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Non-inertial Frame of Reference 
 

NS equations: derived for inertial reference frame i.e. 

stationary or moving at constant speed relative stationary 

reference frame; for the present purposes stationary reference 

frame = stationary with respect to distant stars, which is 

appropriate for geophysical flows. However, often for 

engineering applications such as ship motions the earth is taken 

as the inertial frame and vehicle fixed as the non-inertial frame. 

 

∇ ⋅ 𝑢 = 0 𝜌
𝐷𝑢

𝐷𝑡
= −∇𝑝 + 𝜌𝑔 + 𝜇∇2𝑢  incompressible flow 

note: 𝜇∇2𝑢𝑖 = 2𝜇
𝜕𝑆𝑖𝑗

𝜕𝑥𝑖
= 𝜇

𝜕

𝜕𝑥𝑖
(𝑢𝑖,𝑗 + 𝑢𝑗,𝑖) = −𝜇 𝜀𝑗𝑖𝑘

𝜕𝜔𝑘
𝜕𝑥𝑖

 

or 𝜇∇2𝑢 = −𝜇∇ × 𝜔  

(1) Seeming paradox that net viscous force 𝑓(𝜔), even though 

postulate #2 for 𝜏𝑖𝑗 = 𝑓(𝜀𝑖𝑗)  states that rigid body rotation 

causes no shear stress, is resolved since involves derivatives of 

𝜔𝑘. 

(2) 𝜇∇2𝑢 = 0 when 𝜔 = constant (solid body rotation), which 

also requires 
𝜕𝑆𝑖𝑗

𝜕𝑥𝑗
= 0. 

Many applications require non-inertial reference frames: 

rotating machinery, maneuvering vehicles, geophysical flows 

(atmospheric, oceanic), etc. 

 

The continuity equation is not altered, but the NS is. 
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Non-inertial reference frame 𝑂′1′2′3′: translates at 
𝑑𝑋(𝑡)

𝑑𝑡
= 𝑈(𝑡) and 

rotates at Ω(𝑡) with respect to stationary reference frame 𝑂123. 
 

𝑈 and Ω  (translation and rotation of non-inertial frame) can be 

resolved in either frame however time is invariant between both 

reference frames, i.e., 𝑡′ = 𝑡. 
 

Fluid particle location 𝑃 = 𝑃(x′) or 𝑃(x) where x′ = (𝑥1
′ , 𝑥2

′ , 𝑥3
′ ) 

and x = (𝑥1, 𝑥2, 𝑥3) and related by x = 𝑋 + x
′ 

 

The velocity 𝑢 (inertial frame) of P is: 

𝑢 =
𝑑𝑥

𝑑𝑡
=
𝑑𝑋

𝑑𝑡
+
𝑑𝑥′

𝑑𝑡
= 𝑈 +

𝑑

𝑑𝑡
(𝑥1
′𝒆𝟏
′+𝑥2

′𝒆𝟐
′+𝑥3

′𝒆𝟑
′ )

= 𝑈 +
𝑑𝑥1

′

𝑑𝑡
𝒆𝟏
′ +

𝑑𝑥2
′

𝑑𝑡
𝒆𝟐
′ +

𝑑𝑥3
′

𝑑𝑡
𝒆𝟑
′

⏟                
𝑢′

+ 𝑥1
′
𝑑𝒆𝟏

′

𝑑𝑡
+ 𝑥2

′
𝑑𝒆𝟐

′

𝑑𝑡
+ 𝑥3

′
𝑑𝒆𝟑

′

𝑑𝑡⏟                
𝛺 × 𝑥′

= 𝑈 + 𝑢′ + 𝛺 × 𝑥′ 

The cross product 𝛺 × 𝑥′ = 𝑥1
′ 𝑑𝒆𝟏

′

𝑑𝑡
+ 𝑥2

′ 𝑑𝒆𝟐
′

𝑑𝑡
+ 𝑥3

′ 𝑑𝒆𝟑
′

𝑑𝑡
 derivation 

based on geometric considerations. 𝑢′ ≠ 𝑢 due 𝑈 and Ω. 



3 

 

  

Rotation 𝑂′1′2′3′ per time increment 𝑑𝑡  causes, e.g., 𝒆𝟏
′   to trace a 

small portion of a cone with radius sin𝛼. 

|𝑑𝒆𝟏
′ | = sin𝛼 |Ω| 𝑑𝑡 ⇒

|𝑑𝒆𝟏
′ |

𝑑𝑡
= sin𝛼|Ω| = Ω× 𝒆𝟏

′   since |𝒆𝟏
′ | = 1 

Recognizing a × b = |a| |b| sin 𝛼𝐧 where 𝐧 is ⊥ to both a and b, 

 i.e., 
|𝑑𝒆𝟏

′ |

𝑑𝑡
= Ω × 𝒆𝟏

′ . 

∴  𝛺 × 𝑥′ = 𝑥1
′
𝑑𝒆𝟏

′

𝑑𝑡
+ 𝑥2

′
𝑑𝒆𝟐

′

𝑑𝑡
+ 𝑥3

′
𝑑𝒆𝟑

′

𝑑𝑡
 

Acceleration: 

𝒂 =
𝑑𝒖

𝑑𝑡
=
𝑑

𝑑𝑡
(𝑼 + 𝒖′ + 𝛀 × 𝒙′) =

𝑑𝑼

𝑑𝑡
+ 𝒂′ + 2𝛀 × 𝒖′ +

𝑑𝛀

𝑑𝑡
× 𝒙′ + 𝛀 × (𝛀 × 𝒙′) 

 

𝑈𝑡 = acceleration of 𝑂
′ w.r.t. 𝑂 

𝒂′ = acceleration in 𝑂′ reference frame 

2Ω × 𝒖′ = Coriolis acceleration 

𝑑Ω

𝑑𝑡
× 𝒙′= acceleration in O′ due to Ω̇ 

Ω × (Ω × 𝒙′) = centripetal (inward) acceleration 

sin 𝛼 =
𝑟

|𝒆𝟏
′ |
= 𝑟 

𝑟|Ω|𝑑𝑡 = |𝑑𝒆𝟏
′ | = arc length  

(𝑟𝜃 = 𝑠) 
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For fluid: 𝑎 =
𝑑𝑢

𝑑𝑡
=
𝐷𝑢

𝐷𝑡
 and 𝑎′ =

𝐷𝑢′

𝐷𝑡
, i.e., derivatives following 

the motion of the fluid particle. 

(
𝐷𝒖

𝐷𝑡
)
𝑂123

= (
𝐷𝒖′

𝐷𝑡
)
𝑂′1′2′3′

+
𝑑𝑼

𝑑𝑡
+ 2𝛀 × 𝒖′ +

𝑑𝛀

𝑑𝑡
× 𝒙′ +𝛀 × (𝛀 × 𝒙′) 

 

Substituting into the NS equation: 

ρ (
𝐷𝒖′

𝐷𝑡
)
𝑂′1′2′3′

= −∇′𝑝 + ρ [𝒈 −
𝑑𝑼

𝑑𝑡
− 2𝛀 × 𝒖′ −

𝑑𝛀

𝑑𝑡
× 𝒙′ − 𝛀 × (𝛀 × 𝒙′)] + μ∇′2𝒖′ 

(1)     (2)     (3)         (4) 

 

provides the incompressible NS equations in non-inertial reference 

frame where ' denotes differentiation, velocity, and position in the 

O′ reference frame.  

 

[ ] terms are body forces due 𝒈 and extra terms due to the motion 

of O′. 

 

Thermodynamic variables and net viscous stress are independent 

of reference frame such that ∇𝑝 = ∇′𝑝 and μ∇2𝒖′= μ∇2𝒖. 

Recall ∇2𝒖=2
𝜕

𝜕𝑥𝑗
𝜀𝑖𝑗 =

𝜕

𝜕𝑥𝑗
(
𝜕𝑢𝑖

𝜕𝑥𝑗
+
𝜕𝑢𝑗

𝜕𝑥𝑖
) =

𝜕2𝑢𝑖

𝜕𝑥𝑗𝜕𝑥𝑗
. 

 

For 𝑈 = constant and Ω = 0: [ ] = 𝑔 i.e. inertial reference frame.   

 

For 𝑼̇ = constant , Ω  = constant, and 𝒖′ = 0 : [ ] = 𝑔 − 𝑈̇ −

𝛀 × (𝛀 × 𝒙′) , i.e., rigid body translation and rotation such that 

μ∇2𝒖′ = 0 and ∇𝑝 = ρ (𝑔 − 𝑎) with 𝑎 = 𝑈̇ − 𝛀 × (𝛀 × 𝒙′). 

 

Appendix A 
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(1) 𝑈̇ = acceleration 𝑂’ relative to O 

(2) −2Ω × 𝑢′ = Coriolis acceleration = 𝑓(𝒖′) ≠ 𝑓(𝒙′) 

(3) −Ω̇ × 𝒙′ = 𝑓(Ω̇) i.e. rate of change of Ω 

(4) −Ω × (Ω × 𝒙′) = centrifugal acceleration = 𝑓(Ω, 𝑥′) 
 

(1) Apparent force pushes person back into seat or tighten 

grip on handrail when vehicle accelerating. Aircraft 

parabolic trajectory weightless interior when 𝑼̇ = 𝑔. 

(2) 𝑓(𝑢′)  not 𝒙′ . Important navigation (air/sea) and 

artillery. 

𝑢′ = 𝑢𝒊  𝑣′ =  −Ω × 𝑢′ = −Ω𝑢𝒋 +  Ω𝑣𝒊 = −Ω𝑢𝒋  acts perpendicular 

path therefore without change speed. Both 𝒊  and 𝒋  are towards the 
equator and k is upward (tangent plane coordinate system). 

 

 

Here 𝑢′  (u in figure) 

is in desired path 
direction, whereas 
the curved path is the 
actual rightward 
path due to the 
Coriolis force −Ω ×

𝑢′. 

Ω = angular velocity earth, one cycle per day 

Particle deflects right north & left south 

hemispheres 

𝑢 =
𝑑𝑥

𝑑𝑡
   𝑥 =  𝑢𝑡 

𝑑𝑣

𝑑𝑡
= 2Ω𝑢 𝑣 =  2Ω𝑢𝑡 =

𝑑𝑦

𝑑𝑡
  𝑦 = Ω𝑢𝑡2 

 

tan 𝛼 =
Ω𝑢𝑡2

𝑢𝑡
= Ω𝑡 

𝛼 = tan−1(Ω𝑡)  ⇒ 𝛼 =  Ω𝑡 
earth’s rotation in time t 
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Expected = desired, whereas actual is “real” i.e., deflected path 

due Coriolis force.  Therefore, must use leftward path to 

achieve desired path. 

Also, important geophysical fluid dynamics. 
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(3) Important when Ω(𝑡) or direction of rotation changes with 
time 

 

(4) Centrifugal acceleration = 𝑓(Ω,𝑥′). 𝑥′ = distance axis of 
rotation. 

 

Consider: Ω = (0,0,Ω)   𝑥′ = (𝑅, φ, 𝑧) 

−Ω × (Ω × 𝑥′) = Ω2𝑟 𝑒𝑅̂ = apparent acceleration 

𝑔 = 𝒈𝒏 + Ω
2𝑟 𝑒𝑅̂ = effective acceleration  

       Newtonian 𝑔𝑛 towards earth center 

Effective acceleration not towards earth center. 

 

 

Body force potential can be found for new terms that are 

important in atmospheric or oceanic surface flows. 

  

 

𝑔𝑛 = −∇Φ 

Φ =  𝑔𝑧 

 

Earth surface 
ellipsoid with 
equatorial 
diameter 42 km 
longer than 
polar diameter 

 

Perpendicular 𝑔.  

Average of sea level is 

equipotential surface 

 

Varies over surface of 

earth 
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𝑢 =
𝑑𝑥

𝑑𝑡
=
𝑑𝑋

𝑑𝑡
+
𝑑𝑥′

𝑑𝑡
= 𝑈 +

𝑑

𝑑𝑡
(𝑥1
′𝒆𝟏
′ + 𝑥2

′𝒆𝟐
′ + 𝑥3

′𝒆𝟑
′ )  

= 𝑈 + 𝑢′ + Ω × 𝑥′ 

𝑢′ =
𝑑𝑥1

′

𝑑𝑡
𝒆𝟏
′ +

𝑑𝑥2
′

𝑑𝑡
𝒆𝟐
′ +

𝑑𝑥3
′

𝑑𝑡
𝒆𝟑
′  

Ω × 𝑥′ = 𝑥1
′𝒆𝟏
′̇  +  𝑥2

′𝒆𝟐
′̇  +  𝑥3

′𝒆𝟑
′̇  

𝑑𝑥′

𝑑𝑡
= 𝑢′ + Ω × 𝑥′ 

𝑑𝑢

𝑑𝑡
=
𝑑𝑈

𝑑𝑡
+
𝑑𝑢′

𝑑𝑡
+
𝑑

𝑑𝑡
(Ω × 𝑥′) 

=
𝑑𝑈

𝑑𝑡
+
𝑑

𝑑𝑡
(𝑢1
′𝒆𝟏
′ + 𝑢2

′ 𝒆𝟐
′ + 𝑢3

′ 𝒆𝟑
′ ) +

𝑑Ω

𝑑𝑡
× 𝒙′ + Ω ×

𝑑𝒙′

𝑑𝑡
 

𝑑𝑢

𝑑𝑡
=
𝑑𝑈

𝑑𝑡
+ (

𝑑𝑢1
′

𝑑𝑡
𝒆𝟏
′ +

𝑑𝑢2
′

𝑑𝑡
𝒆𝟐
′ +

𝑑𝑢3
′

𝑑𝑡
𝒆𝟑
′ )

⏟                  
𝑎′

+ (𝑢1
′𝒆𝟏
′̇ + 𝑢2

′ 𝒆𝟐
′̇ + 𝑢3

′ 𝒆𝟑
′̇ )⏟              

Ω×𝑢′

+
𝑑Ω

𝑑𝑡
× 𝑥′

+ Ω × (𝑢′ + Ω × 𝑥′) 

=
𝑑𝑈

𝑑𝑡
+ 𝑎′ + 2Ω × 𝑢′ +

𝑑Ω

𝑑𝑡
× 𝑥′ + Ω × (Ω × 𝑥′) 

 

Inertial frame NS: ρ
𝐷𝑢

𝐷𝑡
= −∇𝑝 + ρ𝑔 + μ∇2𝑢 

 

∴  
𝐷𝑢

𝐷𝑡
=
𝐷𝑢′

𝐷𝑡
+ 𝑈̇ + 2Ω × 𝑢′ +

𝑑Ω

𝑑𝑡
× 𝑥′ + Ω × (Ω × 𝑥′)

= −
1

ρ
∇𝑝 + 𝑔 + ν∇2𝑢′ 

or ρ
𝐷𝑢′

𝐷𝑡
= −∇𝑝 + ρ [𝑔 − 𝑈̇ − 2Ω × 𝑢′ +

𝑑Ω

𝑑𝑡
× 𝑥′ +

Ω × (Ω × 𝑥′)] + μ∇2𝑢′ 
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