Chapter 3 Solutions of the Newtonian Viscous-Flow
Equations

8. Similarity solutions
Similarity solutions have the following properties:

(1) reduction of variables by one or more through
analytical means (coordinate transformation)

(2) reduction of pde to ode’s

(3) physically: inertia, pressure, and viscous forces are
in some constant proportion (e.g., Re based on local
scales is constant)

a. Stagnation point
b. Rotating disc

c. Convergent/divergent channels

Also, others regarding the BL equations and turbulent
flow



Stagnation Point Flow
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FIGURE 3-31

Stagnation flow in both planar and axisymmetric configurations. In the latter, it
is customary to replace x by the radial coordinate r.

Inviscid Flow
Y = Bxy u=Bx=1, v =—By=—1, B =—
v = 0 alongwall u = 0 only at stagnation point
1
p+ Ep(u2 + v?) = constant

po = stagnation pressure p = py — %pBZ(xZ + y?)

For x =0, consider U(y) = U, (1 — %)

1
p+-pU?=C
2
py + pUU, = 0

2
py = —pUU, =p % (1 — %) Adverse pressure gradient

Howarth linearly decelerating flow used 2D integral method BL with
adverse pressure gradient.



Consider the complex potential
F(z)= a.2 :9.2.26
2 2

@ =Re[F(z)]= %rz cos26

w = Im[F(z)]= %rz sin 260
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v, =arcos2f } g <@ <0 (flow direction as shown)

Vy = —arsin20
¥ = \'SXL\‘ Q="

V =vr(cosﬁf+sin Q)+ va(—sinﬁf+005¢): ﬁfjﬁl;:(—h

(v, cos@—vgsin O)i + (v, sin @ +vg cos )]

Potential flow slips along surface: (consider & = 90°)

n

£ 1R ()

1) determine a such that v, =Ujatr=L, @ =90° (j(;c" ? g f_‘;i" -
| U = fo- 5 G t)
v, =aLlcos(2x90)=U, =>alL =-U,, ie. a=—T° fx < - 03E A
2) let U(x) =V, at x=L-r: o -2 ;1— "
= v, = a(L - x)cos(2x90) = U(x) L
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Viscous Flow

Analysis can be extended curved surface if flow region small,
compared radius of curvature

Uy + v, =0 (1)
UlUy + VU, = —I%x + V(uxx + uyy) (2)
UV + V) = —pr + V(Uxx + vyy) (3)
v o= Bx[O)

#y as in u=0 solution

u = Bxf’
—Bf

Noslip: f(0)=f'(0) =0

From continuity: vy, = —u, = —Bf’



Substitution u and v into (2) and (3)

B2xf'?> — B*xff" = —pr+vaf”’ (4)
Bff' = 2~ vBf" 5)

from (5) Py = —pBBff +vf") =fy) ~ Pyx = 0

B
p(y) = —pB (5 /7 +vf') + @)

Determine g(x) from condition that for large y recover potential
flow

ie. f(@) =y, flo)=1  f'()=f"()=0

B 2 1 2 2 2
p(x,OO)=—pB(5y +V)+g(x)=po—§pB (x*+y°)

1 2.2
g(x)=po—§pB x“+ pBv

1 22 ! 1 2.2
p(x,y) =po—§pB f +pBV(1—f)—§pB x (6)

1 ! rn ! "
Px = —pB%x py = —3pB22ff' + pBVf" = —pB(Bff' +vf")
Substitution into (4)

B%xf'* — B?xff" = B*x + vBxf""
or —f"+ff'—f2+1=0 (7)



Alternative derivation:

from (3)

p

?y = —uvy — vy, + v(% + vyy)
= Bf(~Bf") = vBf"

pyz_pB(Bff’-l'Vf”):f(Y) pyx=0

B
p=—pB(vf +5/7) +e 0 +C @

from (2)
Px

F = —UlUy — VU, + V(M + uyy)

= —Bxf'(Bf') + Bf (Bxf") + v(Bxf"")
px = pBx(vf"" + Bff" —Bf"?)  (5)

1
p= Eprz(vf’” +Bff" =Bf'*)+@,(»)+C  (6)

Comparing (4) and (6) or considering aa(—;) =0
B B
' +;(ff” — f'?) = constant = -

Forlarge y, u = Bx f'(o) =1, f" () =0, [ (e0) =
0

B
Fre—(ffT =P =0 ()

non dimensionalize using length scale /v/B and velocity scale VvB,
recall v m*sand B = Uy/L - 1/s



Alternate derivation using bi-harmonic 3 equation:
q—'y Ao (qu—’) q"x (vzq") = vV* Y

Wz =Vx —Uy = —Vzll' = _(qjxx + pry) = Ux — Uy

u=yy, v=-yy

V4L|J Wxxxx T lljyyyy ~Uxxx T Uyyy vij = Uy — Uy
0 0

u—x (uy vx) + v y (uy — vx) = v(—vxxx + uyyy)

u(uyx — ”xx) + v(uw — vxy) = V(_”xxx + ”yyy)

Stagnation Flow: { = Bxf, u = Bxf’, v =—Bf

Bxf'(Bf'") — Bf (Bxf"") = v(Bxf )
VBxfW) + B2xff" — B*xf'f" = 0

v o
Ef(w) n fflll _flf// =0

v
integrate: Ef’” + ff" — f'? = constant

i +€(ff” — f’z) = —% since for largey, u = Bx =
@) =1, f"()=f"() =0

B
finally: f”'+;(ff”—f'2+1) =0



SfT A= H1=0 ()

Boundary conditions:
u(x,0)=0 = f'(0)=0
v(x,0)=0 = f(0)=0
and for matching with potential flow
f'(eo) =1

non dimensionalize using length scale /v/B and velocity scale vVVvB recall
v=m?/s B=2 1
L s

2

n=y/B/v,  W=xFWE ==

y=+vB/vn
0 0dnod u = BxF’, v = —FVVvB
dy dyan (7) becomes:  F"' 4+ FF" + 1 — (F")?
— JB/v 9 =0 nonlinear, 3rd order ODE
J F(0) =0, F'(0) =0, F'(0)=1 solved numerically
F=\B/vf
f=+Vv/BF

Note: f'=,/v/B F'\/B/v=F'

f” — \/B_/V F"
fIII — B/V F'

Asymptotic analysis: for F"' + FF" + 1 — F'> =0, as 1 becomes large, F — a + 1
and (1 — F?) — 0. Therefore, for large n:

F"/F'"=-F=—-nie F"=e-n*2



Two-dimensional

———— Axisymmetric
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FIGURE 3-32

Numerical solutions of viscous stagnation flow for planar [Eq. (3-206)] and

axisymmetric [Eq. (3-219)] conditions.

F' =ufU
Planar Axisymmetric
F"(0) = 1.23259 F"(0) = 1.31194
n n* = 0.6479 n* = 0.5689
0.1 0.11826 0.12619
0.2 0.22661 0.24239
03 0.32524 0.34863
04 0.41446 0.44499
0.5 0.49465 0.53160
0.6 0.56628 0.60871
0.7 0.62986 0.67663
0.8 0.68954 0.73577
0.9 0.73508 0.78666
1.0 077787 0.82987
1.1 0.81487 0.86608
1.2 0.84667 0.89598
13 0.87381 0.92032
1.4 0.89681 0.93983
1.5 091617 0.95522
1.6 0.93235 0.96718
5 0.94578 0.97631
1.8 0.95684 0.98316
1.9 0.96588 0.98822
2.0 0.97322 0.99190
2.2 0.98386 0.99635
24 0.99055 0.99847
2.6 0.99464 0.99940
2.8 0.99705 0.99979
3.0 0.99843 0.99993




Solution shows BL behavior.

1. Viscous flow merges smoothly with outer flow: U(x) = u(x,o) =
Bx.

2. 0 = thickness stagnation layer. For u/U =0.99

S
n i T = /B # f(x)

The boundary layer thickness is constant because thinning due to
favorable axial pressure gradient exactly balances the thickening
caused by viscous diffusion.

0 small: air 20°C approaching 10 cm D cylinderat Uy, = 10 m/s

B = % = %UO = 400s tand § = 0.46 mm about .5%D.

3.  Displacement thickness (Appendix A)

Another bqundary—layer effect is the displacement of the outer stream by the shear layer, as hinted at in Fig. 3-31.
We define the c{zspl@ement thickness 6* as the distance the outer inviscid flow is pushed away from the wall gecause
of the decelerating viscous layer. In terms of the stream function F, we find that

ImFo)=n-n*  where 7+ =35%*\/B = 06479 (3-211)
as shown in Table 3-4. In stagnation flow, then, 6% =~ 0.27.

4. Pressure distribution has same behavior BL

p, = —pB* = —pUU, inviscid flow pressure gradient

py = —pBBff" +vf")

= —pB (B\/VTB FF' + v\/B/v F")



= —pBVVB (FF' + F") = 0(\v)

Similar as boundary layer theory, i.e. p, = 0 across o
5. Shear stress

Ty = Uy + v2)ly=o

Ty, = UBxf" = qu\/TN F"y=0

T, = UJupB Fy’ < U

T 2F _ Ux
W - 0% «Re;'? Re,=—

C, =
F = 1/2pU?2 Re, v

Again, similar laminar boundary layer theory.

6. Also exact solution BL equations, i.e., Falkner-Skan similarity
solutiona = =1

Many extensions of theory such as: oblique flow, two fluid,
axisymmetric, circular cylinder, & unsteady flows



TlrﬂpwclmtoMFmemceofamlidmlﬁaQMz=0lnplanaslapaﬁon-poﬁu
flow was describad first by Kast Hiemenz i 1911,8) whose numericat compuaticns
for the sabutions were improved later by Leslie Howarh.”) A famillar exsmple
where Hiemenz flow is applicable is the forward siagnation line that ocours in the
faw over a circalar cylindee 519

ﬂnwﬂdmdmﬁﬁonmezy.mmmgmpmﬁdﬁowmmy,mwmmn
descxibedmlmmo!memamhmcgpmﬁanddtevdocuymnwm(v,,o.v,)
are given by

Teo-cdmensions stagnation point
Vv=kre, w=kr, v =-kz Now

The stagnation line for this flow is (z,y, 2) = (0,,0). The velocity component v,
snonacmmﬂnsoudmﬁmirdimﬂngmuﬂwabwevelodlyﬁelddonouaﬁsfymd)pbomdrymnﬁonoulhe
wall.Tomaﬂwaciymmpmmdnxmlydanumbounduycmdiuomommmmhgfmm

2
Fn), W
where ¥ Is the Kinematic viscasity and ”' vk Is the charmcterlstle thickness where viscous effects are sigaificant. The

ekameofoammvalmEormevlsmuseﬁecrsmldmmisduemdnmnwngwmoebam:hemumn\wﬂon
duisdbmedmwudsﬂnsohds.ufnmdvhcwsdiﬂusimdwsdkmdaway from the surface. Thus the vorticity

pmducedx&wsolldmﬁmkwhmdimsemlywmuom 1,‘u/k:amlog;:usz-.in.taﬁ.om¢hnueso.-mblesdus

behavior occurs in asympiodc suction profile and von Kérmén swirling flow. The veloclty camponenss, peessure and
Navier-Stokes equations then become

v=keP, o= -yikF, BP_ H 4 B 4 Lpt

F" 4+ FF'—F% 41 w0
The requirements that (v, v} = (0,0) at = = 0 and that v, — ke a8 3 — 00 ranslare 1o

F(0) =0, F'(0) =0, F'{co) = 1.
Thecondnionfnru,asz—ooccmmtbepmcdbcdarﬂlsobmedsapmotmesohnion. The problem fonmulated
here & a special case of Falkner-Skan boundary ayer. The solution can be obiaitved from numerical integrations and is
showninﬂnﬁwm.ﬂnas)wwewcbeluvimlwhrgeq—»oom

Frn-06470, v ~kz, v~ —k(z=4"), & =0.64706

where 8 is the displacement thickxness.

The solution may be obtained by setting § = 1in Egs. (9.7). This gives

Another exact solution to the boundary-layer equations that may be Ulx) = ex
obtained from the Falkner-Skan similarity solution is that corresponding to

a stagnation-point flow. The values of the constants » and § that yield this &(x) = \/E
solution are o = # = 1. But this is equivalent to letting f be unity in the ¢

solution for the flow over a wedge. Then the angle of the wedge becomes =,
wh‘ich means the flow impinges on a fiat surface vielding a plane stagnation S 1= P=0

point.

f0)=110)=0

S =1 asp—oo

Wixy) = mv(jﬁ)

(9.8a)
(9.86)

(9.8¢)
{9.84)

(9.8¢)

(9.81)

It will be noticed that this is precisely the exact solution to the full Navier-
Stokes equations that was obtained by Hiemenz for a stagnation point. This
solution is given by Egs. (7.7a), (7.75), and (7.7¢}). Thus the exact solution to
the boundary-layer equations is also an exact solution to the full Navier.

Stokes equations in this instance,




URE 3-21
Fblngllnm flow neae & rotating dixk: (a) wtreamlines; (b) velocity components.
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