Appendix D — 3D Potential Flows
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FIGURE 5.1
Definition sketch of spherical coordinates.

3D axisymmetric bodies of interest
Spherical coordinates: P = P(r,8,w) with u, =0 and d/dw = 0
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Continuity identically satisfied.



General solution of 729 = 0 by separation of variables provides
fundamental solutions that can be combined to obtain solutions
about simple geometries: uniform stream, source/sink, doublet,
blunt nose, sphere, etc. using spherical harmonics:
https://en.wikipedia.org/wiki/Spherical _harmonics.
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https://en.wikipedia.org/wiki/Spherical_harmonics
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Legendre equation can be reduced to standard form with x = cos6

a[(l—xz)Tx]+l(l+1)T=0

Solution: Legendre functions 1st kind P;(x) and 2nd kind Q;(x) such that
T1(8) = P (cos6) + DyQy(cos )

Q;(cos @) diverges cos8 =+1 ~ D; =0
Pi(cos 6) diverges cos @ = +1 for no singularities in flow field

unless | = integer . | = integer

@(r,0) = (Alr‘ + %) P,(cos®)  (; absorb into 4; and B,

Since V2 is linear: ¢(r,0) = X2, ¢,(r,0)
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An alternative way of evaluating w(r, 0) is simply to invoke its definition.
Then, considering an arbitrary point P in the fluid as shown in Figure 5.3,
the amount of fluid crossing the surface generated by OP due to the uniform
flow will be 2ny. However, the flow area perpendicular to the velocity vector
is n(r sin 0). Hence, it follows from the definition of y that

2my = Ux (r sin 0)

or
1 2 a2
q;(r,0)=£Ur sin” 0.

This agrees with the result obtained by the other method.

Both the methods outlined above for evaluating the stream function
are useful, and each will be used in the following sections. The particular
method employed will depend upon the complexity of the problem, and it is
evident that the second method can be conveniently employed only for very
simple flow fields.
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FIGURE 5.3
Geometry for evaluating the stream function for a uniform flow.
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Source/sink: A4; =10 for all
B, =0 forl #0
Bi=By#0 forl=0
Py(cosf) =1

@(r,0) = By/r Q = fsg-QdS = —4nB, @ = —Q/(4nr)

Y(r,0) = —4%(1 + cos0)
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Superposition of a source and a sink that become a doublet as &x — 0.

Sphere: (r,8) = = Ur? sin? 8 — - sinZ § = uniform stream + doublet
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u, = Ucos@ (1 — (%)3)
ug = —Usinf (1 +%(g)3)

u.(r=a)=0

ug(r =a) = —Usin® (g)
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Fig. 8.31 Streamlines and potential separation
lines for inviscid flow past a sphere. at 76°

Recall cylinder: ug = 2Usin@ C, = 1 — 4sin*6



