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Stokes sphere solution using separation of variables and spherical 

coordinates, as per Appendix 9.2-A 

∇𝑝 = 𝜇∇2𝑢 

0 = ∇2𝜔 note: −∇ × ∇ × 𝜔 = −∇(∇ ⋅ 𝜔) + ∇2𝜔 = ∇2𝜔 

only component of vorticity ∇ × 𝑢 is 

𝜔𝜙 =
1

𝑟
(
𝜕

𝜕𝑟
(𝑟𝑢𝜃) −

𝜕𝑢𝑟
𝜕𝜃
) 

𝑢 = −∇ϕ × ∇ψ = −
𝑖ϕ̂

𝑟 sin θ
× (𝑖𝑟̂𝜓𝑟 + 𝑖θ̂

𝜓θ
𝑟
+ 𝑖ϕ̂

𝜓ϕ

𝑟 sin θ
) 

= −
𝑖𝜃̂

𝑟 sin θ
𝜓𝑟 +

𝑧𝑟̂
sin θ

𝜓θ
𝑟

 

=
𝜓θ
𝑟 sin θ⏟  
𝑢𝑟

𝑖𝑟̂    −
𝜓𝑟

𝑟 sin θ⏟    
𝑢θ

𝑖θ̂ 

ωϕ = −
1

𝑟
[
𝜓𝑟𝑟
sin θ

+
1

𝑟2
∂

∂θ
(
1

sin θ
𝜓θ)] 

Combining with ∇2ωϕ = 0 ⇒ [
∂2

∂𝑟2
+
sinθ

𝑟2
∂

∂θ
(

1

sinθ

∂

∂θ
)]
2

ψ = 0 (1) 

 

𝜓𝜃(𝑎, 𝜃) = 0 𝑢𝑟 = 0

𝜓𝑟(𝑎, 𝜃) = 0 𝑢𝜃 = 0
}  𝑟 = 𝑎 no slip 

ψ(∞, θ) =
1

2
𝑈𝑟2 sin2 𝜃   uniform flow at ∞ 

Assume ψ = 𝑓(𝑟) sin2 𝜃  

i.e. separation of variables based far field solution 

See Appendix 9.3-B 
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Substitution in (1) 

𝑓𝐼𝑉 −
4𝑓′′

𝑟2
+
8𝑓′

𝑟3
−
8𝑓

𝑟4
= 0 

𝑓 = 𝐴𝑟4 + 𝐵𝑟2 + 𝐶𝑟 +
𝐷

𝑟
 

∞ condition : 𝐴 = 0  and  𝐵 = U/2 

𝑟 = 𝑎 condition : 𝐶 = −
3𝑈𝑎

4
  and  𝐷 = 𝑈𝑎3/4 

ψ = 𝑈𝑟2 sin2 𝜃 [
1

2
−
3𝑎

4𝑟
+
𝑎3

4𝑟3
] 

=
𝑈 sin2 𝜃

4
[ 2𝑟2⏟
𝑢𝑛𝑖𝑓𝑜𝑟𝑚 𝑓𝑙𝑜𝑤

− 3𝑎𝑟⏟
𝑆𝑡𝑜𝑘𝑒𝑠𝑙𝑒𝑡

+
𝑎3

𝑟⏟
𝑑𝑖𝑝𝑜𝑙𝑒

] 

𝑢𝑟 = 𝑈 cos θ (1 −
3𝑎

2𝑟
+
𝑎3

2𝑟3
) 

𝑢θ = −𝑈 sin θ (1 −
3𝑎

4𝑟
−
𝑎3

4𝑟3
) 

∇𝑝 = μ∇2𝑉   

𝑝 = −
3𝑎μ𝑈 cos θ

2𝑟2
+ 𝑝∞ 

 

𝑃𝑚𝑎𝑥/𝑃𝑚𝑖𝑛 at fwd/aft Stagnation points (/0) 𝑃𝑚𝑎𝑥/𝑃𝑚𝑖𝑛 = ±
3μ𝑈

2𝑎
 

𝑝 ∝ μ antisymmetric +  front −  back  create pressure drag 

 

Equidimensional equation with 

solutions power series rn and in 

this case n = -1,1,2,4 
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Viscous shear stress 

τ𝑟𝑟 = 2μ
∂𝑢𝑟
∂𝑟

= 2μ𝑈 cos θ [
3𝑎

2𝑟2
−
3𝑎3

2𝑟4
] 

τ𝑟θ = μ

[
 
 
 
 
1

𝑟

∂𝑢𝑟
∂θ

+
∂𝑢θ
∂𝑟

−
𝑢θ
𝑟⏟      

𝑟
𝜕
𝜕𝑟
(
𝑢𝜃
𝑟
) ]
 
 
 
 

=
−μ𝑈 sin θ 

𝑟
(
3𝑎3

2𝑟3
) 

𝐹 = −∫ τ𝑟θ

2π

0

|𝑟=𝑎 sin θ  𝑑𝐴 − ∫ 𝑝|𝑟=𝑎 cos θ
2π

0

 𝑑𝐴 

𝑑𝐴 = 2π𝑎2 sin θ  𝑑𝜃   Surface area: 4π𝑎2  

Volume: 
4

3
π𝑎3 

𝐹 = 4πμ𝑈𝑎⏟    
2/3 𝑣𝑖𝑠𝑐𝑜𝑢𝑠

+ 2πμ𝑈𝑎⏟    
1/3 𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑒

= 6πμ𝑈𝑎 

𝑅𝑒 ≪ 1 , but agrees EFD up to 𝑅𝑒 = 1 

𝐹

μ𝑈𝑎
= 6π = constant since 𝑉 ⋅ ∇𝑉 = 0, ρ not important 

𝐶𝐷 =
2𝐹

ρ𝑈2π𝑎2
=
24

𝑅𝑒
  𝑅𝑒 =

2𝑎ρ𝑈

μ
 

𝑅𝑒 > 20 separation, pressure drag increases 

 

 

 

 

∝ U 

∝  
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ψ − uniform stream = 𝑈𝑟2 sin2 𝜃 (−
3𝑎

4𝑟
+

𝑎3

4𝑟3
) Inertial refernce frame 

Symmetric fore and aft due 𝑉 ⋅ ∇𝑉 = 0 and no wake, i.e., change in 

direction. Just sign −𝑉 and −𝑝 

 

Nonuniformity Stokes solution: Oseen Approximation 

Viscous force/∀ =  stress gradient ∼
μ𝑈𝑎

𝑟3
  𝑟 → ∞ 

Inertial force /∀ = ∼ ρ𝑢𝑟
∂𝑢θ

∂𝑟
∼
ρ𝑈2𝑎

𝑟2
   𝑟 → ∞ 

∴
𝑖𝑛𝑒𝑟𝑡𝑖𝑎𝑙 𝑓𝑜𝑟𝑐𝑒

𝑣𝑖𝑠𝑐𝑜𝑢𝑠 𝑓𝑜𝑟𝑐𝑒
∼
ρ𝑈𝑎

μ

𝑟

𝑎
= 𝑅𝑒 

𝑟

𝑎
   𝑟 → ∞ 

Inertia not negligible for 
𝑟

𝑎
∼

1

𝑅𝑒
 no matter how small 𝑅𝑒, which 

occurs at distances of order ν 𝑈⁄ . 
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It can be shown that including 1st order term 𝑉 is infinite at large 

distances, which is called Whitehead paradox, as was the case for the 

0th order 2D solution, which was called Stokes paradox: singular 

perturbation problems 

Oseen improvement: 

𝑢 = 𝑈 + 𝑢′,  𝑣 = 𝑣′,  𝑤 = 𝑤′   

𝑢′, 𝑣′, 𝑤′  = Cartesian components perturbation 𝑉 ≪ 𝑈 𝑎𝑡 𝑟 → ∞ 

e.g. x-momentum 

𝑢 𝑢𝑥 + 𝑣 𝑢𝑦 + 𝑤 𝑢𝑧 = 𝑈 𝑢𝑥
′ + (𝑢′𝑢𝑥

′ + 𝑣′𝑢𝑦
′ + 𝑤′𝑢𝑧

′ )  

Oseen equations 

𝜌𝑈
𝜕𝑢𝑖

′

𝜕𝑥
= −

𝜕𝑝

𝜕𝑥𝑖
+ 𝜇∇2𝑢𝑖

′ 

𝑢𝑖
′ = (𝑢′, 𝑣′, 𝑤′) i.e. 𝑉 ⋅ ∇𝑉 ∼ 𝑈

𝜕𝑢

𝜕𝑥
 

Same order Stokes near body; however, in far field provide better 

approximation where solution ∼ U 

𝑢′ = 𝑣′ = 𝑤′ = 0 𝑟 → ∞ 

𝑢′ = −𝑈,  𝑣′ = 𝑤′ = 0 𝑟 = 0 

𝜓

𝑈𝑎2
= [

𝑟2

2𝑎2
+
𝑎

4𝑟
] sin2 𝜃 −

3

𝑅𝑒
(1 + cos 𝜃) {1 − exp [−

𝑅𝑒 𝑟

4𝑎
(1 − cos 𝜃)]} 

𝑅𝑒 = 2𝑎𝑈 𝜈⁄  𝑟 𝑎⁄ ∼ 1 recover Stokes solution 
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𝐶𝐷 =
24

𝑅𝑒
(1 +

3

16
𝑅𝑒) 

Lowest order solution uniformly valid near and far field 

 

Oseen solution inertial reference frame. Flow no longer symmetric but 

has a wake where streamlines closer together and 𝑉 larger in wake than 

front, whereas in Stokes expansion flow symmetric in wake than in 

front, whereas in moving refence frame flow slower in wake than in 

front.  Advanced methods use matched asymptotic expansion 

techniques. 
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