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Hele–Shaw Flow 

Table/cell = thin flat chamber,  

constant ℎ, flow driven by 𝑝 or 𝑔. 

 

Originally for study lubrication  

by Hele–Shaw, inventor fluid clutch  

& variable pitch propeller. 

 

2D viscous dominated flow with 

potential flow streamlines. Wall 

shapes and obstacles can be used to 

visualize ideal flow patterns  

including singularities i.e. point 

sources/sinks. 

 

Consider lubrication approximation with (𝑥, 𝑦) main flow scaled 𝐿, 

𝑧 = width scaled ℎ, and ε = ℎ 𝐿⁄ → 0 

 

0 = −𝑝𝑥 + μ𝑢𝑧𝑧  0 = −𝑝𝑦 + μ𝑣𝑧𝑧  0 = −𝑝𝑧 

 

𝑧 = 0   (𝑢, 𝑣, 𝑤) = 0 

𝑧 = ℎ   (𝑢, 𝑣, 𝑤) = 0 

 

𝑢 =
ℎ2

2μ
𝑝𝑥 [(

𝑧

ℎ
)

2

−
𝑧

ℎ
] 

𝑣 =
ℎ2

2μ
𝑝𝑦 [(

𝑧

ℎ
)

2

−
𝑧

ℎ
] 

𝑤 = 0 

𝑝 = 𝑝(𝑥, 𝑦) 
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𝜓 ≠ 𝜓(𝑧) and 
𝑑𝑥

𝑑𝑦
|

𝜓
=

𝑢

𝑣
=

𝑝𝑥

𝑝𝑦
= 𝑓(𝑥, 𝑦) 

and in 𝑧 direction 𝜓 are uniformly on top of each other. 

ω𝑧 = −𝑢𝑦 + 𝑣𝑥 = [−𝑝𝑥𝑦 + 𝑝𝑦𝑥]
ℎ2

2μ
[(

𝑧

ℎ
)

2
−

𝑧

ℎ
] = 0, i.e., ∇ × 𝑉 = 0 

such that 𝑉 = ∇𝜑 and from continuity 𝑢𝑥 + 𝑣𝑦 = 0, i.e., ∇ ⋅ 𝑉 = 0, 

which shows ∇2𝜑 = 0 = ideal flow. 

However, 𝑝 not governed by Bernoulli equation.  

𝑢𝑥 = 𝑎𝑝𝑥𝑥 ,  𝑣𝑦 = 𝑎𝑝𝑦𝑦 ,  𝑎 =
ℎ2

2μ
[(

𝑧

ℎ
)

2

−
𝑧

ℎ
] 

∴ 𝑝𝑥𝑥 + 𝑝𝑦𝑦 = 0 as per Stokes flow 

𝑉 = 𝑢𝑖̂ + 𝑣𝑗̂ with 𝑢 = 𝑎𝑝𝑥 and 𝑣 = 𝑎𝑝𝑦    

∇𝑝 = 𝑝𝑥𝑖̂ + 𝑝𝑦𝑗̂ = 𝑎(𝑢𝑖̂ + 𝑣𝑗̂) 

i.e. ∇𝑝 ∝ 𝑉 and aligned 𝑉 such that 𝑉 × ∇𝑝 = 0 

(𝑢𝑖̂ + 𝑣𝑗̂) × (𝑝𝑥𝑖̂ + 𝑝𝑦𝑗)̂ = 0   𝑢𝑝𝑦𝑘̂ − 𝑣𝑝𝑥𝑘̂ = 0   

𝑎𝑝𝑥𝑝𝑦 − 𝑎𝑝𝑦𝑝𝑥 = 0 = 𝑎(𝑝𝑥𝑝𝑦 − 𝑝𝑦𝑝𝑥) 

(𝑢, 𝑣)𝑚𝑎𝑥 at 𝑧 = ℎ 2⁄  and from velocity profiles 

𝑝𝑥 = −
8μ

ℎ2 𝑢0   𝑝𝑦 = −
8μ

ℎ2 𝑣0    𝑉0 = 𝑢0𝑖̂ + 𝑣0𝑗 ̂

Δ𝑝 = ∫(𝑝𝑥  𝑑𝑥 + 𝑝𝑦  𝑑𝑦) = −
8μ

ℎ2
[∫ 𝑢0  𝑑𝑥 + ∫ 𝑣0  𝑑𝑦] 

𝑝(𝑥, 𝑦) − 𝑝0 = −
8μ

ℎ2
∫ 𝑉0

𝜓midplane

 𝑑𝑠 𝑒𝑠̂ = 𝑑𝑥 𝑖̂ + 𝑑𝑦 𝑗̂ = 𝑑𝑠 

𝑉0 = 𝑢0𝑖̂ + 𝑣0𝑗̂ = 𝑉0 𝑑𝑠  

𝑉0 ⋅ 𝑑𝑠 = 𝑢0 𝑑𝑥 + 𝑣0 𝑑𝑦 
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Example: circular cylinder 

potential flow solution 𝑉 = 𝑢𝑟𝑒𝑟̂ + 𝑢θ𝑒𝜃̂ 

𝑢𝑟 = 𝑈(1 − 𝑟0
2 𝑟2⁄ ) cos 𝜃  𝑢θ = −𝑈(1 + 𝑟0

2 𝑟2⁄ ) sin 𝜃 

𝑈 = midplane velocity far from cylinder along stagnation streamline 

which intersects body at 𝑟 = 𝑅,  θ = π where 𝑉0 = 𝑢𝑟 

                   far from cylinder 

𝑝(𝑟, π) − 𝑝(𝑅, π) = −
8𝜇𝑈

ℎ2
(𝑅 +

𝑟0
2

𝑅
− 𝑟 −

𝑟0
2

𝑟
) 

Then from 𝑟 = 𝑟0 to θ = π 𝑉0 = 𝑢𝜃 

𝑝(𝑟0, θ) − 𝑝(𝑟0, π) = −
16μ𝑈

ℎ2
(1 + cos θ) 

 

Along the stagnation point 𝜓 and around the cylinder the pressure 

decreases 
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𝑝(𝑥, 𝑦) − 𝑝0 = −
8μ

ℎ2
∫ 𝑉0

𝜓

 𝑑𝑠 

𝑝(𝑟, π) − 𝑝(𝑅, π) = −
8μ

ℎ2
∫ 𝑈 (1 −

𝑟0
2

𝑟2
) cos θ

𝑟

𝑟= 𝑅

 𝑑𝑟 

=
8μ𝑈

ℎ2 ∫ (1 −
𝑟0

2

𝑟2)
𝑟

𝑅
 𝑑𝑟 =

8𝜇𝑈

ℎ2 [𝑟 +
𝑟0

2

𝑟
]

𝑅

𝑟

= −
8𝜇𝑈

ℎ2 [𝑅 +
𝑟0

2

𝑅
− 𝑟 −

𝑟0
2

𝑟
] 

𝑝(𝑟0, θ) − 𝑝(𝑟0, π) = −
8μ

ℎ2
∫ 𝑈 (1 +

𝑟0
2

𝑟0
2) sin θ

θ=π

𝜃

 𝑑θ 

= −
16μ𝑈

ℎ2
[− cos θ]θ

π = −
16𝜇𝑈

ℎ2
(1 + cos 𝜃) 

 

 


