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Chapter 3 Solutions of the Newtonian Viscous-Flow 

Equations 

 

5. Unsteady flows 

a. Stokes 1st problem: sudden acceleration 

b. Diffusion vortex sheet 

c. Decay of a Line Vortex 

d. Burgers Vortex 

e. Stokes 2nd problem: steady oscillations 

f. Starting flow circular pipe 

g. Oscillating pressure gradient pipe flow 

h. Starting flow fixed/moving parallel walls. 

 

a, e, and h are unsteady flows with moving boundaries, of 

which there are many additional solutions, including some 

that illustrate boundary layer behavior. 
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Stokes 1st Flat plate wall 𝑦 =  0 

𝑢𝑡 = ν𝑢𝑦𝑦 

𝑢(𝑦, 0) =  0     IC  

𝑢(0, 𝑡)  =  𝑈   impulsive start  

𝑢(∞, 𝑡) = 0    stagnant 
 

Diffusion Vortex Sheet Vortex Sheet 𝑦 =  0 

𝑢𝑡 = ν𝑢𝑦𝑦              

𝑢(𝑦, 0) = 𝑈 sgn(𝑦)  IC jump condition 
𝑢(∞, 𝑡) =       𝑈 
𝑢(−∞, 𝑡) = −𝑈

 }        far field ± 𝑈 

 

Decay ideal line vortex 𝑟 =  0    suddenly stopped 

𝑢θ𝑡 = ν
∂

∂𝑟
[
1

𝑟

∂

∂𝑟
(𝑟𝑢θ)] 

𝑢θ(𝑟, 0) =
Γ

2π𝑟
  IC potential vortex 

𝑢θ(0, 𝑡) = 0     no slip 

𝑢θ(∞, 𝑡) =
Γ

2π𝑟
   outer potential vortex 

 

Line vortex imposed on fluid at rest 𝑟 = 0    suddenly started 

𝑢θ𝑡 = 𝜈
𝜕

𝜕𝑟
[
1

𝑟

𝜕

𝜕𝑟
(𝑟𝑢𝜃)] 

𝑢𝜃(𝑟, 0) = 0    𝑢𝜃(0,0) = ∞ 

𝑢𝜃(𝑟,∞) =
Γ

2𝜋𝑟
     

𝑢𝜃(∞, 𝑡) = 0  𝑢𝜃(0, t) = ∞ 
 

Stokes 2nd Flat plate wall 𝑦 =  0 

𝑢𝑡 = ν𝑢𝑦𝑦 

𝑢(0, 𝑡) = 𝑈 cosω 𝑡 
𝑢(∞, 𝑡) = 0 

Unsteady pipe flow: ρ𝑢𝑡 = −𝑝𝑥̂(𝑡) + μ (𝑢𝑟𝑟 +
1

𝑟
𝑢𝑟) 
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Stokes 1st Problem: Impulsively Started Plate 

 
(b) shows similarity (left) and u(t) for increasing t (right) 
 

Continuity:  
𝑢𝑥 + 𝑣𝑦 = 0

𝑣(0)  =  0
 ⇒  𝑣 = 0 

 

Momentum:             ρ𝑢𝑡 = −𝑝𝑥 + μ𝑢𝑦𝑦 

0 = −𝑝𝑦  

y momentum⇒ 𝑝 = 𝑝(𝑥, 𝑡). For t≤0, u = 0 ∴ p = constant. 

For t≥0, u(∞, t) = 0 ∴ 𝑝𝑥(∞, t) = 0 and in view y momentum 

equation 𝑝𝑥(𝑦, 𝑡) = 0. 
 

∴ 𝑢𝑡 = ν𝑢𝑦𝑦 

𝑢(𝑦, 0) = 0  IC 
𝑢(0, 𝑡) = 𝑈
𝑢(∞, 𝑡) = 0

} BC 

 

Well posed IBVP 

Assume 

ρ, μ constant 

𝑢 ≠ 𝑓(𝑥) 
𝑢 = 𝑓(𝑦, 𝑡) 
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𝑢 = 𝑓(𝑈, 𝑦, 𝑡, ν) 
 

Dimensional analysis: 
𝑢

𝑈
= 𝐹(η) 

 

η = nondimensional distance =
𝑦

2√𝜈𝑡
 (2 for algebraic convenience) 

 

Dimensionally reduced from 2 (𝑦, 𝑡) to 1 (η) and similarity 

solution i.e. PDE → ODE 

𝑢𝑡 = 𝑈𝐹𝑡 = 𝑈𝐹
′η𝑡 = −𝑈𝐹

′
η

2𝑡
,  𝐹′ = 𝐹𝜂 

𝑢𝑦 = 𝑈𝐹𝑦 = 𝑈𝐹
′
1

2√ν𝑡
 

𝑢𝑦𝑦 =
𝑈

2√ν𝑡
𝐹′′η𝑦 =

𝑈

4ν𝑡
𝐹′′ 

 

 

−2η𝐹′ = 𝐹′′ 𝐹(∞) = 0 𝐹(0) = 1 

 
𝑑𝐹′

𝐹′
= −2η 𝑑 η 

 

ln 𝐹′ = −η2 + constant  

 

𝐹′ = 𝐴𝑒−η
2
 

 

𝐹(η) = 𝐴∫ 𝑒−η
2
𝑑η

η

0

+ 𝐵 

 

𝑢(𝑦, 0) = 0 

𝑢(∞, 𝑡) = 0 

𝑢(0, 𝑡) = 𝑈 

 

 

η =
𝑦

2√ν
𝑡−1/2 

η𝑡 =
𝑦

2√ν
(−
1

2
𝑡−3/2) 

= −
𝑦

4√ν
𝑡−3/2 

= −
η

2𝑡
 

−2η 𝑑η =
𝑑 (
𝑑𝐹
𝑑η
)

𝑑𝐹
𝑑η

 

 

𝑒𝑥+𝑦 = 𝑒𝑥𝑒𝑦 
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𝐹(0) = 1 = 𝐴∫ 𝑒−η
2
𝑑η

0

0

+ 𝐵 

𝐵 =  1 

𝐹(∞) = 0 = 𝐴∫ 𝑒−η
2
𝑑η

∞

0

+ 1 

= 𝐴
√π

2
+ 1 

𝐴 = −
2

√π
 

𝐹 = 1 −
2

√π
∫ 𝑒−η

2
𝑑η

η

0⏟            
𝑒𝑟𝑓(η)

 

 
𝑢

𝑈
= 1 − erf (

𝑦

2√ν𝑡
) 

 

ω(0,0) =  ∞   Dirac delta function vortex sheet 

ω(𝑦, 0) = 0  due to impulsive motion 
 

∫ ω
∞

0
 𝑑𝑦 ≠ 𝑓(𝑡) i.e. no new ω after 𝑡 = 0 

Initial ω diffuses outward increasing flow width 

 
𝑢

𝑈
= 0.05 ⇒  η = 1.38 

 

δ = 2.76√ν𝑡 width of diffusion layer, which increases as √𝑡 
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ω𝑧 = −
∂𝑢

∂𝑦
=

𝑈

2√ν𝑡
𝐹′ =

𝑈

√πν𝑡
𝑒−η

2
 

τ𝑦𝑥 = μ
∂𝑢

∂𝑦
= −μω𝑧 

τ𝑦𝑥√πν𝑡

μ𝑈
= −𝑒−η

2
 nondimensional shear stress    μ =  

𝑁𝑠

𝑚2  and ν =
𝑚

𝑠2
 

= 𝑓(η) only  

τ𝑦𝑥(0) = −
μ𝑈

√πν𝑡
= ∞ at 𝑡 = 0  

                ∝
1

√𝑡
 𝑡 > 0 

Note:  erf(η) ∼ η−1𝑒−η
2
 as η to ∞ 

∴ influence plate extends to ∞ albeit exponentially small 

η (
𝑢

𝑈
= 0.01) = 1.8 =

δ

2√ν𝑡
 

δ (
𝑢

𝑈
= 0.01) = 3.6√ν𝑡 

diffusion distance, i.e., effects of μ/ν within δ and independent of 𝑈 

 

for 𝑡 =  1 min air = 10.8 cm water =  2.8 𝑐𝑚 

νair = 0.15 cm2/s 

𝜈water = 0.01 cm2/s 

 

Stokes (1851) 

Rayleigh (1881) skin friction law: laminar flow flat plate L, 𝑈0, 𝑡 =
𝑥

𝑈0
 

τ =
μ𝑈0

√πν
√
𝑈0

𝑥
=
μ𝑈0

3/2

√πν
𝑥−1/2 = 0.56 μ𝑈0

3/2
/√ν𝑥 

𝐷 = ∫ τ𝑥
𝐿

0
 𝑑𝑥 =

μ𝑈0
3/2

√πν
 2𝐿1/2 per unit span and 𝐶𝐷 =

𝐷
1

2
ρ𝑈2𝐿

=
2.26

√𝑅𝑒𝐿
 

vs. Blasius τ𝑊 = μ
𝑈𝑓′′(0)

√2ν𝑥/𝑈
=
μ𝑈3/20.5

√2ν
𝑥−1/2 = 0.35

μ𝑈3/2

√ν𝑥
    for which 

𝐶𝐷 =
1.328

√𝑅𝑒𝐿
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ω = 𝑢𝑦 =
𝑈

√πν𝑡
𝑒−η

2
  η =

𝑦

2√ν𝑡
 

 

ω(0,0) =
1

0
𝑒0 =

1

0
=  ∞   𝜂2 =

𝑦2

4𝜈𝑡
 

                                           𝜂2(0,0) =
0

0
=
2𝑦

4𝜈
= 0 (𝑦 = 0) 

ω(𝑦, 0) =
𝑈

0
𝑒−

𝑦2

0 =
0

0
 

=
𝑈𝑒−η

2
(−2η)

√𝜋𝜈( 
1

2
𝑡−1/2)

 𝜂 =
𝑦

0
=  ∞ 𝜂2 =

𝑦2

0
=∞ 

=
𝑈𝑒−η

2
(−2η)2√ν

√πν
= 𝑈𝑒−η

2
(
−2𝑦

2√ν𝑡
) 2√ν =  0 

 

Initially ω(0,0) infinite and for 𝑦 > 0  𝜔(𝑦, 0) = 0. 

 

ω = Gaussian with width increase √𝑡 (as per δ) and max 

value decrease 
1

√𝑡
. 

 

Total amount vorticity 

∫ ω
∞

0
 𝑑𝑦 = 2√ν𝑡 ∫ ω

∞

0
 𝑑η =

𝑈

√π
∫ 𝑒−η

2
𝑑η

∞

−∞
= 𝑈 ≠ 𝑓(𝑡) 

= y integral initial Dirac delta function ω.  Gaussian integral 

= √π.  ∴ no new vorticity created after t = 0. 

 

Initial vorticity simply diffuses outward resulting in 

increased flow width. 
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𝜇: 0.001𝑘𝑔/𝑚 𝑠 
𝜌: 1000kg/𝑚3 
𝜈: 1 × 10−6𝑚2/𝑠 

𝑈 = 1m/s 
𝒖 𝒚 

 = 𝟏 − 𝒆𝒓𝒇 ( 
𝑼 

  ) 
𝟐√𝝂𝒕 
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Diffusion vortex sheet 
 

First recall potential flow solution for vortex sheet. The point vortex singularity is 

important in aerodynamics; since, their distributions can be used to represent airfoils 

and wings. To see this, consider as an example of an infinite row of vortices: 









−−=−= 



=

)
2

cos
2

(cosh
2

1
ln

2

1
ln

1 a

x

a

y
KrK

i

i


  

Where ir  is radius from origin of ith vortex. 

 

Superposition infinite row equally spaced vortices of equal strength 

 

For ay   the flow approaches uniform flow with  

a

K

y
u


=




=   

+: below x axis 

-: above x axis 

Note: this flow is just due to infinite row of vortices and there isn’t any pure uniform 

flow   
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Potential Flow Vortex sheet: 
 

From afar (i.e. y  a ) looks like a thin sheet with velocity discontinuity. 

 

 

 
 
 

Define ==
a

K


2
strength of vortex sheet 

d  V d s =  (around closed contour) 

dx
a

K
dxuudxudxud ulul

2
)( =−=−=  

i.e.  
dx

d
= = Circulation per unit span 

Note: There is no flow normal to the sheet so that vortex sheet can 

be used to simulate a body surface. This is the basis of airfoil theory 

where we let )(x =  to represent body geometry. 
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Diffusion of a Vortex Sheet 

 
𝑢𝑡 = ν𝑢𝑦𝑦 
𝑢(𝑦, 0) = 𝑈 sgn(𝑦) 
𝑢(∞, 𝑡) = 𝑈 

𝑢(−∞, 𝑡) = −𝑈 

 
𝑢

𝑈
= 𝐹(𝜂)  𝜂 =

𝑦

2√𝜈𝑡
 

 

𝐹′′ = −2𝜂𝐹′ 
𝐹(∞) = 1  

𝐹(−∞) = −1 

 

𝐹(𝜂) = erf(𝜂) 
                        𝑢 =  ±0.95𝑈 

𝑢 = 𝑈erf(𝜂)               𝜂 =  ±1.38 

              𝛿 = ±5.52√𝜈𝑡 
 

 

Same as Stokes 1st 

Initial ω diffuses away from y = 0 

ω = −
∂𝑢

∂𝑦
= −

𝑈

√πν𝑡
𝑒−𝑦

2/4ν𝑡 

Gaussian with width increase √𝑡 

∫ 𝜔
∞

−∞
 𝑑𝑦 = 2√𝜈𝑡 ∫ 𝜔

∞

−∞
 𝑑𝜂 =

2𝑈

√𝜋
∫ 𝑒−𝜂

2
𝑑𝜂

∞

−∞
= 2𝑈 ≠ 𝑓(𝑡) and 

y integral initial ω = Dirac delta 

function 

Note: 
𝑑(erf(𝑦))

𝑑𝑦
=

2

√𝜋
𝑒−𝑦

2
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The diffusion of a vortex sheet is related to both Stokes 1st and 

laminar flat plate boundary layer for several reasons. 

 

1. u/U upper half = Stokes 1st after Galilean transformation 

(relative inertial coordinates) to coordinate system moving at 

speed U including sign change. 

 

2. Flow y > 0 = temporally developing BL at t = 0.  For large y 

vorticity is zero and u = U and no slip is satisfied a y = 0. 

 

𝜏𝑤 = 𝜇𝑢𝑦|𝑦=0 =
𝜇𝑈

√𝜋𝜈𝑡
    𝐶𝑓 =

𝜏𝑤
1
2𝜌𝑈

2
=
2

√𝜋
√
𝜈

𝑈2𝑡
 

which are f(t). 

 

In fluid dynamics, a temporally developing boundary 

layer (TBL) refers to a flow configuration where the boundary 

layer's growth is analyzed as a function of time rather than 

streamwise distance. This is often modeled as the turbulent 

counterpart to the Rayleigh problem (or Stokes' first problem), 

where a fluid at rest is set into motion by an impulsively started or 

constant-velocity wall. 

 

3. Ut = x transforms solution to spatially developing BL, as per 

laminar BL theory. 

√
𝜈

𝑈2𝑡
= (

𝜈

𝑈𝑥
)
1/2

= 𝑅𝑒𝑥
−1/2
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𝜇: 0.001𝑘𝑔/𝑚 𝑠 
𝜌: 1000𝑘𝑔/𝑚3 
𝜈: 1 × 10−6𝑚2/𝑠 

𝑈 = 1m/s 
𝒚 

𝒖 = 𝑼𝒆𝒓𝒇 (  ) 
𝟐√𝝂𝒕 
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Decay of an ideal line vortex: Oseen Vortex 

 
 

𝑢θ =
Ω𝑅2

𝑟
=

Γ

2π𝑟
 Γ = 2𝜋Ω𝑅2 

Irrotational vortex τ𝑟θ = μ [𝑟
∂

∂𝑟
(
𝑢θ

𝑟
) +

1

𝑟

∂𝑢𝑟

∂θ
] = −

2𝜇Ω𝑅2

𝑟2
 

 

work done per unit height = 2π𝑅 τ𝑟θ 𝑢θ|𝑟=𝑅 

 

= 2π𝑅(−2μΩ)(Ω𝑅) = 4πμ𝑅2Ω2
 

 

= viscous dissipation such that there is no net force at a point 

 

Suppose 𝑟 → 0 while Ω ↑ such that Γ = 2πΩ𝑅2 is 

unchanged. In the limit we have a potential line vortex with 

singularity at the origin. 
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𝜕

𝜕𝑥𝑗
(𝑈𝑖𝜎𝑖𝑗)         =           𝜎𝑖𝑗

𝜕𝑈𝑖
𝜕𝑥𝑗

         +            𝑈𝑖
𝜕𝜎𝑖𝑗

𝜕𝑥𝑗
 

 
 
 
 
 
 

𝜎𝑖𝑗
𝜕𝑈𝑖
𝜕𝑥𝑗

= 𝜎𝑖𝑗  (𝜀𝑖𝑗 + 𝜔𝑖𝑗) = 𝜎𝑖𝑗𝜀𝑖𝑗 

 
𝜎𝑖𝑗𝜔𝑖𝑗 = 0 since it is the product of a symmetric and an anti-symmetric tensor. 

 

𝜎𝑖𝑗
𝜕𝑈𝑖
𝜕𝑥𝑗

= [−(𝑝 +
2

3
𝜇∇ ∙ 𝑈) 𝛿𝑖𝑗 + 2𝜇𝜀𝑖𝑗] 𝜀𝑖𝑗 

𝜎𝑖𝑗
𝜕𝑈𝑖

𝜕𝑥𝑗
= −𝑝∇ ∙ 𝑈 + 2𝜇𝜀𝑖𝑗𝜀𝑖𝑗 −

2

3
𝜇(∇ ∙ 𝑈)

2

⏟                   

  

𝜎𝑖𝑗
𝜕𝑈𝑖
𝜕𝑥𝑗

= −𝑝∇ ∙ 𝑈 +  𝜑 

Total work 
of surface 

force 

Deformation 
work w/o 𝑎 

and lost to 
internal 
energy 

Increase of 
KE since 

contributes 
fluid 𝑎 

𝜑 

Since 𝜀𝑖𝑗𝛿𝑖𝑗 = 𝜀𝑖𝑖 = ∇ ∙ 𝑈 
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Next, suppose infinitely small R and rapidly spinning Ω 

cylinder suddenly stops rotating at t = 0; thereby, reducing 

the velocity at r = 0 to zero impulsively. Then the fluid would 

slow down due to viscous diffusion, i.e., viscous decay of a 

line vortex. Circular analog of the diffusion of a vortex sheet. 

 

𝑢θ𝑡 = ν
∂

∂𝑟
[
1

𝑟

∂

∂𝑟
(𝑟𝑢θ)] 

𝑢θ(𝑟, 0) =
Γ

2π𝑟
 

𝑢θ(0, 𝑡) = 0 

𝑢θ(∞, 𝑡) =
Γ

2π𝑟
 

 

Assume 𝑢′ =
𝑢θ

Γ/2π𝑟
= 𝑓(𝑟, 𝑡, ν)⏟    
must be nondimensional

=  𝐹(η)  η =
𝑟2

4ν𝑡
 

 

Expect similarity since r and t have no natural scales from 

BC; and eliminate Γ/2π𝑟 via nondimensional 𝑢θ. Note η is 

square of form used for Stokes 1st problem. Substitute u' into 

GDE. 

 

𝐹′′ + 𝐹′ = 0 

𝐹(∞) = 1 

𝐹(0)  =  0 
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𝑢θ =
Γ

2π𝑟
𝑢′ =

Γ

2π𝑟
𝐹(η)      η =

𝑟2

4ν𝑡
=
𝑟2

4ν
𝑡−1 

η𝑡 = −
𝑟2

4ν
𝑡−2 

η𝑟 =
2𝑟

4ν𝑡
=

𝑟

2ν𝑡
 

 

𝑢θ𝑡 =
Γ

2π𝑟
𝐹′η𝑡 = −

Γ𝑟

8πν𝑡2
𝐹′ 

 

𝑟𝑢θ =
Γ

2π
𝐹 

∂

∂𝑟
(𝑟𝑢θ) =

Γ

2π
𝐹′

𝑟

2ν𝑡
=
Γ𝑟

4𝜋𝜈𝑡
𝐹′ ÷ 𝑟 =

Γ

4𝜋𝜈𝑡
𝐹′ 

∂

∂𝑟
[
1

𝑟

∂

∂𝑟
(𝑟𝑢θ)] =

Γ

4πν𝑡
𝐹′′

𝑟

2ν𝑡
=
Γ𝑟

8πν2𝑡2
𝐹′′ 

 

−
Γ𝑟

8πν𝑡2
𝐹′ =

Γ𝑟

8πν𝑡2
𝐹′′    i. e.     𝐹′′ + 𝐹′ = 0 

 
𝐹′′

𝐹′
= −1    

1

𝐹′
𝑑

𝑑η
(𝐹′) = −1  

𝑑𝐹′

𝐹′
= −𝑑 𝜂 

                          ln 𝐹′ = −η + 𝐶 

𝐹(∞) = 1           𝐹′ = 𝐶𝑒−η 

𝐹(0) = 0    𝐹 = 𝐶𝑒−𝜂 + 𝐷 

       𝐹 = 1 − 𝑒−𝜂 

 

D = 1, C+D=0, C=−D 

 

𝑢θ =
Γ

2π𝑟
[1 − 𝑒−𝑟

2/4ν𝑡] 
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𝐹 = 1 − 𝑒−η 

𝑢θ =
Γ

2π𝑟
[1 − 𝑒−𝑟

2/4ν𝑡] 

Different form η =
𝑟

√ν𝑡
 = 

Γ

2𝜋√𝜈𝑡
(
1

𝜂
) [1 − exp (−

𝜂2

4
)] 

For which former 
𝑢θ

𝑟
 = f(η) whereas latter 

𝑢θ

√𝑡
 = f(η). 

 

One of family of vortices that satisfy NS equations. Another 

is the Taylor vortex. 
 

𝑢θ =
𝐻

8πν𝑡

𝑟

ν𝑡2
exp(−

𝑟2

4ν𝑡
) 

 

H = amount of angular momentum in the vortex, which is 

infinite for Oseen vortex. 

 
  

Oseen 

𝑉∗ ∝
𝑢θ

√𝑡
 

 

Taylor 

𝑉∗

∝
𝑢θ
𝑡−3/2

 

 

η =
𝑟

√ν𝑡
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For 𝑟 ≪ 2√ν𝑡 rigid body rotation 

      𝑟 ≫ 2√ν𝑡 irrotational vortex 

 

Alternatively, a corresponding solution can be obtained for 

a line vortex suddenly imposed on a fluid at rest. Impulsive 

start of infinitely small R fast Ω cylinder. In this case, 

𝑢θ =
Γ

2π𝑟
𝑒−𝑟

2/4ν𝑡 

 

For the Oseen vortex, 

 

ω𝑧 =
1

𝑟

∂

∂𝑟
(𝑟𝑢θ) =

Γ

4πν𝑡
exp (−

𝜂2

4
)  𝜂 =

𝑟

√𝜈𝑡
 

 

i.e., Gaussian bell curve profile at each instant. 
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When ω𝑧 ≠ 0 flow is viscous, whereas when ω𝑧 = 0 it 

remains the original potential flow vortex. Height falls off as 

𝑡−1 and width increases by viscous diffusion √ν𝑡. 
 

Note: ∫ ω𝑧
∞

0
 2π𝑟 𝑑𝑟 =  Γ 

 

Solution useful estimate decay of wing/propeller tip 

vortices, especially if eddy viscosity ν𝑡 used. 

 

Squire (1965) 

ν𝑡  = 𝑓 (𝑅𝑒vortex =Γ/ν =
2π𝑟𝑢θ
ν

) 

Decay time 𝑡 =
𝑧−𝑧0

𝑈
 Δ𝑧 = 𝑧 − 𝑧0 distance behind wing 

𝑢𝜃,max𝑑𝑒𝑐𝑎𝑦 ∝ 𝑧
−1/2 U = aircraft flight speed 

Core growth ∝ 𝑧1/2 𝑧0 = effective origin 
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Alternative derivation viscous decay line vortex 

 

Similarity solutions: 

 

𝛾 = 𝐴𝑡−𝑛𝐹(𝜉/𝛿(𝑡)) = 𝐴𝑡−𝑛𝐹(𝜂) 
or 

𝛾 = 𝐴𝜉−𝑛𝐹(𝜉/𝛿(𝑡)) = 𝐴𝜉−𝑛𝐹(𝜂) 
 

𝛾 = dependent field variable, e.g., velocity component 

A = constant 𝛾 ∝ 𝑡𝑛 or 𝛾 ∝ 𝜉𝑛 

𝜉 = independent spatial variable 

t = time 

𝜂 =  𝜉/𝛿 = similarity variable 

𝛿(𝑡) = time dependent length scale 

𝐴𝑡−𝑛𝑜𝑟𝐴𝜉−𝑛 × 𝐹 needed when solutions are infinite or zero at t = 

0 or 𝜉 = 0 

 

Thin rapidly spinning cylinder 𝑢𝜃 =
Γ

2𝜋𝑟
, i.e., ideal vortex 

strength Γ located at r = 0. At t = 0 cylinder stops spinning. 

 

𝑢𝜃(𝑟, 𝑡) = 𝐴𝑟
−𝑛𝐹 (

𝑟

𝛿(𝑡)
) = 𝐴𝑟−𝑛𝐹(𝜂) 

𝑢𝜃(𝑟, 0) =
Γ

2𝜋𝑟
= 𝑢𝜃(𝑟 → ∞, 𝑡) 

𝑢𝜃(0, 𝑡) = 0 𝑡 > 0 

 

i.e. 𝐹(𝜂 → ∞) = 1 and F(0) = 0, 𝐴𝑟−𝑛 =
Γ

2𝜋𝑟
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𝜕𝑢𝜃

𝜕𝑡
= 𝜈

𝜕

𝜕𝑟
(
1

𝑟

𝜕

𝜕𝑟
(𝑟𝑢𝜃)) 𝑢𝜃 = (

Γ

2𝜋𝑟
)𝐹(𝜂)  𝜂 =

𝑟

𝛿(𝑡)
 𝜂𝑡 = −

𝑟

𝛿2
𝛿𝑡 

𝜕𝑢𝜃
𝜕𝑡

=
Γ

2𝜋𝑟
𝐹′ (−

𝑟

𝛿2
) 𝛿𝑡 = −

Γ

2𝜋𝑟
(𝛿−1𝛿𝑡) 𝜂𝐹

′ 

𝑟𝑢𝜃 =
Γ

2𝜋
𝐹 

𝜕

𝜕𝑟
(𝑟𝑢𝜃) = 𝑢𝜃 +

Γ

2𝜋
(
𝐹′

𝛿
−
𝐹

𝑟
) 

𝜕

𝜕𝑟
(
𝑢𝜃
𝑟
+

Γ

2𝜋𝑟
(
𝐹′

𝛿
−
𝐹

𝑟
)) 

𝜕

𝜕𝑟
(
Γ

2𝜋𝑟2
𝐹 +

Γ

2𝜋𝑟
(
𝐹′

𝛿
−
𝐹

𝑟
)) 

Γ

2𝜋

𝜕

𝜕𝑟
(
𝐹′

𝑟𝛿
) =

Γ

2𝜋
[
1

𝑟𝛿2
𝐹′′ −

𝐹′

𝑟2𝛿
] 

−
Γ

2𝜋𝑟
(𝛿−1𝛿𝑡)𝜂𝐹

′  =  
𝜈Γ

2𝜋
(
1

𝑟𝛿2
𝐹′′ −

𝐹′

𝑟2𝛿
) 

−[
𝑟2

𝜈𝛿

𝑑𝛿

𝑑𝑡
] 𝜂𝐹′ =

𝑟2

𝛿2
𝐹′′ −

𝑟

𝛿
𝐹′ 

−
𝜂3

2
𝐹′ = −𝜂2𝐹′′ − 𝜂𝐹′ 

−
𝜂

2
𝐹′ +

1

𝜂
𝐹′ = 𝐹′′ 

(
1

𝜂
−
𝜂

2
)𝐹′ =

𝑑

𝑑𝜂
𝐹′ 

(
1

𝜂
−
𝜂

2
)𝑑𝜂 =

𝑑𝐹′

𝐹′
 

ln 𝜂 −
𝜂2

4
+ 𝐶 = ln 𝐹′ 

exp(ln 𝜂 −
𝜂2

4
+ 𝐶) = 𝐹′ = 𝐶 𝜂𝑒−𝜂

2/4 

𝐶 ∫𝜂 exp(−
𝜂2

4
)𝑑𝜂 + 𝐷 = 𝐹(𝜂) 

𝐹(∞) = 1 − 2𝐶𝑒−𝜂
2/4 + 𝐷 = 𝐹(𝜂) 

𝐹(0) = 0 − 2𝐶 + 𝐷 = 0 𝐶 =
𝐷

2
, 𝐷 =  1 

𝐹 = 1 − 𝑒−η
2/4 

𝑢𝜃 =
Γ

2𝜋𝑟
(1 − 𝑒−𝜂

2/4) = Gaussian vortex 𝜎2 = 4𝜈𝑡 

𝑟 ≪ 𝛿 rigid body rotation  

𝑟 ≫ 𝛿 ideal vortex 

Decay line vortex 

 

Gaussian vortex:  𝑢𝜃 =
Γ

2𝜋𝑟
(1 − 𝑒−𝑟

2/𝜎2) 

 

 

 

 

 

 

𝜕𝑢𝜃
𝜕𝑟

= −
Γ

2𝜋𝑟2
𝐹 +

Γ

2𝜋𝑟
𝐹′𝛿−1

=
Γ

2𝜋𝑟
(
𝐹′

𝛿
−
𝐹

𝑟
) 

For similarity [ ] = 𝑓(𝜂) ≠ 𝑓(𝑟, 𝑡)  

∴ assume 𝛿 = √𝜈𝑡 

𝛿𝑡 =
𝜈1/2

2
𝑡−1/2 

𝑟2

𝜈𝜈1/2𝑡1/2
 
𝜈1/2

2
𝑡−1/2 =

𝑟2

2𝜈𝑡
=
𝜂2

2
 

 

𝑥2 =
𝜂2

4
 

2𝑥 𝑑𝑥 =
𝜂

2
𝑑𝜂 

4𝑥 𝑑𝑥 =  𝜂 𝑑𝜂 

∫𝜂 exp (−
𝜂2

4
)𝑑𝜂 

= 4∫𝑥 exp(−𝑥2) 𝑑𝑥 

= 4(−
1

2
𝑒−𝑥

2
) 

= −2𝑒−𝜂
2/4 
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- 



 

Stokes 1st: impulsive plate motion 

𝑢 = 𝑈(1 − erf(𝜂))   𝜂 =
𝑦

2√𝜈𝑡
  𝜂𝑦 =

1

2√𝜈𝑡
 

𝜔𝑧 = −𝑢𝑦 =
𝑈

√𝜋𝜈𝑡
𝑒−𝜂

2
= 𝜔𝑧(𝑦, 𝑡) 

𝑑

𝑑𝑦
(erf(𝜂)) =

2

√𝜋
𝑒−𝑦

2
 

𝜔𝑧 = 𝑓(𝑦, 𝑡):  𝜔𝑧(0,0) = ∞  𝜔𝑧(𝑦, 0) = 0 
𝑢

𝑈
= 0.05 ⇒ 𝜂 = 1.38 𝜔𝑧(0, 𝑡 > 0) =

𝑈

√𝜋𝜈𝑡
 

𝛿 = 2.76√𝜈𝑡   𝜔𝑧(𝑦 > 0, 𝑡 > 0) =
𝑈

√𝜋𝜈𝑡
𝑒−𝜂

2
 

Diffusion Vortex Sheet 

𝑢 = 𝑈 erf(𝜂)  𝜂 =
𝑦

2√𝜈𝑡
 

Same conclusions 𝜔 = −𝑢𝑦 = −
𝑈

√𝜋𝜈𝑡
𝑒−𝜂

2
 

𝜔 as Stokes 1st  

𝜏𝑤 = 𝜇𝑢𝑦|𝑦=0 =
𝜇𝑈

√𝜋𝜈𝑡
 

𝐶𝑓 =
𝜏𝑤
1
2
𝜌𝑈2

=
2

√𝜋
√
𝜈

𝑈2𝑡
 

Ut = x in spatially developing BL 

such that √
𝜈

𝑈2𝑡
= (

𝜈

𝑈𝑥
)
1/2

= 𝑅𝑒𝑥
−1/2

 

𝑢 = ±0.95𝑈 𝜂 = ±1.38 𝛿 = 5.52√𝜈𝑡 

𝐶𝑓 =
𝜏𝑤
1

2
𝜌𝑈2

=
2

√𝜋
√

𝜈

𝑈2𝑡
 𝑡 =

𝑥

𝑈
 

=
2

√𝜋
𝑅𝑒𝑥

−1/2
 

= 1.13 𝑅𝑒𝑥
−1/2

 

Blasius: 𝐶𝑓 = 0.664 𝑅𝑒𝑥
−1/2

 

 

 

 

 

 

 

 

 

Similar Stokes 1st and laminar BL. 

1. 𝑢𝑠 = 𝑈 − 𝑢∞ 

2. y > 0 = temporally developing BL with 

inviscid uniform stream far from wall 



 

Decay ideal line vortex: Oseen vortex 

𝑢𝜃 =
Γ

2𝜋𝑟
[1 − 𝑒−𝑟

2/4𝜈𝑡] =
Γ

2𝜋√𝜈𝑡
(
1

𝜂
) [1 − 𝑒−𝜂

2/4]  

𝜂 =
𝑟

√𝜈𝑡
 𝜂𝑟 = 1/√𝜈𝑡 

𝜔𝑧 =
1

𝑟

𝜕

𝜕𝑟
(𝑟𝑢𝜃) = 

Γ

4𝜋𝜈𝑡
𝑒−𝜂

2/4 

𝑟𝑢𝜃 =
Γ

2𝜋
(1 − 𝑒−𝜂

2/4) 

𝜕

𝜕𝑟
(𝑟𝑢𝜃) = −

Γ

2𝜋
(𝑒−𝜂

2/4) (−
𝜂

2
×
1

√𝜈𝑡
) =

Γ

2𝜋

𝜂

2√𝜈𝑡
𝑒−𝜂

2/4 

𝜔𝑧 = 𝑓(𝑟, 𝑡) 

𝜔𝑧(0,0) =
1

0
=  ∞ Same behavior Stokes 1st except ∝ 𝑡−1 vs 𝑡−1/2 

𝜔𝑧(𝑟 > 0,0) = 0  𝜔𝑧(0, 𝑡 > 0) =
Γ

4𝜋𝜈𝑡
 

 

Impulsive line vortex 

𝑢θ =
Γ

2π𝑟
𝑒−𝑟

2/4ν𝑡 

ω𝑧 = −
Γ

4πν𝑡
𝑒−𝑟

2/4ν𝑡 

 

Same conclusions decay vs impulsive as Stokes 1st vs diffusion 

vortex sheet 

 
 
 
 
 
 
 
 



 

 

𝑢𝜃 =
𝛤

2𝜋𝑟
(1 − 𝑒

−
𝑟2

4𝜈𝑡) 

 

𝜔𝑧 =
𝛤

4𝜋𝜈𝑡
𝑒−

𝑟2

4𝜈𝑡 

𝑢𝜃(0,0) = ∞ 
𝑢𝜃(0, 𝑡) = 0 

𝑢𝜃(∞, 𝑡) =
𝛤

2𝜋𝑟
→ 0 

 

𝜔𝑧(0,0) = ∞ 

𝜔𝑧(0, 𝑡) =
𝛤

4𝜋𝜈𝑡
 

𝜔𝑧(∞, 𝑡) = 0 



 

 

𝑢𝜃 =
𝛤

2𝜋𝑟
𝑒−

𝑟2

4𝜈𝑡 

 

𝜔𝑧 = −
𝛤

4𝜋𝜈𝑡
𝑒−

𝑟2

4𝜈𝑡 

 

 
 

𝑢𝜃(0,0) = ∞ 
𝑢𝜃(0, 𝑡) = ∞ 
𝑢𝜃(∞, 𝑡) = 0 

 

𝜔𝑧(0,0) = −∞ 

𝜔𝑧(0, 𝑡) = −
𝛤

4𝜋𝜈𝑡
 

𝜔𝑧(∞, 𝑡) = 0 



 

Width of diffusion layer as a function of time: viscous decay of an ideal vortex 
 

𝑢𝜃 =
𝛤

2𝜋𝑟
(1 − 𝑒−

𝑟2

4𝜈𝑡) 

𝑢𝜃
𝛤
2𝜋𝑟

= 0.95 = 1 − 𝑒−
𝑟2

4𝜈𝑡 

0.05 = 𝑒−
𝑟2

4𝜈𝑡 

log(0.05)~ − 3.0 = −
𝑟2

4𝜈𝑡
 

𝑟~√12𝜈𝑡 = 3.46√𝜈𝑡 
 

Width of diffusion layer as a function of time: Line vortex suddenly introduced into fluid at rest 
 

𝑢𝜃 =
𝛤

2𝜋𝑟
𝑒−

𝑟2

4𝜈𝑡 

𝑢𝜃
𝛤
2𝜋𝑟

= 0.95 = 𝑒−
𝑟2

4𝜈𝑡 

0.95 = 𝑒−
𝑟2

4𝜈𝑡 

log(0.95)~ − 0.05 = −
𝑟2

4𝜈𝑡
 

𝑟~√0.2𝜈𝑡 = 0.45√𝜈𝑡 
 

 
 
 
 
 

 
 
 
 
 
 
 

 

𝛿̇ → 0 as 𝑡 → ∞, i.e., rate of diffusion decreases over time 

 

 δ 𝛿̇ 
Diffusion of a 
vortex sheet 

5.52√𝜈𝑡 2.76√𝜈/𝑡 

Viscous decay of an 
ideal vortex 

3.46√𝜈𝑡 1.73√𝜈/𝑡 

Stokes’ first 
problem 

2.76√𝜈𝑡 1.38√𝜈/𝑡 

Sudden line vortex 0.45√𝜈𝑡 0.225√𝜈/𝑡 



 

Burgers Vortex 

 

The line vortex viscous spreading can be cancelled by superposing 

a radial inflow towards the core and a steady flow is obtained. 

 

Consider a 𝑢θ(𝑟) with axis along z-axis and added to this flow a 

symmetric radial inflow is added 

 

𝑢𝑟 = −𝑎𝑟  a = strength of radial flow 

 

𝑢𝑟 is unbounded at ∞; hence correct solution is local flow near 

small r 

 

 
 

 

 

 

Continuity 
∂𝑢𝑧

∂𝑧
= −

1

𝑟

∂

∂𝑟
(𝑟𝑢𝑟) = 2𝑎 

 

𝑢𝑧 = 2𝑎𝑧 



 

(𝑢𝑟 , 𝑢𝑧) = axisymmetric inviscid flow toward stagnation a 

point at the origin. 
 

Strain rates ε𝑟𝑟 = εθθ = −𝑎 and ε𝑧𝑧 = 2𝑎, i.e., vortex is 

stretched along its axis at rate a 
 

Assume 𝑢θ = 𝑢θ(𝑟) only 
 

ν
𝑑

𝑑𝑟
[
1

𝑟

𝑑

𝑑𝑟
(𝑟𝑢θ)] = −𝑎𝑟

𝑑𝑢θ

𝑑𝑟
  (1) 

𝑢θ(0) = 0  𝑢θ(∞) =
Γ

2π𝑟
 

 

change variable using reduced circulation 
 

γ =  𝑓 =
2π𝑟𝑢θ
Γ

 

 

(1) becomes −𝑎
𝑑𝑓

𝑑𝑟
= ν

𝑑

𝑑𝑟
(
1

𝑟

𝑑𝑓

𝑑𝑟
) 

 

next, transform using similarity variable η =
𝑟

√ν/2𝑎
 

𝑓′′ + (
1

2
η −

1

η
) 𝑓′ = 0 

𝑓 = 1 − exp(−
η2

4
) 

𝑢θ =
Γ

2π𝑟
[1 − exp(−

𝑟2

2ν/𝑎
)] 

 

vortex core diffusion is cancelled by radial inflow such that 

flow is steady state. 
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Stokes’ second problem: analysis of the extrema of the velocity field 
Velocity field: 

𝑈 = 𝑈0 cos(𝜔𝑡) − 𝑈0𝑒
−√

𝜔
2𝜈
𝑦
cos (𝜔𝑡 − √

𝜔

2𝜈
𝑦) 

Assume −√
𝜔

2𝜈
𝑦 = 𝑥 

𝑈 = 𝑈0 cos(𝜔𝑡) − 𝑈0𝑒
𝑥 cos(𝜔𝑡 + 𝑥) 

𝑑𝑈

𝑑𝑥
= −𝑈0𝑒

𝑥 cos(𝜔𝑡 + 𝑥) + 𝑈0𝑒
𝑥 sin(𝜔𝑡 + 𝑥) = 0 

Divide by 𝑈0𝑒
𝑥: 

−cos(𝜔𝑡 + 𝑥) + sin(𝜔𝑡 + 𝑥) = 0 
tan(𝜔𝑡 + 𝑥) = 1 

𝜔𝑡 + 𝑥 =
𝜋

4
+ 𝑘𝜋 → 𝑥 =

𝜋

4
+ 𝑘𝜋 − 𝜔𝑡 

Where 𝑘 = 0,±1,±2…±∞. Substitute back for √
𝜔

2𝜈
𝑦: 

−√
𝜔

2𝜈
𝑦 =

𝜋

4
+ 𝑘𝜋 − 𝜔𝑡 

The condition for the location of the extrema is: 

√
𝜔

2𝜈
𝑦 =  𝜔𝑡 −

𝜋

4
− 𝑘𝜋 

Therefore, the velocity field has multiple local maxima/minima. For example, when 𝜔𝑡 =
0, the locations of the local extrema are: 

√
𝜔

2𝜈
𝑦 = −

𝜋

4
− 𝑘𝜋 

i.e.,  

√
𝜔

2𝜈
𝑦 = +∞,… ,

7

4
𝜋,
3

4
𝜋,−

𝜋

4
,−
5

4
𝜋,−

9

4
𝜋,… ,−∞ 

For 𝑘 = −∞,… ,−2, −1,0,1,2, … ,+∞. 

The extrema for √
𝜔

2𝜈
𝑦 > 2𝜋 are difficult to see due to the damping effect of the 

exponential function. 
 

 
 
 
 
 
 



 

 

If we only consider 0 < √
𝜔

2𝜈
𝑦 < 6, the local extrema are shown in the figure below.  

 

For −
4

6
𝜋 < 𝜔𝑡 < 0, the velocity field shows a local maximum, which moves 

towards smaller 𝑦 when 𝜔𝑡 increases its absolute value.  For − 𝜋 <  𝜔𝑡 <
4

6
𝜋, 

the local maximum moves to negative values of 𝑦, i.e., a region which is not 
physically interesting. Therefore, the next extremum is a minimum, as shown in the 
figure.  

1) The overshoot is located where the pressure gradient and viscous term have 

the same sign. 

2) The 𝑦 −location and amount of the overshoot depends on the value of 𝜔𝑡. 
3) The y-location should depend on the travelling wave concept. 

4) Explain the physics of the y-location and the amount of the maximum. 

5) All of the above need to be compared with Panton’s discussion. 

 

--- approximate mean 
location of the peaks 
--- exact mean 
location of the peaks 
 

1.57 1.68 



 

 

 



 

 

 



 

 
Unsteady Fully Developed Pipe Flow 

 



 

 



 

 

 
 
 



 

 

 
 
 



 

 

 
 
 



 

 

 
 
 



 

 

 
 
 
 



 



 

 


