 v .
P1C — p2dor — 7[(U2 + ¢2x) + ¢y, | —p29n onz =0
P1C1—01C2=%U12—%U22 onz = 0

p1|P1c + Uiy + gn| = pa|ae + Uspox + gnjonz = 0

Kinematic BC

Ne=—Uny+ ¢, =—Usy+ Py, onz =10



Step5 Assume normal mode disturbance (similar separation of variables)
657 — Aj (Z)ei(ax—at)

65\1 =A1(Z)ei(ax—at) q’5\2 ZAZ(Z)ei(ax—at)

o = wave number
o = temporal growth rate: o, + io;

—ioc = —io, +0; = o0; > 0unstable

Step 6 Solve eigenvalue problem
qu/ﬁ\l =0= ¢1,xx + @

(5-1\x = Alia'ei(“x—at)

Drxx = _Al(lzei(“x_o't)

h12z = A1 eilax—at)

_azA]_ + Alzz =0
Exponential solutions A; = A]’.eiaz

where + determined based far field BC.
(75\1 — Alle[i(ax—at)+az] 65\2 — Alze[i(ax—at)—az]

Also assume 1 = n,e'(@*~0t)



Ny = Mo (ia)el@*=ot) e = No(—io)el @0t
951\2 — Allaei(ax—at)eaz le\x — All(l-a)ei(ax—at)eaz
qu\z — A’2 (_a)ei(ax—at)e—az qu\x — Alz(ia)ei(ax—at)e—az
q:;;t — All(_l-o.)ei(ax—o—t)eaz ({B-z\t — Alz(_io.)ei(ax—at)e—az
Kinematic BC
z = 0:
—Uine(ia) + ad] = ng(—io) = —U;ne(ia) — ady=n¢ = no(—ia)
!/ ] ! . o
aA; = ing(alU; — o) A1 = ing (U1 - E)
!/ . / . o
ad; = —iny(al, — o) Ay = —ing (Uz - E)
Dynamic BC
z=0:

p1[A1(—io) + U;AL(ia) + gnol = p2[A3(—io) + U, A5 (i) + gno]

p1[A7(—ic) — Une(alU; — o) + gn,]
= p,[A5(—io) + Uyng(aly — o) + gnol

[ o
pr [ins (U1 =) (=i0) = Unps(aly = 0) + gno | =

i o
P2 |~ing (Uz - E) (—io) + Uzpg(al; — o) + g%]

P1 :— (U1 —%)U — U;(aU; — o) +g]

= p, [— (U2 —2)0'4' UZ(C(UZ _0-) +g]



P1 [(Ul - %) (0 —Uya) + 9] = P2 [_ (Uz - %) (0 —Uza) + g]

p1l(aU; — 0)(o — Uya) + ga] = py[—(aU; — 0)(0 — Uya) + ga]

(aU; —0)(0 — Uya) = —(0 — aU;)? = —0? + 2aU;0 — a?U?

—(aU, — 0)(0 — U,a) = (06 — al,)? = 62 — 2alU,0 + a?Uz

p1[—(o — alU;)? + ga] = py[(o — al3)? + ga]
—p10% + 2paU;0 — p10PUL + pyga — po02 + 2p,aU,0 — poa?US
— pga =0
—0%(p1 + p2) + 200(p Uy + poUz) — o®(p UL + poU3)
+ ga(p; —p2) =0
—2a(p1U; + p2Us)

o? g
>+ + U + p U2 —=(p, —
o o 01+ pa 01 + 0y P1Ur T P2U; a(pl P2)
=0
) —b +Vb? — 4ac
ax“+bx+c=0 x-=
2a
20(p1U; + p,U
a=1 b=-— (p1U1 + p2Us)
p1 + P2
o P1 — P2
c= [p1Uf + p, U] — ag
prtpy 22 pP1 + P2

_ 4a”(p1 Uy + poU,)*

bZ
(p1 + p2)?




40?(p1 U + pU3 —
_dge = — (p UL + p2U3) + 4ag P1 — P2
P1 + P2 p1 + P2

(p1 + p2) %[(p1Us + poUs)? — (p1UE + poUZ) (p1 + p2)]
pRYT + 2p1paUs Uy + p25 — ptt? — p1poUs — p1po UL — psb5

p1p2(2U U, — U12 - Uzz) = —p1p2(U; — Uz)z

1/2
5= a(pU; + p2Us) + ag(py — p2) B a%pypo(Uy — Uy)?
p1 + P2 I + P2 (p1 + p2)?
€Y 2)
= 0, + i0;

o; >0 unstable 1/—p=i\/5 -p <0

For (2) <(1) o; = 0 - neutral stability
For (1) <(2) g; and + rootg; > 0

ag(py — p2) < azplpz(Ul - Uz)z
pP1 + P2 (p1 + p2)?

or  g(py — p2)(p1 + p2) < apyp,(Uy — Uy)?
or  g(pi —p3) < apypz(Uy — Uy)?

~ if AU large enough or (p% — p3) small enough
or « = 2m /A large enough flow unstable

(i.e. A small) = vortex sheets always unstable



Step 7 not needed an analytical solution provides stability condition

FIGURE 5-3

Kelvin-Helmholtz breaking waves outlined by a billow-cloud formation. [John
Davidson Photos.Alamy Stock Photo].



