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Kelvin-Helholtz Instability 

Enhanced momentum, heat, and moisture transport in the atmosphere plus 

routinely exploited in variety of geometries for the mixing two or more 

streams in engineering applications. 

 

Two horizontal parallel streams different 𝑈 .  Infinite depths with zero 

thickness interface.  Assume 𝜌 =constant, 𝜔 = 0, and 𝜇 = 0. 

Step 1 Basic flow 

ϕ1̃ = 𝑈1𝑥  

ϕ2̃ = 𝑈2𝑥  

Note tangential velocity and stresses are discontinuous across the 

interface: vortex sheet 

 

Step 2 Add Disturbance 

𝜙1̃ = 𝑈1𝑥 + 𝜙1 𝜙1 → 0  𝑧 →  ∞ 

𝜙2̃ = 𝑈2𝑥 + 𝜙2 𝜙2 → 0 𝑧 → −∞  

∇2𝜙1 = 0 ∇2𝜙2 = 0       𝑧 = ζ(𝑥, 𝑡) 
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Steps 3 and 4 Subtract Step 1 and linearize 

Kinematic and dynamic interface conditions 

Kinematic condition is that the vertical velocity is continuous across the 

interface and the interface moves with that velocity in the normal direction 

𝐹 = 𝑧 − ζ 
𝐷𝐹

𝐷𝑡
= 0 =

∂𝐹

∂𝑡
+ 𝑉 ⋅ ∇𝐹 = −ζ𝑡 − (𝑈1 + 𝑢1)ζ𝑥 − 𝑣1ζ𝑦 + 𝑤1

= 0 

∇𝐹 = −ζ𝑥𝑖̂ − ζ𝑦𝑗̂ + 𝑘̂ or ζ𝑡 + (𝑈1 + 𝑢1)ζ𝑥 + 𝑣1ζ𝑦 = 𝑤1 = ϕ1𝑧 

∇𝜙1 = 𝑢1𝑖̂ + 𝑣1𝑗̂ + 𝑤1k̂ 

𝜕𝜙1

𝜕𝑧
=
𝐷𝜁

𝐷𝑡
=
𝜕𝜁

𝜕𝑡
+ (𝑈1 + 𝑢1)

∂ζ

∂𝑥
+ 𝑣1

∂ζ

∂𝑦
     on 𝑧 = 𝜁 

𝜕𝜙2

𝜕𝑧
=
𝐷𝜁

𝐷𝑡
=
𝜕𝜁

𝜕𝑡
+ (𝑈2 + 𝑢2)

∂ζ

∂𝑥
+ 𝑣2

∂ζ

∂𝑦
    on 𝑧 = 𝜁 

linearize: 

𝜙1𝑧 = 𝜁𝑡 + 𝑈1ζ𝑥  

𝜙2𝑧 = 𝜁𝑡 + 𝑈2ζ𝑥  

on 𝑧 = 0 

 

Dynamic condition is that the stress must be continuous across the 

interface, i.e., 𝑝1̃ = 𝑝2̃ on 𝑧 = ζ (neglecting surface tension). 

𝑝1̃ = 𝑃1 + 𝑝1  𝑝2̃ = 𝑃2 + 𝑝2 

𝜕𝜙1̃

𝜕𝑡
+
1

2
(𝛻𝜙1̃)

2
+
𝑝1̃

𝜌
+ 𝑔𝑧 = 𝑐1   on 𝑧 = 𝜁 

𝜕𝜙2̃

𝜕𝑡
+
1

2
(𝛻𝜙2̃)

2
+
𝑝2̃

𝜌
+ 𝑔𝑧 = 𝑐2   on 𝑧 = 𝜁 
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For basic flow 𝑃1 = 𝑃2 on 𝑧 =  0 

𝜌1 (
1

2
𝑈1
2 − 𝑐1) = 𝜌2 (

1

2
𝑈2
2 − 𝑐2)     on 𝑧 = 0 

For the disturbed flow on 𝑧 = 𝜁 

𝜌1𝑐1 − 𝜌1
𝜕𝜙1̃
𝜕𝑡

−
𝜌1
2
[(𝑈1 + 𝑢1)

2 + 𝑣1
2 + 𝑤1

2] − 𝜌1𝑔𝜁 

= 𝜌2𝑐2 − 𝜌2
𝜕𝜙2̃
𝜕𝑡

−
𝜌2
2
[(𝑈2 + 𝑢2)

2 + 𝑣2
2 + 𝑤2

2] − ρ2𝑔ζ 

 

Subtracting disturbed flow from basic flow and linearize 

𝜌1[𝜙1𝑡 + 𝑈1𝜙1𝑥 + 𝑔𝜁] = 𝜌2[𝜙2𝑡 + 𝑈2𝜙2𝑥 + 𝑔𝜁]     on 𝑧 =  0 

 

𝜙1 and 𝜙2 satisfy ∇2subject BC ∞ and linearized kinematic and dynamic 

interface conditions. 

 

Step 5 Assume normal modes with 𝐾 = (𝑘, 0,0) 

𝜙1(𝑥, 𝑧, 𝑡) = 𝐴1(𝑧)𝑒
𝑖𝑘(𝑥−𝑐𝑡)     𝜙2(𝑥, 𝑧, 𝑡) = 𝐴2(𝑧)𝑒

𝑖𝑘(𝑥−𝑐𝑡) 

𝑘 = real      𝑐 = 𝑐𝑟 + 𝑖𝑐𝑖   − 𝑖𝑘𝑐 = −𝑖𝑘𝑐𝑟 + 𝑘𝑐𝑖 

∴ flow unstable 𝑐𝑖 > 0.  Note 𝜎𝑡 form more convenient convective cells. 

 

Step 6 Substitution in ∇2: −𝑘2𝐴1 + 𝐴1𝑧𝑧 = 0 − 𝑘2𝐴2 + 𝐴2𝑧𝑧 = 0 

Solutions 𝐴𝑖𝑒
±𝑘𝑧 with ± determined by BC ∞ 
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𝜙1 = 𝐴−𝑒
𝑖(𝑘𝑥−𝑐𝑡)𝑒−𝑘𝑧  𝜙2 = 𝐴+𝑒

𝑖(𝑘𝑥−𝑐𝑡)𝑒𝑘𝑧 

Similarly assume 𝜁 = 𝜁0𝑒
𝑖𝑘(𝑥−𝑐𝑡) 𝛿 = 𝑖𝑘(𝑥 − 𝑐𝑡) 

𝜙1𝑧 = 𝐴−(−𝑘)𝑒
𝛿𝑒𝑘𝑧 𝜁𝑡 = 𝜁0(−𝑖𝑘𝑐)𝑒

𝛿 

𝜙2𝑧 = 𝐴+(𝑘)𝑒
𝛿𝑒−𝑘𝑧  𝜁𝑥 = 𝜁0(𝑖𝑘)𝑒

𝛿 

 

Kinematic BC 

𝜙1𝑧 − 𝑈1𝜁𝑥 = 𝜁𝑡 = 𝜙2𝑧 − 𝑈2𝜁𝑥  on 𝑧 = 0 

𝐴−(−𝑘) − 𝑈1𝜁0(𝑖𝑘) = 𝜁0(−𝑖𝑘𝑐) = 𝐴+(𝑘) − 𝑈2𝜁0(𝑖𝑘) 

𝑘𝐴− = −𝜁0(𝑖𝑘𝑈1 − 𝑖𝑘𝑐) 

𝑘𝐴+ = 𝜁0(𝑖𝑘𝑈2 − 𝑖𝑘𝑐) 

 

Dynamic BC 

𝜙1𝑡 = 𝐴−(−𝑖𝑘𝑐)𝑒
𝛿𝑒−𝑘𝑧 𝜙1𝑥 = 𝐴−(𝑖𝑘)𝑒

𝛿𝑒−𝑘𝑧 

𝜙2𝑡 = 𝐴+(−𝑖𝑘𝑐)𝑒
𝛿𝑒𝑘𝑧   𝜙2𝑥 = 𝐴+(𝑖𝑘)𝑒

𝛿𝑒𝑘𝑧 

 

𝜌1[𝐴−(−𝑖𝑘𝑐) + 𝑈1𝐴−(𝑖𝑘) + 𝑔𝜁0] = 𝜌2[𝐴+(−𝑖𝑘𝑐) + 𝑈2𝐴+(𝑖𝑘) + 𝑔𝜁0] 

on 𝑧 =  0 

 

𝜌1[𝑘𝐴−(−𝑖𝑐 + 𝑖𝑈1) + 𝑔𝜁0] = 𝜌2[𝑘𝐴+(−𝑖𝑐 + 𝑖𝑈2) + 𝑔𝜁0] 

𝜌1 [
𝑘𝐴−
𝜁0

(−𝑖𝑘𝑐 + 𝑖𝑘𝑈1) + 𝑘𝑔] = 𝜌2 [
𝑘𝐴+
𝜁0

(−𝑖𝑘𝑐 + 𝑖𝑘𝑈2) + 𝑘𝑔] 

𝜌1[−(−𝑖𝑘𝑐 + 𝑖𝑘𝑈1)
2 + 𝑘𝑔] = 𝜌2[(𝑖𝑘𝑐 + 𝑖𝑘𝑈2)

2 + 𝑘𝑔] 
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𝜌1[+(𝑘𝑐)
2 − 2𝑘2𝑐𝑈1 + 𝑘

2𝑈1
2 + 𝑘𝑔]

= 𝜌2[−(𝑘𝑐)
2 + 2𝑘2𝑐𝑈2 − 𝑘

2𝑈2
2 + 𝑘𝑔] 

𝜌1 [𝑐
2 − 2𝑐𝑈1 + 𝑈1

2 +
𝑔

𝑘
] = 𝜌2 [−𝑐

2 + 2𝑐𝑈2 − 𝑈2
2 +

𝑔

𝑘
] 

𝑐2(𝜌1 + 𝜌2) − 𝑐(2𝜌1𝑈1 + 2𝜌2𝑈2) + 𝜌1𝑈1
2 + 𝜌2𝑈2

2 +
𝑔

𝑘
(𝜌1 − 𝜌2) = 0 

𝑐2 + 𝑐 [
−2(𝜌1𝑈1 + 𝜌2𝑈2)

𝜌1 + 𝜌2
]

⏟            
𝑏

+
𝜌1𝑈1

2 + 𝜌2𝑈2
2

𝜌1 + 𝜌2
+
𝑔

𝑘

(𝜌1 − 𝜌2)

(𝜌1 + 𝜌2)⏟                  
𝑐

= 0 

𝑏2 =
4(𝜌1𝑈1 + 𝜌2𝑈2)

2

(𝜌1 + 𝜌2)
2

 

−4𝑎𝑐 = −4(𝜌1𝑈1
2 + 𝜌2𝑈2

2)(𝜌1 + 𝜌2)
−1 +

4𝑔

𝑘

(𝜌2 − 𝜌1)

(𝜌1 + 𝜌2)
 

(𝜌1 + 𝜌2)
−2[(𝜌1𝑈1 + 𝜌2𝑈2)

2 − (𝜌1𝑈1
2 + 𝜌2𝑈2

2)(𝜌1 + 𝜌2)]

= −
𝜌1𝜌2(𝑈2 − 𝑈1)

2

(𝜌1 + 𝜌2)
2

 

𝑐 =
𝜌2𝑈2 + 𝜌1𝑈1
𝜌2 + 𝜌1

± [
𝑔

𝑘

(𝜌2 − 𝜌1)

(𝜌2 + 𝜌1)⏟      
(1)

−
𝜌1𝜌2(𝑈2 − 𝑈1)

2

(𝜌1 + 𝜌2)
2⏟          

(2)

]

1/2

 

for (2) < (1) 𝑐 real for both solutions and solution stable 

for (2) > (1) 𝑐𝑖 > 0 and + solution unstable 

 

Step 7     𝑔(𝜌2
2 − 𝜌1

2) < 𝑘𝜌1𝜌2(𝑈2 − 𝑈1)
2 

using  (𝜌2 − 𝜌1)(𝜌2 + 𝜌1) = 𝜌2
2 − 𝜌1

2 
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𝛥𝑈 high enough or 𝛥𝜌 small enough or 𝑘 large enough 

 

Note for each growing solution there is a corresponding decaying solution 

 

Limiting cases: 

(1) 𝑈1 = 𝑈2 = 0,   𝑐 = ± [(
𝜌2 − 𝜌1
𝜌2 + 𝜌1

)
𝑔

𝑘
]
1/2

 

𝜌2 < 𝜌1  unstable and 𝜌2 = 𝜌1  neutral stability and 𝑐𝑘  = dispersion 

relation for waves on a density interface (Kundu et al. Section 8.7) 

 

(2) For 𝑈1 ≠ 𝑈2, 𝑘 exists for which flow is unstable, i.e., flow is always 

unstable short waves 𝜆 =
2𝜋

𝑘
. 

 

(3) For ρ1 = ρ2,  𝛥𝑈  discontinuous, i.e., vortex sheet with strength γ =

(𝑈2 − 𝑈1) 

𝑐 =
1

2
(𝑈2 + 𝑈1) ±

𝑖

2
(𝑈2 − 𝑈1) 

∴  unstable all 𝑘  and unstable waves move with phase velocity, i.e., 

average velocity = 𝑐𝑅 
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Basic flow in moving reference frame at average velocity 𝑐𝑅 . A 

disturbance to the interface will be stationary in this reference frame. 

 

Kelvin-Helmholtz caused by destabilizing effect shear overcoming 

stabilizing effects density stratification 
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Unstable waves at interface transform ACDF to ABEF for 𝜌(𝑧)  and 

MOPR to MNQR for 𝑈(𝑧). High density fluid depth DE raised upward 

(and mixed with lower density fluid depth BC), which means PE of 

system increased due instability. The required energy is drawn from the 

KE of the basic field, or the KE of the initial profile MOPR is > than the 

final profile MNQR 

For 𝑈2 = 0, after mixing 𝑈(𝑧) =
𝑈1

2
(1 +

𝑧

ℎ
)  − ℎ ≤ 𝑧 ≤ ℎ  

                     ρ(𝑧) = ρ2 −
(ρ2 − ρ1)

2
(1 +

𝑧

ℎ
) 

2D ΔKE in range −ℎ ≤ 𝑧 ≤ ℎ per unit width: 

𝐸𝑖𝑛𝑖𝑡𝑖𝑎𝑙 =
1

2
𝜌1𝑈1

2ℎ 𝐸𝑓𝑖𝑛𝑎𝑙 =
1

2
∫ 𝜌(𝑧)𝑈2(𝑧)
ℎ

−ℎ

𝑑𝑧

=
𝜌1𝑈1

2ℎ

3
+
(𝜌2 − 𝜌1)𝑈1

2ℎ

12
 

For (𝜌2 − 𝜌1) ≪ 𝜌1  KE decreases whereas total momentum =

∫  ρ(𝑧)𝑈(𝑧) 𝑑𝑧 is nearly unchanged; since, Minitial = 𝜌1𝑈1ℎ and 𝑀𝑓𝑖𝑛𝑎𝑙 =
𝑈1ℎ(𝜌1+2𝜌2)

3
 . If ∫  ρ(𝑧)𝑈(𝑧) 𝑑𝑧  does not change, then ∫𝜌(𝑧)𝑈2(𝑧)𝑑𝑧 

decreases if gradients decrease. 
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Fig 11.4, 11.5 show advanced nonlinear stages of the instability, in which 

interface is a rolled-up layer of vorticity, which is replicated nonlinear 

numerical predictions 

 

 

Energy source of the K-H instability is the KE of the two streams. 

The disturbances evolve to smear out gradients until they cannot grow 

further 

 

 

 


