Benard: Fluid Dynamics
Vxu=w (1) u=u6+ud=Vx4 (2)

Where A = (0,0, L) = vector potential for axisymmetric flow in

rsin0
spherical coordinates (Appendix A) and used in Helmholtz

decomposition, i.e., V® =V x A. Note V-4 = 0.

Vx(Vx4)=0 3)

v
VX(Verineeq,)—wq,e(p (4)

Lye; =wgses
rsinGLIJd) b=

sinﬂa( 1

Ly =y + 20 (=) (5)

sin ©

using definition V X (V X

éq\,) or VZ( L )ég in spherical

rsin 6

rsin®
coordinates. Appendix B.

Stokes Flow: VZw =0 VxVxw=Y(1-®)- V0

Vx(Vxw)=0=-Vw

Vx (VX wges) =0=—V2wy

)= o-
Vx(Vx[Vx(ersingeq,] =0=-Vwy

Ly
Vx|V (- es )] =0=—-V?
< ( rsin98¢>> “¢

(5) true any solution  including Ly -

Ly \\_ 1 S
e (V % (_rsin(%)ee)) - rsinGL(LqJ)ee =0

e, L(LY) =0 (6) Appendix B.
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62+sin96<1 a)z i
dr? r2 00 \sin0 00 b=

BC: (u,,ug) =(0,0) r=a noslip
_Yo _ ¥

Ur = r2sin 0 Ug = rsin 6
l.e., Yg(a,08) =0 and Y, (a,0) =0
Y= %Ur2 sin? @ uniform flow r - o

Assume = f(r)sin? 0

U, = f'sin?6 Y = f2sin O cos b

rlLrgof(r)/rz =U/2 f(a)=0 f(a)=0

L= —4/r2f" +8/r3f —8/r*f)sin26 =0

General solution homogeneous equation is equidimensional equation
solution 78

f(r) =cr*+ cor? + c3r + ¢y /7
c;=0 ¢,=U/2 ¢3=-3Ua/4 c,=Ua3/4
f(r)=U@?/2—-3ar/4 + a3/4r)
1 3,a 1 ,a\3
— 2 R A in2
Y(r,0) —ZUr (1 Z(r)+2(r) )sm 6

Comparison  inviscid and Stokes with same contour levels shows
viscous streamlines spread further apart away from the sphere and
shows presence of the sphere at further distances. Forward and aft
symmetry due to vorticity flux from r =a and outward viscous
diffusion. Convection would cause asymmetry.
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Figure 19.4. Streamlines of Stokes fl

-1. v \ 2 . .
igure 6.4. Streamlines corresponding to Eq. (6.1 1) in inviscid sphere flow.
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Recall wg = ——t— = _ﬂ(f” _g)

rsin® T T2
f(r)=U?/2—-3ar/4 + a3/4r)
f'=U@ —3a/4—a3/4r?)
f'"=U0+a3/2r3)

o1+ a3 2U (r? 3ar_|_a3
213 rz \ 2 4 4r
Y+ Uad2#273 — Y + 3Ua/2r — Ua3#273

sin8 /3Ua 3Ua |
(5r) = 37z5me

Wg = —
¢ r
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Re-arrange (7, 0) = %Ur2 (1 — % (%) + % (g)3> sin” 0

(r,0) = ~Ur?si 29(1+1(a)3) > Uarsin? 6
W(r, =3 7 sin > > 2 ar sin

(1) (2)

(1) modifies ¥, (2) responsible wy

. 1 a\3
Compare potential flow: §(r,0) =~ Ur?sin? 6 (1 — (—) )

r

doublet + uniform flow

u, = UcosO (1 — (%)3> ug = —Usin® (1 +%(%)3)

u,(a,0) =0 ug(a,0) = —%Usin 0,ie.,only=0at0, m

1 3 a3 3
Yy — =§Ur2 sinze(z(;) )—ZUarsinzé?

4



Forces on sphere
Vp = pWWu == —pV x o

VxVxu=V(V-u)-—Viu

Vp=p,é +1r'pgéy

B L 3Ua p
= Wyly Wy = 27ﬂzsm

v d +1 d
arer r69
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VX (wq,eq,) rsin® 00 ((‘)d) 5in 0) &, — ——— (rooq,)eg

6w¢ 3Ua
39 = 272080

—— = —=Uasin@ (—-2r~>) = ——sin0
ar 2 r3

3Ua
rwg = _ETSIHH

3Ua
(rw¢)r = Er—zsm 0

3Ua
_;(rwcp)r = —EFSIHH

1
rsin 0

0 p 220
Cos 0O wgy + sin 30

-l os i (-2 - -

3ula

. 3ula
L€, Dr =—3




r 8 3 cos©
p—poo=jopr dr+joperd9=—§uUa 2

3ula coseforr‘3 dr = 3pUa cos 8 (— %)

= —;uUaC(;Sze + £60)
3;;]3ajoesin6 rdo = —;uUaC:SZG + £
p(r,8) = po, —%MUGC:SZG

axisymmetric - unlike potential flow there would be drag

A 3cos0 2aU U? U
P_ - _ Re = — p =&

P pU2/Re (r/a)? v 2aU/v  2a

i.e., p scales like pU?/Re (low Re)vs. pU? (high Re)

F; = o;nj = |-p8;; + 1;j|n; = —pn; + t;ym; = force per unit area
normal surface

component in {direction = [—p cos8 + 7, cos 8 — T,g Sin 6]

onr =a

ou, 3a  3ad
TrTZZHWZZMUCOSG ﬁ_ﬁ
0 (ug 10u, 3ulad
vo = ulr5 () + 75| =~ sin®
3ul 3ul 3ul
dind c0529+0+—u sin2 @ = -2~
2a 2a 2a
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D=="—x 4ma* = 6mnpal
2a ~——
surface area

Re < 0.5 excellent, 10% error Re = 1

D

pU?2 Ta?
projected area

Cp =1 = 24/Re Stokes drag law

2

D/ualU = 6m proper form Stokes flow

Self-consistency

U, = (1—3—a+1(g)3)c039

2r 2 \r
3a 1 ,a\3\ .
ug——U(l—E—Z(;) )sm@

which neglects convection. However, ratio w - Vu /vVu only small
close to sphere. vvzw(p I and r T such that at about 3D
convection/diffusion ~ 1.

Correction O order solution: Oseen equations.

U=Ui V-u=0 pU-Vu=—Vp+uViu still linear
Same Stokes near sphere and improvement far field.
Vorticity equation becomes

U-Vo = vwW2w

vorticity diffusion and convection downstream velocity Ui
Cp = 2 (1 + > R )
P=Re\" 16

which is only small improvement for increased Re.



