Stokes sphere solution using separation of variables and spherical
coordinates, as per Appendix 9.2-A
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1.e. separation of variables based far field solution
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Substitution in (1)
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FIGURE 8.17 Creeping flow over a sphere. The upper panel shows the viscous stress components at the surface.
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Viscous shear stress
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a moving sphere. Note the up-
stream and downstream symme-
try, which is a result of complete
neglect of nonlinearity.

S o2 FIGURE 8.19  Streamlines and
\ _/ velocity distributions in Stokes’
solution of creeping flow due to

: . 3a a3 :
y — uniform stream = Ur? sin” @ (— -+ F) Inertial refernce frame

Symmetric fore and aft due V - V¥V = 0 and no wake, i.e., change in
direction. Just sign —V and —p

Nonuniformity Stokes solution: Oseen Approximation
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Inertia not negligible for 2 ~ R—le no matter how small Re, which

occurs at distances of order v/U.



It can be shown that including 1st order term V is infinite at large

distances, which is called Whitehead paradox, as was the case for the
Oth order 2D solution, which was called Stokes paradox: singular
perturbation problems

Oseen improvement:
u=U+u, v=v, w=w'
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€.d. X-momentum
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Same order Stokes near body; however, in far field provide better
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Lowest order solution uniformly valid near and far field

FIGURE 9.22 Measured
drag coefficient, Cp, of asmooth
sphere vs. Re=U.d/v. The
Stokes solution is Cp = 24/Re,
and the Oseen solution is
Cp=(24/Re) (1 + 3Re/16);
these two solutions are dis-
cussed at the end of Chapter 8.
The increase of drag coefficient
in the range A—B has relevance €,
in explaining why the flight
paths of sports balls bend in
the air.
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FIGURE 8.20 Streamlines and velocity distribution in Oseen’s solution of creeping flow due to a moving sphere.
Note the upstream and downstream asymmetry, which is a result of partial accounting for advection in the far field.

Oseen solution inertial reference frame. Flow no longer symmetric but
has a wake where streamlines closer together and V larger in wake than
front, whereas in Stokes expansion flow symmetric in wake than in
front, whereas in moving refence frame flow slower in wake than in
front. ~ Advanced methods use matched asymptotic expansion
techniques.
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Exercise 9.45. Using the velocity field (8.49), determine the drag on Stokes’ sphere from the
surface pressure and the viscous surface stresses o, and O..

Solution 9.45. There are pressure and shear stress contributions to the drag on a moving sphere
at low Reynolds number. The pressure distribution is given by (8.50):

p(r,0)—p,=- 3ga2U cosf.
T

The pressure drag can be obtained by integrating this result:

O=n
F, =- [ p(r=ap)e, -edS= -2ma* | 5522)cos2 0sin6d6 = 2mula

pressure
surface 6=0 a

The viscous drag can be obtained from surface integrals of the viscous stresses:

Frws=— | 0,(r=a0)e, edS+ fo,(r=a0)e,-edS
surface surface
G=x B=n
= 2ma* [ 0,,(r = a,0)sin” 6d6 + 2ma’ [ o,,(r = a,0)cosOsin0do,
9=0 6=0
. 3 3
where 0, = -l—iu—’-+ iui——ui)= SR §a_3 ,and 0, = 2“&_14,_ =2uUcos —3-%-224- ;
rdd or r r 2r or 2r- 2r
Thus, at r = a, 0, #0,but g, =0, 50
O=m
F s = 3mula f sin® 6d6 = 4mula.
g=0

Thus, one third of the drag comes from pressure forces and two thirds come from the shear
stress. The total drag is the sum of these two contributions:
F,.=F +F. =2muUa+ 4muUa = 6mula.
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%7 RE 423 Coefficient of drag Cp for a sphere vs. the Reynolds number Re based on sphere diameter. At low

- 22 number Cp ~ 1/Re, and above Re ~ 10°, Cp ~ constant (except for the dip between Re = 10° and 10°).
Haviors (except for the dip) can be explained by simple dimensional reasoning. The reason for the dip is the
ww= o of the laminar boundary layer to a turbulent one, as explained in Chapter 10.
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Exercise 4.75. From Figure 4.23, it can be seen that Cp * 1/Re at small Reynolds numbers and
that Cp is approximately constant at large Reynolds numbers. Redo the dimensional analysis
leading to (4.99) to verify these observations when:

a) Re is low and fluid inertia is unimportant so p is no longer a parameter.

b) Re is high and the drag force is dominated by fore-aft pressure differences on the sphere and u
is no longer a parameter.

Solution 4.75. Overall there are 5 parameters D = drag force, U,d, p,and u.
a) When p is not a parameter, the dimensional analysis proceeds a follows. The parameter &
units matrix is:

D U d u
M 1 0 0 1
L 1 1 1 -1
T -2 -1 0 -1

This rank of this matrix is three. There are 4 parameters and 3 independent units, so there will be
1 dimensionless group:

D
II, = =const., or D =(const.)uUd.
1 wud ( u
Divide both sides of the last equation by 5 pU’d’z /4 to find:

D _ (const)uUd _ w  const.

—_— = c —_—= .
TpUdm/4 0 pUdm/4 pUd  Re
where the 2, 4, and 7 have been absorbed into the undetermined constant.
b) When u is not a parameter, the dimensional analysis proceeds a follows. The parameter &
units matrix is:

D U d 0
M 1 0 0 1
L 1 1 1 -3
T -2 -1 0 0

This rank of this matrix is three. There are 4 parameters and 3 independent units, so there will be
1 dimensionless group:

I, = UE = const., ot D= (const.)pU’d".
Divide both sides of the last equation by 3 pU*d’x/4 to find:
D _ (const)pU >

_—— = =const.,
ToUdni4 " 3 oUd’m /4

where the 2, 4, and & have again been absorbed into the undetermined constant.




