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Appendix D – 3D Potential Flows  

 

3D axisymmetric bodies of interest 

Spherical coordinates:  𝑃 = 𝑃(𝑟, 𝜃, 𝜔)   with  𝑢𝜔 = 0  and  𝜕/𝜕𝜔 =  0 

 

𝑢 = 𝛻𝜑   𝛻2𝜑 = 0 = 
1

𝑟2
𝜕

𝜕𝑟
(𝑟2𝜑𝑟) +

1

𝑟2 sin𝜃

𝜕

𝜕𝜃
(sin 𝜃 𝜑𝜃) 

𝑢𝑟 = 𝜑𝑟 

𝑢𝜃 =
1

𝑟
𝜑𝜃 

∇ ⋅ 𝑢 = 0 =
1

𝑟2
𝜕

𝜕𝑟
(𝑟2𝑢𝑟) +

1

𝑟 sin 𝜃

𝜕

𝜕𝜃
(𝑢𝜃 sin 𝜃) 

 

Stokes stream function 

𝑢𝑟 =
1

𝑟2 sin 𝜃
 𝜓𝜃 

𝑢𝜃 = −
1

𝑟 sin 𝜃
 𝜓𝑟 

 

Continuity identically satisfied. 
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General solution of 𝛻2𝜑 = 0 by separation of variables provides 

fundamental solutions that can be combined to obtain solutions 

about simple geometries: uniform stream, source/sink, doublet, 

blunt nose, sphere, etc. using spherical harmonics: 

https://en.wikipedia.org/wiki/Spherical_harmonics. 

 

𝜑(𝑟, 𝜃) = 𝑅(𝑟)𝑇(𝜃)   since  ≠ 𝑓(𝜔) 

 

Substitution ∇2𝜑 = 0: 

𝑇

𝑟2
𝑑

𝑑𝑟
(𝑟2𝑅𝑟) +

𝑅

𝑟2 sin 𝜃

𝜕

𝜕𝜃
(sin 𝜃  𝑇𝜃) = 0 

×
𝑟2

𝑅𝑇
 ⇒  

1

𝑅

𝑑

𝑑𝑟
(𝑟2𝑅𝑟)⏟        
𝑓(𝑟)

= −
1

𝑇 sin 𝜃

𝑑

𝑑𝜃
(sin 𝜃  𝑇𝜃)⏟            

𝑓(𝜃)

 

∴ LHS = RHS = constant = 𝑙(l + 1)⏟    
𝑓𝑜𝑟 𝑒𝑎𝑠𝑒 𝑇(𝜃)𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛

 

1

𝑅

𝑑

𝑑𝑟
(𝑟2𝑅𝑟) = 𝑙(𝑙 + 1)  equidimensional equation: 

 𝑅(𝑟) = 𝑘𝑟𝛼 

𝛼(𝛼 + 1)𝑘𝑟𝛼 − 𝑙(l + 1)𝑘𝑟𝛼 = 0  

i.e., 𝛼 = 𝑙 and 𝛼 = −(l + 1) 

∴  𝑅𝑙(𝑟) = 𝐴𝑙𝑟
𝑙 +

𝐵𝑙

𝑟𝑙+1
 

𝑅𝑙 valid any 𝑙 for arbitrary constants 𝐴𝑙 and 𝐵𝑙 . 

https://en.wikipedia.org/wiki/Spherical_harmonics
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1

sin 𝜃

𝑑

𝑑𝜃
(sin𝜃  𝑇𝜃) + l(l + 1) 𝑇 = 0 

 

Legendre equation can be reduced to standard form with 𝑥 =  𝑐𝑜𝑠𝜃 

𝑑

𝑑𝑥
[(1 − 𝑥2) 𝑇𝑥] + l(l + 1) 𝑇 = 0 

 

Solution: Legendre functions 1st kind 𝑃l(𝑥) and 2nd kind 𝑄l(𝑥) such that 

 

𝑇l(𝜃) = 𝐶l𝑃l(cos 𝜃) + 𝐷l𝑄l(cos 𝜃) 

 

𝑄𝑙(𝑐𝑜𝑠 𝜃) diverges  𝑐𝑜𝑠 𝜃 = ±1 ∴  𝐷𝑙 = 0 

𝑃l(cos𝜃) diverges 𝑐𝑜𝑠 𝜃 = ±1   for no singularities in flow field 

unless 𝑙 = integer ∴ 𝑙 = integer 

 

𝜑l(𝑟, θ) = (𝐴𝑙𝑟
𝑙 +

𝐵𝑙

𝑟𝑙+1
) 𝑃𝑙(cos θ) 𝐶𝑙 absorb into 𝐴𝑙 and 𝐵𝑙 

Since 𝛻2𝜑 is linear:   𝜙(𝑟, 𝜃) = ∑ 𝜙𝑙(𝑟, 𝜃)
∞
𝑙=0  

where 𝑃𝑙(𝑥) =
1

2𝑙𝑙!

𝑑𝑙

𝑑𝑥𝑙
(𝑥2 − 1)𝑙  

𝑃0(𝑥) = 1 

                    𝑃1(𝑥) = 𝑥 

      𝑃2(𝑥) =
1

2
(3𝑥2 − 1) 

                 etc. 

 

Fundamental 

solutions, 

superimposed for 

additional solutions 

Legendre polynomial 

order I 
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uniform flow:      𝐵𝑙 = 0,   𝐴𝑙 = 0      𝑙 ≠ 1,  

   =𝑈     𝑙 = 1 

 𝑃𝑙(cos 𝜃) = cos 𝜃 

𝜑(𝑟, 𝜃) = 𝑈𝑟 cos 𝜃 = 𝑈𝑥         𝑥 = 𝑟 cos 𝜃  

𝑢𝑟 = 𝜑𝑟 = 𝑈 cos 𝜃 =
𝜓𝜃

𝑟2 sin 𝜃
 

𝜓 =
1

2
𝑈𝑟2 sin2 𝜃 ± 𝑓(𝑟) 

𝑢𝜃 =
1

𝑟
𝜑𝜃 = −𝑈 sin 𝜃 = −

1

𝑟 sin 𝜃
𝜓𝑟 

𝜓 =
1

2
𝑈𝑟2 sin2 𝜃 ± 𝑔(𝜃)   𝑓(𝑟) = 𝑔(𝜃) = constant = 0 

  

2𝜋𝜓 = 𝑑𝑄 = 𝑈𝑑𝐴

= 𝑈𝜋(𝑟𝑠𝑖𝑛𝜃)2 
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Source/sink:   𝐴l = 0              for all 𝑙 

𝐵𝑙 = 0                 for 𝑙 ≠ 0 

𝐵𝑙 = 𝐵0 ≠ 0       for 𝑙 = 0 

𝑃0(cos 𝜃) = 1 

𝜑(𝑟, 𝜃) = 𝐵0/𝑟  𝑄 = ∫ 𝑢
𝑆
⋅ 𝑛 𝑑𝑆 = −4𝜋𝐵0      𝜑 = −𝑄/(4𝜋𝑟) 

𝑢𝑟 = −𝐵₀/𝑟
2 

𝑢𝜃 = 0    

𝜓(𝑟, 𝜃) = −
𝑄

4𝜋
(1 + 𝑐𝑜𝑠𝜃) 

Doublet:   𝜑(𝑟, 𝜃) =
𝑄

4𝜋𝑟
[
𝛿𝑥

𝑟
𝑐𝑜𝑠𝜃(1 + 𝑂 (

𝛿𝑟

𝑟
))]   𝛿𝑥 ⟶ 0 𝑎𝑛𝑑 𝑄 ⟶ ∞ such 

that 𝑄 𝛿𝑥 ⟶ 𝜇 

𝜑(𝑟, 𝜃) =
𝜇

4𝜋𝑟2
cos 𝜃 

𝑢𝑟 = 𝜑𝑟 = −
𝜇

2𝜋𝑟3
cos 𝜃 =

1

𝑟2 sin 𝜃
 𝜓𝜃 

𝑢𝜃 =
1

𝑟
𝜑𝜃 = −

𝜇

4𝜋𝑟3
sin 𝜃 = −

1

𝑟 sin 𝜃
 𝜓𝑟 

𝜓 = −
𝜇

4𝜋𝑟
sin2 𝜃 

Sphere: 𝜓(𝑟, 𝜃) =
1

2
𝑈𝑟2 sin2 𝜃 −

𝜇

4𝜋𝑟
sin2 𝜃 = uniform stream + doublet 

𝜓 = 0  𝑟 = 𝑟0  ⇒  𝑟0 = (
𝜇

2𝜋𝑈
)
1/3

 i.e. 𝜇 = 2𝜋𝑈𝑎3 

𝜓(𝑟, 𝜃) =
1

2
𝑈 (𝑟2 −

𝑎3

𝑟
) sin2 𝜃 

𝜑(𝑟, 𝜃) = 𝑈 (𝑟 +
1

2

𝑎3

𝑟2
) cos 𝜃   
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𝑢𝑟 = 𝑈 cos 𝜃 (1 − (
𝑎

𝑟
)
3

) 

𝑢𝜃 = −𝑈 sin 𝜃 (1 +
1

2
(
𝑎

𝑟
)
3

) 

𝑢𝑟(𝑟 = 𝑎) = 0 

𝑢𝜃(𝑟 = 𝑎) = −𝑈 sin 𝜃 (
3

2
) 

stagnation points:  𝜃 =  0, 𝜋 

max 𝑢𝜃  = ±𝜋/2 

𝑢𝜃𝑚𝑎𝑥 = ±1.5 𝑈 

𝐶𝑝 = 1 −
9

4
𝑠𝑖𝑛2𝜃 

 

 

Recall cylinder:  𝑢𝜃 = 2𝑈𝑠𝑖𝑛𝜃    𝐶𝑝 = 1 − 4𝑠𝑖𝑛
2𝜃 

 


