
 

 

Chapter 3 Solutions of the Newtonian Viscous-Flow 

Equations  

8. Similarity solutions  

Similarity solutions have the following properties: 

(1) reduction of variables by one or more through 

analytical means (coordinate transformation) 

(2) reduction of pde to ode’s 

(3) physically: inertia, pressure, and viscous forces are 

in some constant proportion (e.g., Re based on local 

scales is constant) 

 

a. Stagnation point 

b. Rotating disc  

c. Convergent/divergent channels 

 

Also, others regarding the BL equations and turbulent 

flow 

  



 

 

Stagnation Point Flow 

 

Inviscid Flow 

𝜓 = 𝐵𝑥𝑦  𝑢 = 𝐵𝑥 = 𝜓𝑦  𝑣 = −𝐵𝑦 = −𝜓𝑥  𝐵 =
𝑈0

𝐿
 

 𝑣 = 0 along wall     𝑢 = 0 only at stagnation point 

𝑝 +
1

2
ρ(𝑢2 + 𝑣2) = constant 

𝑝0  =  𝑠𝑡𝑎𝑔𝑛𝑎𝑡𝑖𝑜𝑛 𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑒 𝑝 = 𝑝0 −
1

2
𝜌𝐵2(𝑥2 + 𝑦2)  

 

For x = 0, consider 𝑈(𝑦) = 𝑈0 (1 −
𝑦

𝐿
) 

𝑝 +
1

2
ρ𝑈2 = 𝐶 

𝑝𝑦 + ρ𝑈𝑈𝑦 = 0 

𝑝𝑦 = −ρ𝑈𝑈𝑦 = 𝜌
𝑈0

2

𝐿
(1 −

𝑦

𝐿
)    Adverse pressure gradient 

Howarth linearly decelerating flow used 2D integral method BL with 

adverse pressure gradient. 



 

 

 

 



 

 

Viscous Flow   

 

Analysis can be extended curved surface if flow region small, 

compared radius of curvature 

 

𝑢𝑥 + 𝑣𝑦 = 0                                             (1) 

𝑢𝑢𝑥 + 𝑣𝑢𝑦 = −
𝑝𝑥

ρ
+ ν(𝑢𝑥𝑥 + 𝑢𝑦𝑦)  (2) 

𝑢𝑣𝑥 + 𝑣𝑣𝑦 = −
𝑝𝑦

ρ
+ ν(𝑣𝑥𝑥 + 𝑣𝑦𝑦)    (3) 

 

ψ     = 𝐵𝑥 𝑓(𝑦)⏟
≠𝑦 as in 𝜇=0 solution

  

 

𝑢 = 𝐵𝑥𝑓′   

𝑣 = −𝐵𝑓   

 

No slip: 𝑓(0) = 𝑓′(0) = 0 

 

From continuity: 𝑣𝑦 = −𝑢𝑥 = −𝐵𝑓′ 

 

 

 

 



 

 

Substitution 𝑢 and 𝑣 into (2) and (3) 

𝐵2𝑥𝑓′2 − 𝐵2𝑥𝑓𝑓′′ = −
𝑝𝑥

ρ
+ ν𝐵𝑥𝑓′′′  (4) 

𝐵2𝑓𝑓′ = −
𝑝𝑦

ρ
− ν𝐵𝑓′′                            (5) 

from (5) 𝑝𝑦 = −ρ𝐵(𝐵𝑓𝑓′ + ν𝑓′′) = 𝑓(𝑦) ∴ 𝑝𝑦𝑥 = 0 

𝑝(𝑥, 𝑦) = −ρ𝐵 (
𝐵

2
𝑓2 + ν𝑓′) + 𝑔(𝑥) 

 

Determine 𝑔(𝑥)  from condition that for large 𝑦  recover potential 

flow 

i.e. 𝑓(∞) = 𝑦,   𝑓′(∞) = 1,   𝑓′′(∞) = 𝑓′′′(∞) = 0 

𝑝(𝑥,∞) = −ρ𝐵 (
𝐵

2
𝑦2 + ν) + 𝑔(𝑥) = 𝑝0 −

1

2
ρ𝐵2(𝑥2 + 𝑦2) 

𝑔(𝑥) = 𝑝0 −
1

2
ρ𝐵2𝑥2 + ρ𝐵 ν 

𝑝(𝑥, 𝑦) = 𝑝0 −
1

2
ρ𝐵2𝑓2 + ρ𝐵ν(1 − 𝑓′) −

1

2
ρ𝐵2𝑥2  (6) 

𝑝𝑥 = −ρ𝐵2𝑥 𝑝𝑦 = −
1

2
𝜌𝐵22𝑓𝑓′ + 𝜌𝐵𝜈𝑓′′ = −𝜌𝐵(𝐵𝑓𝑓′ + 𝜈𝑓′′) 

 

Substitution into (4) 

 

𝐵2𝑥𝑓′2 − 𝐵2𝑥𝑓𝑓′′ = 𝐵2𝑥 + ν𝐵𝑥𝑓′′′ 

or 
ν

𝐵
𝑓′′′ + 𝑓𝑓′′ − 𝑓′2 + 1 = 0  (7) 

 

 

  



 

 

Alternative derivation: 

from (3) 

𝑝𝑦

ρ
= −𝑢𝑣𝑥 − 𝑣𝑣𝑦 + ν(𝑣𝑥𝑥 + 𝑣𝑦𝑦) 

= 𝐵𝑓(−𝐵𝑓′) − ν𝐵𝑓′′ 

𝑝𝑦 = −ρ𝐵(𝐵𝑓𝑓′ + ν𝑓′′) = 𝑓(𝑦)  ∴  𝑝𝑦𝑥 = 0 

𝑝 = −ρ𝐵 (ν𝑓′ +
𝐵

2
𝑓2) + 𝜑1(𝑥) + 𝐶  (4) 

from (2) 

𝑝𝑥

ρ
= −𝑢𝑢𝑥 − 𝑣𝑢𝑦 + ν(𝑢𝑥𝑥 + 𝑢𝑦𝑦) 

= −𝐵𝑥𝑓′(𝐵𝑓′) + 𝐵𝑓(𝐵𝑥𝑓′′) + ν(𝐵𝑥𝑓′′′) 

𝑝𝑥 = ρ𝐵𝑥(ν𝑓′′′ + 𝐵𝑓𝑓′′ − 𝐵𝑓′2)  (5) 

𝑝 =
1

2
ρ𝐵𝑥2(ν𝑓′′′ + 𝐵𝑓𝑓′′ − 𝐵𝑓′2) + 𝜑2(𝑦) + 𝐶  (6) 

 

Comparing (4) and (6) or considering 
∂(5)

∂𝑦
= 0 

𝑓′′′ +
𝐵

ν
(𝑓𝑓′′ − 𝑓′2) = constant = −

𝐵

ν
 

For large 𝑦, 𝑢 =  𝐵𝑥 𝑓′(∞) = 1,   𝑓′′(∞) = 0,   𝑓′′′(∞) =
0 

𝑓′′′ +
𝐵

ν
(𝑓𝑓′′ − 𝑓′2 + 1) = 0  (7) 

 

non dimensionalize using length scale √ν/𝐵 and velocity scale √𝜈𝐵, 

recall ν m2/s and 𝐵 = 𝑈0/𝐿 ⋅ 1/𝑠 

 



 

 

Alternate derivation using bi-harmonic 𝜓 equation: 

ψ𝑦

∂

∂𝑥
(∇2ψ) − ψ𝑥

∂

∂𝑦
(∇2ψ) = ν∇4 𝜓 

ω𝑧 = 𝑣𝑥 − 𝑢𝑦 = −∇2ψ = −(ψ𝑥𝑥 + ψ𝑦𝑦) = 𝑣𝑥 − 𝑢𝑦 

𝑢 = ψ𝑦 𝑣 = −ψ𝑥 

∇4ψ = ψ𝑥𝑥𝑥𝑥 + ψ𝑦𝑦𝑦𝑦 = −𝑣𝑥𝑥𝑥 + 𝑢𝑦𝑦𝑦 ∇2ψ = 𝑢𝑦 − 𝑣𝑥 

𝑢
∂

∂𝑥
(𝑢𝑦 − 𝑣𝑥) + 𝑣

∂

∂𝑦
(𝑢𝑦 − 𝑣𝑥) = ν(−𝑣𝑥𝑥𝑥 + 𝑢𝑦𝑦𝑦) 

𝑢(𝑢𝑦𝑥 − 𝑣𝑥𝑥) + 𝑣(𝑢𝑦𝑦 − 𝑣𝑥𝑦) = ν(−𝑣𝑥𝑥𝑥 + 𝑢𝑦𝑦𝑦) 

Stagnation Flow: ψ = 𝐵𝑥𝑓,   𝑢 = 𝐵𝑥𝑓′,   𝑣 = −𝐵𝑓 

𝐵𝑥𝑓′(𝐵𝑓′′) − 𝐵𝑓(𝐵𝑥𝑓′′′) = ν(𝐵𝑥𝑓(𝑖𝑣)) 

ν𝐵𝑥𝑓(𝑖𝑣) + 𝐵2𝑥𝑓𝑓′′′ − 𝐵2𝑥𝑓′𝑓′′ = 0 

 

ν

𝐵
𝑓(𝑖𝑣) + 𝑓𝑓′′′ − 𝑓′𝑓′′ = 0 

integrate:  
ν

𝐵
𝑓′′′ + 𝑓𝑓′′ − 𝑓′2 = constant 

𝑓′′′ +
𝐵

ν
(𝑓𝑓′′ − 𝑓′2) = −

𝐵

ν
  since for large 𝑦,  𝑢 = 𝐵𝑥 ⇒

𝑓′(∞) = 1,  𝑓′′(∞) = 𝑓′′′(∞) = 0 

finally:  𝑓′′′ +
𝐵

ν
(𝑓𝑓′′ − 𝑓′2 + 1) = 0 

  



 

 

ν

𝐵
𝑓′′′ + 𝑓𝑓′′ − 𝑓′2 + 1 = 0  (7) 

 

Boundary conditions: 

𝑢(𝑥, 0) = 0 ⇒  𝑓′(0) = 0 

𝑣(𝑥, 0) = 0 ⇒  𝑓(0) = 0 

and for matching with potential flow 

𝑓′(∞) = 1 

non dimensionalize using length scale √ν 𝐵⁄   and velocity scale √ν𝐵  recall 

ν = 𝑚2/𝑠 𝐵 =
𝑈0

𝐿
    

1

𝑠
 

η = 𝑦√𝐵 ν⁄ ,   ψ = 𝑥𝐹(η)√ν𝐵  ψ =
𝑚2

𝑠
 

𝑢 = 𝐵𝑥𝐹′,   𝑣 = −𝐹√ν𝐵 

(7) becomes:  𝐹′′′ + 𝐹𝐹′′ + 1 − (𝐹′)2

= 0  nonlinear, 3rd order ODE 

𝐹(0) = 0,   𝐹′(0) = 0,   𝐹′(∞) = 1   solved numerically 

 

 

Note:  𝑓′ = √ν 𝐵⁄  𝐹′√𝐵 ν⁄ = 𝐹′ 

𝑓′′ = √𝐵 ν⁄  𝐹′′ 

𝑓′′′ = 𝐵 ν⁄  𝐹′′′ 

 

Asymptotic analysis: for 𝐹′′′ + 𝐹𝐹′′ + 1 − 𝐹′2 = 0, as η becomes large, 𝐹 → 𝑎 + 𝜂 

and (1 − 𝐹′2) → 0. Therefore, for large η: 

𝐹′′′/𝐹′′ = -F = − 𝜂 i.e. 𝐹′′ ≈ 𝑒 −𝜂2/2  

 

 

 

 

y = √𝐵 ν⁄  𝜂 

∂

∂𝑦
=

∂η

∂𝑦

∂

∂η

= √𝐵 ν⁄  
∂

∂η
 

𝐹 = √𝐵 ν⁄  𝑓 

𝑓 = √ν 𝐵⁄  𝐹 

 



 

 

 

 

 



 

 

Solution shows BL behavior. 

 

1. Viscous flow merges smoothly with outer flow: U(x) = u(x,∞) =
Bx. 

 

2. δ = thickness stagnation layer.  For u/U = 0.99 

η = 2.4 =
𝑦

√𝐵 ν⁄
=

δ

√𝐵 ν⁄
 ⇒  δ = 2.4 √ν 𝐵⁄ ≠ 𝑓(𝑥) 

 

The boundary layer thickness is constant because thinning due to 

favorable axial pressure gradient exactly balances the thickening 

caused by viscous diffusion. 

δ small: air 20oC approaching 10 cm D cylinder at 𝑈0 = 10 𝑚/𝑠 

𝐵 =
𝑈0

𝐿
=

4𝑈0

𝐷
= 400 s−1and 𝛿 ≈ 0.46 mm about .5%D. 

3. Displacement thickness (Appendix A) 

 

 

 

4. Pressure distribution has same behavior BL 

 

𝑝𝑥 = −ρ𝐵2 = −ρ𝑈𝑈𝑥   inviscid flow pressure gradient 

 

𝑝𝑦 = −ρ𝐵(𝐵𝑓𝑓′ + ν𝑓′′) 

= −ρ𝐵 (𝐵√ν 𝐵⁄  𝐹𝐹′ + ν√𝐵 ν⁄  𝐹′′) 



 

 

= −ρ𝐵√ν𝐵 (𝐹𝐹′ + 𝐹′′) = O(√ν) 

 

Similar as boundary layer theory, i.e. 𝑝𝑦 ≈ 0 across 𝛿 

 

5. Shear stress 

 

τ𝑤 = μ(𝑢𝑦 + 𝑣𝑥)|𝑦=0 

 

τ𝑤 = μ𝐵𝑥𝑓′′ = μ𝐵𝑥√𝐵 ν⁄  𝐹′′|𝑦=0 

 

τ𝑤 = 𝑈√μρ𝐵 𝐹0
′′  ∝  𝑈 

 

𝐶𝑓 =
τ𝑤

1/2ρ𝑈2
=

2𝐹0
′′

√𝑅𝑒𝑥

∝ Rex
−1/2

  𝑅𝑒𝑥 =
𝑈𝑥

ν
 

 

Again, similar laminar boundary layer theory. 

 

6. Also exact solution BL equations, i.e., Falkner-Skan similarity 

solution 𝛼 = 𝛽 = 1 

 

Many extensions of theory such as: oblique flow, two fluid, 

axisymmetric, circular cylinder, & unsteady flows 



 

 

 



 

 

 



 

 

 



 

 

 



 

 

 

 



 

 

 



 

 

 



 

 

 


