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Wind generated waves: Kelvin-Helmholtz Instability 

  

Step 1 Basic Flow  

𝑧 < 0:      𝜙1 = 𝑈1𝑥    𝑝1 = 𝑝0 − 𝜌1𝑔𝑧 

𝑧 > 0:  𝜙2 = 𝑈2𝑥 p2 = p0 − ρ2𝑔𝑧 

 

Both flows have velocity potential and hydrostatic 𝑝(𝑧) 

 

Since 𝜇 = 0 tangential slip at interface: vortex sheet with discontinuity 

in velocity. Recall Chapter 3 (5b): potential flow vortex sheet and 

diffusion vortex sheet. 

 

  

Horizontal interface 

divides two uniform 

flows of different 𝑈 

and 𝜌 

𝜌 =constant, 𝜇 = 0, 

𝜔 = 0 in each flow 
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Step 2 Add disturbance 

𝜙1 = 𝑈1𝑥 + 𝜙1̂(𝑥, 𝑧, 𝑡)  𝜙2 = 𝑈2𝑥 + 𝜙2̂(𝑥, 𝑧, 𝑡) 

 

Interface BC's:  

Dynamic ⇒ pressure continuous across interface 

unsteady Bernoulli 𝑝𝑖 = ρ𝑖𝐶𝑖 − ρ𝑖
∂ϕ𝑖

∂𝑡
−
𝜌𝑖

2
|𝛻𝜙𝑖|

2 − 𝜌𝑖𝑔𝑧 

For basic flow on 𝑧 = 0 ρ1𝐶1 −
1

2
ρ1𝑈1

2 = ρ2𝐶2 −
1

2
ρ2𝑈2

2 

For perturbed flow on 𝑧 = 𝜂  

𝜌1𝐶1 − 𝜌1
𝜕𝜙1
𝜕𝑡

−
𝜌1
2
|𝛻𝜙1|

2 − 𝜌1𝑔𝑧

= 𝜌2𝐶2 − 𝜌2
𝜕𝜙2
𝜕𝑡

−
𝜌2
2
|𝛻𝜙2|

2 − 𝜌2𝑔𝑧 

 

Kinematic ⇒ vertical velocities = interfacial motion or equivalently 𝐹 =

𝑧 − η(𝑥, 𝑡) is a material surface for which particles which lie on surface 

stay on surface, i.e., surface is stream surface. 

On z = η    
DF

Dt
= 0 =

∂F

∂t
+ Vi ⋅ ∇η   

V1 = (U1 + ϕ1x̂)î + ϕ1ẑk̂    V2 = (U2 + ϕ2x̂)î + ϕ2ẑk̂ 

∇F = Fxî̂ + Fzk̂ = −ηxî + k̂ 

−ηt − (U1 + ϕ1x̂)ηx + ϕ1ẑ = 0  − ηt − (U2 + ϕ2x̂)ηx + ϕ2ẑ = 0 

 

Far field BC: disturbances → 0 for large 𝑧 

∇𝜙2̂ → 0 𝑧 → ∞  ∇𝜙1̂ → 0 𝑧 → −∞ 
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Step 3 Subtract basic flow from disturbance equation 

∇2𝜙1 = ∇
2𝜙1̂ = 0  ∇2𝜙2 = ∇

2𝜙2̂ = 0 

Both basic and disturbance equations satisfy Laplace equation 

 

Step 4 

Linearize equations 

Disturbances ≪ basic flow; therefore, neglect products of disturbances 

and apply BC on 𝑧 =  0 

 

Dynamic BC 

ρ1𝐶1 − ρ1𝜙1𝑡̂ −
𝜌1
2
[(𝑈1 + 𝜙1𝑥̂)

2
+ 𝜙1𝑧

2̂ ] − 𝜌1𝑔𝜂 = 

ρ1𝐶2 − ρ2𝜙2𝑡̂ −
𝜌2

2
[(𝑈2 + 𝜙2𝑥̂)

2
+ 𝜙2𝑧

2̂ ] − 𝜌2𝑔𝜂      on 𝑧 =  0 

ρ1𝐶1 − ρ1𝐶2 =
𝜌1

2
𝑈1

2 −
𝜌2

2
𝑈2

2    on 𝑧 =  0 

𝜌1[𝜙1𝑡̂ + 𝑈1𝜙1𝑥̂ + 𝑔𝜂] = 𝜌2[𝜙2𝑡̂ + 𝑈2𝜙2𝑥̂ + 𝑔𝜂] on 𝑧 =  0 

 

Kinematic BC 

𝜂𝑡 = −𝑈1𝜂𝑥 + 𝜙1𝑧̂ = −𝑈2𝜂𝑥 + 𝜙2𝑧̂ on 𝑧 =  0 
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Step5 Assume normal mode disturbance (similar separation of variables) 

𝜙𝑗̂ = 𝐴𝑗(𝑧)𝑒
𝑖(𝛼𝑥−𝜎𝑡) 

𝜙1̂ = 𝐴1(𝑧)𝑒
𝑖(𝛼𝑥−𝜎𝑡) 𝜙2̂ = 𝐴2(𝑧)𝑒

𝑖(𝛼𝑥−𝜎𝑡) 

 

α = wave number 

σ =  temporal growth rate: 𝜎𝑟 + 𝑖𝜎𝑖 

−𝑖𝜎 = −𝑖σ𝑟 + σ𝑖  ⇒  σ𝑖 > 0 unstable 

 

Step 6 Solve eigenvalue problem 

𝛻2𝜙1̂ = 0 = 𝜙1,𝑥𝑥̂ + 𝜙1,𝑧𝑧̂  

𝜙1𝑥̂ = 𝐴1𝑖𝛼𝑒
𝑖(𝛼𝑥−𝜎𝑡) 

𝜙1𝑥𝑥̂ = −𝐴1𝛼
2𝑒𝑖(𝛼𝑥−𝜎𝑡) 

𝜙1𝑧𝑧̂ = 𝐴1𝑧𝑧𝑒
𝑖(𝛼𝑥−𝜎𝑡) 

−𝛼2𝐴1 + 𝐴1𝑧𝑧 = 0   

−𝛼2𝐴2 + 𝐴2𝑧𝑧 = 0   

 

Exponential solutions 𝐴𝑗 = 𝐴𝑗
′𝑒±α𝑧 

where ± determined based far field BC. 

𝜙1̂ = 𝐴1
′ 𝑒[𝑖(𝛼𝑥−𝜎𝑡)+𝛼𝑧]  𝜙2̂ = 𝐴2

′ 𝑒[𝑖(𝛼𝑥−𝜎𝑡)−𝛼𝑧] 

Also assume 𝜂 = 𝜂0𝑒
𝑖(𝛼𝑥−𝜎𝑡) 
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η𝑥 = η0(𝑖α)𝑒
𝑖(α𝑥−σ𝑡)                η𝑡 = η0(−𝑖σ)𝑒

𝑖(α𝑥−σ𝑡) 

𝜙1𝑧̂ = 𝐴1
′ 𝛼𝑒𝑖(𝛼𝑥−𝜎𝑡)𝑒𝛼𝑧           𝜙1𝑥̂ = 𝐴1

′ (𝑖𝛼)𝑒𝑖(𝛼𝑥−𝜎𝑡)𝑒𝛼𝑧 

𝜙2𝑧̂ = 𝐴2
′ (−𝛼)𝑒𝑖(𝛼𝑥−𝜎𝑡)𝑒−𝛼𝑧  𝜙2𝑥̂ = 𝐴2

′ (𝑖𝛼)𝑒𝑖(𝛼𝑥−𝜎𝑡)𝑒−𝛼𝑧 

𝜙1𝑡̂ = 𝐴1
′ (−𝑖𝜎)𝑒𝑖(𝛼𝑥−𝜎𝑡)𝑒𝛼𝑧    𝜙2𝑡̂ = 𝐴2

′ (−𝑖𝜎)𝑒𝑖(𝛼𝑥−𝜎𝑡)𝑒−𝛼𝑧 

 

Kinematic BC 

𝑧 = 0:  

−𝑈1η0(𝑖α) + α𝐴1
′ = η0(−𝑖σ) = −𝑈2η0(𝑖α) − α𝐴2

′ =𝜂𝑡 = η0(−𝑖α) 

𝛼𝐴1
′ = 𝑖𝜂0(𝛼𝑈1 − 𝜎)      𝐴1

′ = 𝑖𝜂0 (𝑈1 −
𝜎

𝛼
) 

𝛼𝐴2
′ = −𝑖𝜂0(𝛼𝑈2 − 𝜎)  𝐴2

′ = −𝑖𝜂0 (𝑈2 −
𝜎

𝛼
) 

 

Dynamic BC 

𝑧 = 0:  

𝜌1[𝐴1
′ (−𝑖𝜎) + 𝑈1𝐴1

′ (𝑖𝛼) + 𝑔𝜂0] = 𝜌2[𝐴2
′ (−𝑖𝜎) + 𝑈2𝐴2

′ (𝑖𝛼) + 𝑔𝜂0] 

𝜌1[𝐴1
′ (−𝑖𝜎) − 𝑈1𝜂0(𝛼𝑈1 − 𝜎) + 𝑔𝜂0]

= 𝜌2[𝐴2
′ (−𝑖𝜎) + 𝑈2𝜂0(𝛼𝑈2 − 𝜎) + 𝑔𝜂0] 

𝜌1 [𝑖𝜂0 (𝑈1 −
𝜎

𝛼
) (−𝑖𝜎) − 𝑈1𝜂0(𝛼𝑈1 − 𝜎) + 𝑔𝜂0] = 

𝜌2 [−𝑖𝜂0 (𝑈2 −
𝜎

𝛼
) (−𝑖𝜎) + 𝑈2𝜂0(𝛼𝑈2 − 𝜎) + 𝑔𝜂0] 

𝜌1 [− (𝑈1 −
𝜎

𝛼
)𝜎 − 𝑈1(𝛼𝑈1 − 𝜎) + 𝑔]

= 𝜌2 [− (𝑈2 −
𝜎

𝛼
)𝜎 + 𝑈2(𝛼𝑈2 − 𝜎) + 𝑔] 



6 
 

𝜌1 [(𝑈1 −
𝜎

𝛼
) (𝜎 − 𝑈1𝛼) + 𝑔] = 𝜌2 [− (𝑈2 −

𝜎

𝛼
) (𝜎 − 𝑈2𝛼) + 𝑔] 

𝜌1[(𝛼𝑈1 − 𝜎)(𝜎 − 𝑈1𝛼) + 𝑔𝛼] = 𝜌2[−(𝛼𝑈2 − 𝜎)(𝜎 − 𝑈2𝛼) + 𝑔𝛼] 

 

(α𝑈1 − σ)(σ − 𝑈1α) = −(σ − α𝑈1)
2 = −σ2 + 2α𝑈1σ − α

2𝑈1
2 

−(α𝑈2 − σ)(σ − 𝑈2α) = (σ − α𝑈2)
2 = σ2 − 2α𝑈2σ + α

2𝑈2
2 

 

ρ1[−(σ − α𝑈1)
2 + 𝑔α] = ρ2[(σ − α𝑈2)

2 + 𝑔α] 

−ρ1σ
2 + 2ρ1α𝑈1σ − ρ1α

2𝑈1
2 + ρ1𝑔α − ρ2σ

2 + 2ρ2α𝑈2σ − ρ2α
2𝑈2

2

− ρ2𝑔α = 0 

−σ2(ρ1 + ρ2) + 2ασ(ρ1𝑈1 + ρ2𝑈2) − α
2(ρ1𝑈1

2 + ρ2𝑈2
2)

+ 𝑔α(ρ1 − ρ2) = 0 

σ2 + σ [
−2α(ρ1𝑈1 + ρ2𝑈2)

ρ1 + ρ2
] +

α2

ρ1 + ρ2
(ρ1𝑈1

2 + ρ2𝑈2
2 −

𝑔

α
(ρ1 − ρ2))

= 0 

𝑎𝑥2 + 𝑏𝑥 + 𝑐 = 0,  𝑥 =
−𝑏 ± √𝑏2 − 4𝑎𝑐

2𝑎
 

𝑎 = 1,  𝑏 = −
2α(ρ1𝑈1 + ρ2𝑈2)

ρ1 + ρ2
 

𝑐 =
α2

ρ1 + ρ2
[ρ1𝑈1

2 + ρ2𝑈2
2] − α𝑔

ρ1 − ρ2
ρ1 + ρ2

 

𝑏2 =
4α2(ρ1𝑈1 + ρ2𝑈2)

2

(ρ1 + ρ2)
2

 



7 
 

−4𝑎𝑐 = −
4α2(ρ1𝑈1

2 + ρ2𝑈2
2)

ρ1 + ρ2
+ 4α𝑔

ρ1 − ρ2
ρ1 + ρ2

 

 

(ρ1 + ρ2)
−2[(ρ1𝑈1 + ρ2𝑈2)

2 − (ρ1𝑈1
2 + ρ2𝑈2

2)(ρ1 + ρ2)] 

𝜌1
2𝑈1

2 + 2ρ1ρ2𝑈1𝑈2 + 𝜌2
2𝑈2

2 − 𝜌1
2𝑈1

2 − ρ1ρ2𝑈2
2 − ρ1ρ2𝑈1

2 − 𝜌2
2𝑈2

2 

ρ1ρ2(2𝑈1𝑈2 − 𝑈1
2 − 𝑈2

2) = −ρ1ρ2(𝑈1 − 𝑈2)
2 

 

σ =
α(ρ1𝑈1 + ρ2𝑈2)

ρ1 + ρ2
± [
α𝑔(ρ1 − ρ2)

ρ1 + ρ2⏟        
(1)

−
α2ρ1ρ2(𝑈1 − 𝑈2)

2

(ρ1 + ρ2)
2⏟            

(2)

]

1/2

= σ𝑟 + 𝑖σ𝑖 

σ𝑖 > 0 unstable √−𝑝 = 𝑖√𝑝  − 𝑝 < 0 

 

For (2) < (1) σ𝑖 = 0 ∴ neutral stability 

For (1) < (2) 𝜎𝑖 and + root 𝜎𝑖  >  0 

α𝑔(ρ1 − ρ2)

ρ1 + ρ2
<
α2ρ1ρ2(𝑈1 − 𝑈2)

2

(ρ1 + ρ2)
2

 

or 𝑔(ρ1 − ρ2)(ρ1 + ρ2) < αρ1ρ2(𝑈1 − 𝑈2)
2 

or 𝑔(ρ1
2 − ρ2

2) < αρ1ρ2(𝑈1 − 𝑈2)
2 

∴ if 𝛥𝑈 large enough or (ρ1
2 − ρ2

2) small enough 

or 𝛼 = 2𝜋/𝜆 large enough flow unstable 

(i.e. 𝜆 small) ⇒ vortex sheets always unstable 
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Step 7 not needed an analytical solution provides stability condition 

 


