Stokes Flow

Approximate solutions NS for low Re with exact solutions
reduced equations. Similar exact solutions BL equations but
counterpoint for very low vs. very high Re.

Stokes flow: u - Vu~0 1i.e., convective/acceleration
negligible

V-u=20

u = —(1/p)Vp +viV?u linear!

More formally using dimensional analysis, which is useful to
obtain higher order corrections using matched asymptotic
expansions, as follows:

u="Uvu

u u .
p :%p ='“‘Tp note pressure scaled by viscous stress

puy, ”l—U vs. pU?
x; = lx;
t = (/) t*

U = characteristic velocity, e.g., free stream velocity
[ = characteristic length, e.g., body dimension

I*/v corresponds to time required for viscous diffusion

traverse distance | or vice versa [ o< +/vt, as per canonical
diffusion layer problems.



Substitution NS

() + () 7)== () v + () 7w

l2
xw uf + Re(u* - V'u*) = —V*p* + V**u* Re = Ul/v

Re — 0 drop *: us = —Vp + V?u

Stokes equations asymptotic limit Re — 0 while space coordinates
order unity

Stokes equations (dimensional):

V-u=0 (1)

u, = —(1/p)Vp +vV?u  (2)

V-2)=>V?p=0 (3) pharmonic

Vx(2)= w = vW2w (4) w harmonic steady flow
Alternative form (2) without p:
VxVx(2)=09/0t|V(V-u)—V2u|l =vV?|V(V-u)—V2y]
note:

VxVxu=V{WV-u)—Vu

VxVp =0

wV2u =vltu (5) p removed but 4th order

For 2D steady flow, (4) can be expressed in terms of the stream function
Using w, = vy — Uy, U =1, V=1, w,=—V,

74p=0  (6)



drop * notation =

ou
Fr Re(u-Vu)=-Vp+ V2 (7)

V2p=0

Let

u=u’+Reu' +- (8)
p =p° + Rep’

By using (8) in (7) and retaining terms of various O(Re), the
gde’s for u™ and p" can be obtained. For example:

du®/ot = —Vp® + V2u° O(Re = 0)

Vzpo

Note that the equations for the higher-order u™and p~ will
include lower-order terms.

Note that Stokes equations are linear which is a great advantage
since many methods are available for their solution, e.g.:

e Separation of variables
e Linear superposition of elementary solutions (this approach
useful in showing which elements produce F and M )



Types of low Re problems

1. Fully developed laminar duct flows (inertia terms vanish
due to geometry assumed)

2. Flows about immersed bodies (microorganisms, etc.)
3. Flows in narrow passages — lubrication theory

4. Flow through porous media (V%p = 0)

Herein only types 2 and 3 flow are considered.

Creeping steady flow about immersed bodies

Vp = uV?u
u(o) = Uy




Stokes Paradox

Assuming inertia/density negligible, force on body only
depends on U, u, L.

2-D body

F'=F'(U,u,L) F' = force per unit length
3-D body

F'=F'(U,uL) F’ = total drag force

Dimensional analysis

/

F
2D — = constant
pu

3D F/(uUL) = constant

2D unrealistic as does not depend on the size of the body,
whereas 3D realistic. -~ p cannot be neglected

2D F' = F'(U,u, L, p) = i_u = F'(Re)

In the science of fluid flow, Stokes' paradox is the phenomenon that
there can be no creeping flow of a fluid around a disk in two
dimensions; or, equivalently, the fact there is no non-trivial steady-state
solution for the Stokes equations around an infinitely long cylinder.
This is opposed to the 3-dimensional case, where Stokes' method
provides a solution to the problem of flow around a sphere.

Stokes' paradox was resolved by Carl Wilhelm Oseen in 1910, by
introducing the Oseen equations which improve upon the Stokes
equations — by adding convective acceleration.


https://en.wikipedia.org/wiki/Fluid_flow
https://en.wikipedia.org/wiki/Fluid
https://en.wikipedia.org/wiki/Stokes_flow
https://en.wikipedia.org/wiki/Carl_Wilhelm_Oseen
https://en.wikipedia.org/wiki/Oseen_equations
https://en.wikipedia.org/wiki/Navier%E2%80%93Stokes_equations#Convective_acceleration

Some basic solutions

Since Stokes equations are linear the superposition principle
may be applied, and solutions can be obtained by combining
basic solutions. Recall that this approach is frequently used in
inviscid-flow theory in solving the Laplace equation.

1. Uniform flow
V="Ué
p = constant

Clearly, this velocity & pressure field produces no force or
moment. However, as will be shown below, this solution can
be combined with others to produce the flow pattern for simple
geometries.



2. Doublet

We have discussed the fact that any potential flow is also an
exact solution of the full incompressible NS equations since the
viscous term is then identically zero. Thus, this is also true for
the Stokes equations. However, in this case we also require
Vp = 0,1.e., p=constant. Keep in mind that for a viscous flow
the Bernoulli equation is not valid. Recall that Vp = uV2u,

which shows that irrotational solutions Stokes equations
require Vp = 0.

72V =V(V-V)—V xw =0 for incompressible irrotational
flow
For irrotational flow,
VxV=0 V =Tp=ué, +ué,
V-V=0 V2¢=0
Spherical Coordinates (r,0,w) x =rcos6
Appendix A r = [xz + yz + Zz]

cosf

P =A = Ax/r3

r2

3-D dipole; singular at r = 0; axisymmetric flow.

e, 3xé,
= K:A<r_3_ rt )}

p = constant

Again, no force or moment exerted on fluid.
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3. Rotlet

In this case, a solution is sought for which w # 0 and p =
constant. Say,

V=rxvp (1)

V- (axb) -0 =0 by vector identity
—a- (V X Q) Dk Eijk Xk, j

alternam tensort:o unIeSS k =] and
under this condition
&iji = 0

€123 = €312 = €231 = 1

€213 = €321 = €132 = —1

gk =0 otherwise

This shows that the continuity equation is satisfied identically
for all forms of ¢.

Since % = 0 and p = constant, Stokes equation reduces to.

V2 =0 = o°V;
- B axlaxl
0%x; 0 0%
= Sijk / ¢ + x ¢ =0

dx) 0x; 0xp, J Ox 0x;|

i

0%x; . 0%¢
) — . — —
P 0 since ox V- x = 3 thus ox 0% 0



ou; 9 92¢
- axi Lk It + J 6xl-6xk
N e’

Fy divergence rank r = tensor rank r-1 (here r = 1)
k

symmetric  symmetric
gijrXji =0 sincex;; =0 (j # i) and g, =0 (j = i) for first term
and product antisymmetric & symmetric tensor = 0 both terms

929  9%¢

axiaxk o axkaxi

xj; = 6;; and are both symmetric

i.e. V-u =0 Alternative derivation V-u=V¢ - (Vxr)+1-(Vx V) =0
Vp = V2u, but p = constant = V?u = 0

azui asz 6¢ 0 azd)

= —c.. X;
axlaxl Lk axlaxl axk J axk axlaxl
(=0 (2)=0

i(%)zv.(v.ﬁ)zv.(g)zo

Therefore u = r X V¢ satisfies the continuity and Stokes equations
for p = constant assuming V?¢ = 0, (a-V)x=a
therefore need axisymmetric solutions V2¢ = 0 a-b=>b-a

Alternatively Vx (Vxu)=V(V-u)—Vu Viu=-Vx(Vxu)

V2¢p=0 Vo
|7><z=|7><(£><V¢)=1(V-V¢)+(V¢-V)r—|7¢<‘7-r>—(t-\7)\7¢
3

<(£-V)V¢=(x;—x+y%+2%)v¢:vlp> Y=r1r -Vp- ¢
Vx (V) =0



The following shows the steps to show that (g . V)Vcl) = Vy writing each
term by components.
MNeed to prove that:
(r-V)Ve=Vy
Write (r- V)V¢ by components:

8%

a a 5 il 1 E% Tr ‘Ei}r,ﬂrg T 3 Bry iy
K3 £y !
(rV)Ve = (1‘15 T i‘zﬁ T ?‘:sﬁ) ?3:% = ’1"';%;?;—, + iz%g + HZ%%\‘
1 2 3 il 3
ary 'lnf:frﬁr z.ﬁf;ii“‘%g
Take the elements in the first row:
b a ( db dry O i e o
"M = — _—— = — | "y _—
! Hil"f H‘F']_ I']I"] II']I"] 31'] -Hil"'[ ! H‘F']_ H‘F']_
Fo a i T dre O i o
re g =g \T2q )| a5 5. =5 \Teq
tridrs ihra iy s Oy ira
Fo i iy r}ru, i i by lir
rae——— = — | 3= =—| rg
4 H‘i"li:]]":; 3:'1 df.’il':-; -l"."i"l -l"."i"i H]"] HI‘IH]":;
Where the following rule has been applied:
dr;
._r = ISI_ii
dr;
Doing this process for all terms gives:
Group the % terms:
n‘E—, Tl”':-?i‘”zz?ﬂﬂﬁji —?3?%
i i i i
[r-?]?::r= Bra T1T‘+Tgﬁ+i‘gﬁ —E
% Tlg?—ﬂ']"g"}—r%‘l‘i‘:g;%% _%:T
Rewrite as dot product of two vectors:
il i
=(r-Ve¢) - ’; =(r-V¢—9)
(r-V)Vaé = rf{i[r V) — = %(:--vé—fﬁj =V(r-Vé—g) = Voo
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. if V2¢ = 0 Stokes equation is satisfied. The problem again reduces
to that of obtaining solutions to Laplace equation. Here we are
interested in solutions to V2¢ for axisymmetric flow. Recall from
inviscid-flow theory that the solutions are in terms of spherical
harmonics. The first harmonic (source) is

1
p~— V=rxV

= V¢ x é, sothatKOC@Xé;z

=

The next solution (doublet) is

é, = cost e, +sinfcosw e, +sinfsinw &,

cos @ B Bx

r2 r3

Bx
V=TXV(—3>
- r

=Brx(§—3xé;)

r3 r4
=g 6 X&
Streamlines perpendicular é, and e, i.e., circles whose centers lie on
X-axis.

Where in this case V= ;—xég + %é} V=Ff(xr)

_—= — = X =
Also -, L=TE é.xXé. =0
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rotlet
Py B

(a)

(b)

FiGURE 8.1 (a) Typical streamline due to a rotlet, and (b) spherical control surface
surrounding a rotlet.

A rotlet exerts a moment but hot a fdrce on the fluid

Fi = —jO'ijle dS = —j[—p(Sij +/,t(ui,j + Uj,i)]nj ds
S S

(S = sphere about rotlet) since p=constant, n; = %

-3 2 1 2_1 —
Upj~1r -, dS ~r< = FiNT—BT —;lr_wo—O
:>Fl:O
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M = j r X PdS, P = surface force vector
S

P, = oun

M; = fg EijiXjOrNy dS ==

which can be evaluated to yield M = 8muB e, as shown next.
M; = %fs eijixix (ug) + wyg) dS Eijk P0;j =0
& =cosOi+sinBcosw j+sinfsinw k

—_

é, Xe, =sinfcosw k—sinfsinw j =g,

_ B~ O0W_ _,p.-3_ _2B or _x
U=2% 5 = 2Br— = r3 axi T
2B x
ulll = _r_g; r = (xz +y2 +Zz)1/2
1o i 1/2
Tx=§[ |77 °2x =x/[ /2 =x/r
2B 2B
—r—4<x2 +){2 +22> = XUy = =y = 2
T'Z
S XU = —2Ug

B —_ -
Shows u =—e, homogeneous function degree 2
- T

https://en.wikipedia.org/wiki/Homogeneous polynomial, which
satisfies f G%g) = A™f(x,y,z) and for such functions

Euler theorem states that xf, + yf, + zf, = —mf
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https://en.wikipedia.org/wiki/Homogeneous_polynomial

X1 k=01k

0 ( ) 0x1 5
XU, =—0Oqu) —uyy=—=—u = —u
1ULk %, 1Y) laxk 101k k
—_—
WXy + XU = V(K : E) =0 rou
Sh —_ : - é;XéJ\C d — d —
OWS XU, = —U, since u=2~B — and uh'e;andey

<

i = %fs &ijkXi(—2uy —uy) dS

IS

3
=——'uf£><ud5
i

r=xi+yj+zk

é. = ai + bj + ck = cos 01 + sin 8 cos wj + sin @ sin wk

é, X &, = +cj — bk (at+bj+ck)xi=—bk+cj

r X (6 x &) = (xi +yj + zk) X (+cj — bk)
= +xck + xbj — ybi — zci

= —(yb + zc)i + xbj + xck

rx (& xe)=(rg)ég—(r &)e
X(ai+bj+clz) — (xa + yb + zc)i

= (xa — xa — yb — zc)i + xbj + xck
= —(yb + zc)i + xbj + xck — (yb + zc)i + xai + xbj + xck

xer

— xal

= x&, + (—xa — yb — zc)i = x&, — (xa + yb + zc)i = x&, — rk
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—(yb + cz)i + xbj + xck + xai — xai

+xe,

N A __r-r
+xé, — (xa + yb + zc)i [-er=W:r
+xé,. —1i

B AN _~ ~
EXE=T_2 fx(erxex) :r_z[xer rex]

(r&x)er—(rer)ex

T r2

Note: a x (bxc)=(a-c)b—(a-b)c

X =1cosf, dS = r?sinf dfdw

3u (Bx ~ B_~\_3Bu (x ~ — _ X ~
-E(Ea e (Ca-a) M=-3Buf (T4 -

21 [
M = —3B,uj da)j [cos 6(ai+ bj + ck) — i] sin 8 d6
0 0

cosS 9(cos 01 + sin 0 cos wj + sin @ sin wl?) —1

2T A
M = —BBuJ da)j [(c052 0 — 1)I + cos O sin 6 cos wj
0 0

+ cos 0 sin @ sin a)ltt] sin@ do

Mi = 87TBM§; rotlet Fi =0 Mi # 0
. . e, Xeéy
« B = wvelocity magnitude u= Br—2

right hand rule in x direction p = constant

15



Calculus and Analysis » Functions »

Euler's Homogeneous Function Theorem

Let { (x, y) be a homogeneous function of order z so that
Sax ey =10 fxp.
Then define x’ = xrand )’ = y £. Then

of ox of oy
ax at 8y
=xﬂ+v§-[-

ax " ay
B 2L

axn Y ayn’

Al fx, =

=X

Let{ = |, then

af _of
x P +y oy =nf(x .

This can be generalized to an arbitrary number of variables

ar
Xi e =un f(x),

where Einstein summation has been used.

EXPLORE WITH WOLFRAMIALPHA

s WolframAlpha | absolute value

More things to try: absofute value functions 7{1,0,-2,1}-4{2,-1,1,-1}

CITETHIS AS:

Weisstein, Eric W. "Euler's Homogeneous Function Theorem." From MathWorld--A Wolfram Web Resource. https://mathworld.wolfram.com

/EulersHomogeneousFunctionTheorem.html

SUBJECT CLASSIFICATIONS

Calculus and Analysis » Functions »
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4. Stokeslet

Now we seek a solution for which p # constant. Since the gde for p is
the Laplace equation we can again immediately write down solutions

p < 1/r (source)
p «x cosf/r*  (dipole)

etc.

The source solution turns out not to be of interest, but the dipole one
leads to the Stokeslet.

p =2cux/r®  x =rcosf and constant= 2cu

Then, from Stokes equation

1
V2V =—Vp
u
or
, 2 x>
Veu = C T‘_3_ 61"_5
X
l72v——6c—?5]
r
XZ
V2w = —6c—

17



0
Uy T Uyy T Uzz = (1/wWpx = (/1) ZCME(X/TB) or/ox; = xi/7

= 2c[r3 + x(=3r~* - x/7r)]
= 2c[r™3 — 3x2/r>]
~V2u=c2/r3 —6x%/r°)

1 1
Vv = ;py = ; [2cux(=3r"*y/1)]
= 2cx(=3y/r>)

V2v = —6cxy/r°
Viw=—p, = —6cxz/r°

The particular integrals to these nonhomogeneous pde’s can be
obtained using the properties of harmonic functions and the following
identities:

n(n-1)
rn+2

V23 = r2 = x2 + y% 4 22
V() = YV2g + ¢V + 2V¢ - Vi
:,~u=cjf— p=r3 P=x?

vV=c—= ¢ =r"3 Y = xy

w=c= ¢=1r3 Y = xz

18



For example:
Vv = —6cxy /15

=17, P =xy

Vip =6/r°
Vp = —3/r*ée,
V2 = 0

Vi = yé, + xé,
Ve -V = —6xy/r°>
V2(¢y) = V2 (xy/r®) = —6xy/r°

=>v=cxy/r3

X = rcoso
y = rsinB cosw
Z = rsinf sinw

V =(uv,w)+ V" where V'=solution to the homogeneous
equation V2V = 0

X

& + V'

r

é, = cosfé, + sinfcoswé,, + sinbsinwé,

19



Next, V' is determined from the continuity equation

V.-vV=20

r3/ r3 = -
1 x? 3xy  3xz x
=M= TV T s
x
T3

V-V=cx/r*+V V' =0

>V = c?x note that 72V’ = 0

So that the final solution is

p = 2cux/r3
x 1 Stokeslet again, singular at origin
v=c(zer+ye)

In this case, the force is nonzero but there is no moment
F = 8mcué,

M=0

20



= — [ oym; dS  force on the fluid
o;j = —p&ij + ulug; +uj;)

Fl-=—f5l—w5lj+u(ulj+u]l)]n] ds mn ==

[

= 6cl fs% dS x(xi+yj+ zk)

2CUX X;
a LI x](u”+u“)]d5

X(r cos 81 + r sin 6 cos ¢j + r sin O sin ¢l€)

Substituting XTeé;

= 2] X
X =T COS E—6C#J & ds
st

ér

= coSs wl 2T Vs
+sm9cosa)]A F= 6C#J de cos 6 (COS Oe,
+ sin 0 sin wk 0 0

s + sin 6 cos we,,

=r?sinf df dw + sin @ sin a)é;) sin@ do

F =8mue, «c

direction +xif ¢ > 0

21



x A - A - L A éx
=C|= (cos@ex + sinfcoswé,, + SmHSLna)eZ) + —]
r r

X
c [(xcos@/r2 +1/r)é, + ) (sin@coswéy + sin@sinwéz)]

X =rcost —u=-—-cC
x
cos 0 == x L
Shows u =c(5é, +=¢é
y = rsin0cos w X 61’1 aui - (TZ o x)
y —U; = —C|=3X; +—| = Xj = homogeneous degree 1 and
;zsinecosw r r an follows Euler theorem. See
z =rsinBsinw P P P Appendix B
z Xj
— =1sin O si Y s == —— 1] - —_ — = — . — .
—~=sinBsinw XjU; i O (x]u]) U; Ox: _ Ox. (ﬁ E) U;
o~ [ i i
X €y | —
E:C(_e +—) 0x; ou; 0x;
r2’ o ) Juj+x]a J uja—]—uj(?ij U;
é, =cosB e, +sinbcosw e, l
+ sin O sin w é; ~ cxX 2¢cx
r-u=reé, g=7+cc059 =—
6 ==== ré, =r
r |£| — r r — L
d (Zcx) x 5i1] 0 0 (1) b
—|\—)—clsxit+—|=—(ru)—y — |- )—=
ox;i\ r r3 -t T 0x; (— —) L ox; \r r3

22



Rotating Sphere

One might anticipate that the solution for a sphere rotating with
constant angular velocity Q about the x-axis can be obtained from a
rotlet with its strength adjusted to satisfy the no-slip condition.

_ g (& X &)

BC:V(0) =0,V(r =a) = Qaé, X &,

M = —8rua3é,

moment on sphere (acts in a direction which opposes the motion of
the sphere)

23



Uniform flow past an immersed sphere (Appendix C Stokes stream
function and Appendix D potential flow solution).

The solution corresponding to uniform flow past a sphere can be
obtained by superimposing the three solutions for uniform flow, a
doublet, and a Stokeslet. Alternatively, the solution can be obtained
using the stream function in spherical coordinates and the technique of
separation of variables, as per Chapters 3 (9.2) and 3 (9.3).

& G\ (x| &
v=vg+a(5 - ) e(me )

p = 2cux/r3
BC: V(o) =Us, V(a)=0

The condition at oo is automatically satisfied. The two constants A and
c are now determined to impose the no-slip condition.

Vix=r=a)=0

_ ey 3ér X ey
=0z +A(5—or) te(ZE + o)
=>0=U+A4/a®>+c/a
0=-34/a%>+c/a
A=-Ua3/4 c=—(3/49)Ua

24



__ la(a* __ 3ax{(a* R
__U ex—Z; _T2+3 €x+Z—r2 _T2_1 €,
3 o ax 3pal x ti tric + front — rear
p=poo—§MU = = Doy — — cos 0 1, antisymmetric + fron

Also, see Chapters 3 (9.2) and 3 (9.3) for y and V= (uy, Us).

e velocity field independent of p
¢ velocity field symmetric (since convection neglected)

e near sphere [V| < U (i.e., no high velocity region near shoulder
as indicated by inviscid solution)

o effect of sphere extends to large distance: at r = 10a the
velocities are still 10% below their free-stream values

_—e r=a X v Ur

»
U— (2

e S0
Ua? — Wl
- ’-"——__-- I "’h_,__ Ua2_
e —_——
a7 JOR T
YIS elativeto y 1 17 ¢
171 \_J11

fixed sphere 2 4

moving sphere
Stokes flow Potential flow

FIGURE 3-42

Comparison of creeping flow (left) and potential flow (right) past a sphere.
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The force on the sphere is

F = 6mulUaé,

Stokes drag law

F o« uUL as anticipated from dimensional analysis

2 . .- 1
F = 3 friction + 5 Pressure

_ 24

= Re
Re

Chapters 3 (9.2) and 3 (9.3)

. 2aU

v

Re 1

This formula is one of the few analytic drag formulas available
and the only one for a sphere out of the entire Re range!

Also, valid for Re < 1.

100 Toseen—Lam CYlinder data: 400 ~
] o Tritton (1959)
' !| Eq.(3-282) ° 100
\b e )|0W|eselberger (1914) \ Oseen, Data from
10 > Effect of — i Eq. (3-279) many sources|
Ry Eq. (3-283) |roughness or| 10 \’/
Co R »~ freestream Cp LN . T S
g turbulence : .(3-2
1 31%?’—-!& “‘”Lj.r..li._ \‘.\ 1 . P ( )
| g Stokes, o
\ = FeYasary
=y Eq. (3-273) %
0.1 0.1 i i B
0.1 1 10 100 10® 104 105 108 0.1 1 10 100 103 104 105 108
(@) (b)

Comparison of experiment, theory, and empirical formulas for drag coefficients
of a cylinder and a sphere (with smooth walls): (a) cylinder; (b) sphere.
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Two other non-spherical solutions of interest are for a circular
disk:

normal to freestream: F = 16 uUa (~15% sphere)

parallel to freestream: F = Z—zuUa (~43% sphere)

= Stokes sphere law is also approximately valid for non-
spherical bodies and is often used to estimate drag for roughly
spherical bodies (sand grains, dust, etc.).

Two-dimensional creeping flow & Oseen’s improvement

Previously Stokes paradox was mentioned. We now show this
more formally and outline the procedure for its remedy.

We now attempt to solve the problem of 2-D flow around a
circular cylinder. In this case, the technique of separation of
variables is used since we have not established any basic
solutions to Stokes equations for 2-D flow. Beginning with the
vorticity-transport equation in terms of :

\741/) =0
where for polar coordinates (r, 0)

FY: 190 1 92 1
V= (o4t o) and  vo=1yp v =~V

r

27



Try Y(r,0) = f(r)sind

(since y(oo0) = Ur sinf is uniform flow)
= f(r) = Ar3 + Brlogr + cr + D/r

from Y(e0,0) =Ursind > A=B=0,c=U
Y(r,0) = (Ur + D/r)sind

on r=a: Yg =y, =0 (no-slip condition)

Vg = =Y, = — (U — D/rz)sine =0forr=a = D = Ua?

v, = %1/)9 = (U +D/r2)c059 =0forr=a = D = —-Ua?

No choice of D will satisfy both these conditions. Alternatively, had we
satisfied the near-field boundary conditions first it would have been
found that it is impossible to satisfy the far-field conditions. Thus, we
conclude that there is no solution to Stokes equations in 2D which can
satisfy both the near- and far-field conditions: Stokes paradox.

28



Recall that solutions to Stokes equations can be expressed in
terms of asymptotic or perturbation expansions

Y =9P° + Reyp! + Re?yPp? +--

We see that for 2D the O(0) expansion is singular (i.e., has no
solution). For 3D, it can be shown that the O(Re) expansion is
singular (Whitehead paradox). Such expansions are called
singular perturbation expansions or nonuniform expansions.

The reason for the singular behavior is the fact that inertia is
not negligible in the far field. In the far field, the inertia force
is actually larger than the viscous force since convection
velocity is ~ U and velocity gradients are small.

29



An alternative low Re approximation put forth by Oseen to
remove this difficulty is

V-7V = U% linearized inertia term

Oseen equations:
V-V=20

tll h |
Z_% LU % = _Vp + uV2V still linear!
Solutions to Oseen equations can be obtained in a similar
manner as for Stokes equations; however, these can be shown
to not be accurate in the near field. The remedy is to use the
technique of matched asymptotic expansions whereby the near
and far solutions are matched to provide a uniformly valid
approximation. (see Van Dyke: Perturbation Methods in

Fluid Mechanics)

Some solutions to the Oseen equations are given in the text for
a sphere, flat plate normal to the flow, and a circular cylinder.
Note that the velocity field predicted for a sphere no longer
shows fore-aft symmetry but now includes a broader aft wake.
However, there is no improvement in the prediction of Cp.

30



