Chapter 3 Solutions of the Newtonian Viscous-Flow
Equations

5.Unsteady flows

a. Stokes 1st problem: sudden acceleration
b. Diffusion vortex sheet

c. Decay of a Line Vortex

d. Burgers Vortex

e. Stokes 2" problem: steady oscillations

f. Starting flow circular pipe

g. Oscillating pressure gradient pipe flow
h. Starting flow fixed/moving parallel walls.

a, e, and h are unsteady flows with moving boundaries, of
which there are many additional solutions, including some
that illustrate boundary layer behavior.



Stokes 1% Flat plate wally = 0
Up = Vly,
u(y,0) =0 IC
u(0,t) = U impulsive start
u(ee,t) = 0 stagnant

Diffusion Vortex Sheet Vortex Sheety = 0
U = VUy,,
u(y,0) = Usgn(y) IC jump condition

u(ee,t) = U } :
w(—o0 t) = —U far field + U

Decay ideal line vortex r = 0 suddenly stopped
d
Yor =Vay lm (ruo)
ug(r,0) = E IC potential vortex

ug(0,t) =0 no slip
r :
ug(e=,t) = - outer potential vortex

Line vortex imposed on fluid at rest 7 = 0 suddenly started

0
o, = 5[5 Cruo)
ug(r,0) =0 uy(0,0) =00
u@(r; OO) = 2_71_:_7,,

ug(oo,t) =0 ug(O,t) = 0

Stokes 2" Flat plate wall y = 0
Up = VUy,y,
u(0,t) =Ucoswt
u(e=,t) =0
Unsteady pipe flow: pu; = —p,(t) + u (uw + %ur)
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Stokes 1st Problem: Impulsively Started Plate

(a) y u (0,0
u
Assume \—u (0, g):{ofﬂrrso ¥ 0 t
Ufort>0
p, L constant N
u #+ f(x) o
u=fQ,t)

FIGURE 7.4
(a) Definition sketch for Stokes’ first problem and (b) solution curves in terms of the similarity
variable and in terms of dimensional variables.

(b) shows similarity (left) and u(t) for increasing t (right)

Continuity: Wty =0 2o
ontinuity: (0) = 0 v =
Momentum: PUr = —Pyx T HUyy

0=—py

y momentum= p = p(x, t). For t<0, u =0 .. p = constant.
Fort=0,u(=,t) =0 - p,(=,t) = 0 and in view y momentum
equation p,.(y,t) = 0.

ut = Vuyy

u(y,0) =0 IC
u(0,t) = U}
(oo, t) = 0f B¢
Well posed IBVP



u= f(U,y,t,V)

u

Dimensional analysis: — = F m)
n = nondimensional distance = 5 jﬁ (2 for algebraic convenience)

Dimensionally reduced from 2 (y,t) to 1(n) and similarity
solution i.e. PDE — ODE

ut=UFt=UF’nt=_UF’21t» F’=Fn
u, = UF, = UF'
y y 2\/‘\)—1:
—_ F// — U FII
Yy T ome Y T we
u(y,0)=0
n =212 —F' =F" F()=0 EO)=1 u(=0=0
2y u(0,t) =U
=L —_— _3/2 dF’
b zw( 2¢ ) — = -2ndn
=—Lt_3/2 F
4/v
_21 InF' = —n? + constant
t
dF
d(d_) r— —n? X+Y — ,X,Y
—2ndn = an F' = Ae™ e ete
dn

M
F(n) = Af e "’ dn+ B
0



0
F(O)=1=AJ e ""dn + B
0
B =1
F(OO)=O=Af e " dn + 1
0

T
AV
2
2
A———
—1——f e dn
erf(n)
u y
—=1—erf( )
U 2+/vt

w(0,0) = o= Dirac delta function vortex sheet
w(y,0) =0 due to impulsive motion

fooo w dy # f(t) i.e.nonew w aftert =0
Initial w diffuses outward increasing flow width

u
—=0.05 > n=1.38
U N

§ = 2.76+/vt width of diffusion layer, which increases as v/t
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W, =——= F' = e

z dy 24wt Vvt

ou

Tyx = U@ = THW
V2 nondimensional shear stress | = N—i and v = —

wu m S
= f(n) only .
Ty (0) = —\/%= woatt =0

1
04 ﬁ t>0

Note: erf() ~n~te ™™ asnto oo
=~ influence plate extends to oo albeit exponentially small

0 (% =001)=18= zjﬁ
8 (% = 0.01) = 3.6Vvt

diffusion distance, 1.e., effects of p/v within 6 and independent of U

fort = 1min air=10.8cm water = 2.8cm
Vi = 0.15¢cm? /s
Vyater = 0.01cm? /s

Stokes (1851)
Rayleigh (1881) skin friction law: laminar flow flat plate L, U,, t = Ui
0
_ WUo U _ wug’? -1/2 _ 3/2
T= Sl - T X = 0.56 ulU," " /Vvx
L wus/? . D 2.26
D= dx = —2= 2L/? t dCp = =
Jo Tx dx T per unit span and C, 0l Jre
. _ L Ur©@ _ pudlPos g, nus/2 :
vs. Blasius Ty, = um =7 X = 0.35 N for which
1.328

Cnh =
b 1/ReL
6



_loo_1_ o 2_Y"
w(O,O)—Oe 0 1 e
n?(0,0)=-=2=0 (y=0)
0,0 = L5 =2
w(y, Z—Oe =0
_ Ue™ (=2n) —V s o 2 ¥
 Vav(5e1/2) == 71T =% 7

_ Ue "% (=2m)2vv _pr,-m2 (—2Y .
=S e = Ve (%) 2V = 0

Initially w(0,0) infinite and fory > 0 w(y,0) = 0.

w = Gaussian with width increase v/t (as per §) and max

1

value decrease —.
Jt

Total amount vorticity

Jy wdy =2Vt [ wdn==["eWdn=U = f()
=y integral initial Dirac delta function w. Gaussian integral
= /m. = no new vorticity created after t = 0.

Initial vorticity simply diffuses outward resulting in
increased flow width.



u:0.001kg/m s

p: 1000kg/m3

v:1x10-°m?/s
U=1m/s

y
)

u
—=1-
U erf(z\/v_t

Velocity profile (water property)

0.15
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0.01

-0.1-0.01 11
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Diffusion vortex sheet

First recall potential flow solution for vortex sheet. The point vortex singularity is

important in aerodynamics; since, their distributions can be used to represent airfoils
and wings. To see this, consider as an example of an infinite row of vortices:

- 1 1 2y 2mx

=—K» Inr, =——KIn| —(cosh—— —cos—

w D Inr, > [2( ; ; )}

i=1

Where r, is radius from origin of i" vortex.

v
(x, ¥)
+
ith I
vortex ;
K K K| K
el Fonl
o |r S
| a a |
¥

—®~
—®~

K
o
a | a

K
&<
[ |

Superposition infinite row equally spaced vortices of equal strength

For |y|> a the flow approaches uniform flow with

oy a
+: below x axis
-: above x axis

Note: this flow is just due to infinite row of vortices and there isn’t any pure uniform

flow



Potential Flow Vortex sheet:

From afar (i.e. [y> a) looks like a thin sheet with velocity discontinuity.

.‘\

w=-nKla

u=+nkla

. 27K
Define y = =—— =strength of vortex sheet
a

dl' =V -d s (around closed contour)
2
dl' =u,dx —u, dx =(u, —u,)dx = ﬂa’x
a

ie. y= o = Circulation per unit span
X

Note: There is no flow normal to the sheet so that vortex sheet can

be used to simulate a body surface. This is the basis of airfoil theory

where we let ¥ = (x) to represent body geometry.
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Diffusion of a Vortex Sheet

-1

Vorticity T Sevas e
S\etr \

Y M 1 * Pedeadh s
m\&\—w., St \\7\\"

Figure 9.11 Viscous decay of a vortex sheet, The right panel shows the nondimensional solution and t=e
left panel indicates the vorticity distribution at two times.

Ut = VUy,y
u(y,0) = Usgn(y)
u(ee,t) =U
u(—oo,t) =-U
u y
_=F =
T m o
Same as Stokes 1st R o
= — Cd(erf(y)) 2 _y2
Initial w diffuses away fromy =0 F(OO) — 117 Note: dyy - \/_Ee g
(D:—a—uz— v e~ Y2/ avt F(_oo) = -1
dy Vvt
Gaussian with width increase \/t F(n) = erf(n)
) ) u = +0.95U
[owdy=2Wt[_ wdn=  y = Uerf(n) n= +1.38
j—%ffoooe‘nzdn =2U # f(t) and 5 = +5.52/vt

y integral initial w = Dirac delta
function
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The diffusion of a vortex sheet is related to both Stokes 1% and
laminar flat plate boundary layer for several reasons.

1. w/U upper half = Stokes 1% after Galilean transformation
(relative inertial coordinates) to coordinate system moving at
speed U including sign change.

2. Flow y > 0 = temporally developing BL at t = 0. For large y
vorticity 1s zero and u = U and no slip is satisfied a y = 0.

ul T 2 v
Ty = fUyly=0 =— C; = LA
VTVt %pUz \/E Uzt

which are f(t).

In fluid dynamics, atemporally developing boundary
layer (TBL) refers to a flow configuration where the boundary
layer's growth is analyzed as a function of time rather than
streamwise distance. This 1s often modeled as the turbulent
counterpart to the Rayleigh problem (or Stokes' first problem),
where a fluid at rest is set into motion by an impulsively started or
constant-velocity wall.

3. Ut = x transforms solution to spatially developing BL, as per
laminar BL theory.

=) = e

12



u:0.001kg/m s
p:1000kg/m3
v:1x10-°m?/s
U=1m/s
y
—=
2\/vt

u=Uerf

Velocity profile (water property)

0.15

-0.15
u

Vorticity profile (water property)

0.15

50 100 150

-0.15
vorticity (=-du/dy)
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Decay of an ideal line vortex: Oseen Vortex

/\O

| [Da

L Ll
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.

|
| |

N

Figure 9.7 Rotation of a solid cylinder of radius R in an infinite body of viscous fluid. The shape of B¢
free surface is also indicated. The flow field is viscous but irrotational.
QR? r
Ug = = ' =217 Q R 2
r 2Tr
: 0 (ug 1 du, 21 QR?
Irrotational vortex T, = [r — (—) -—| = —
re = H or\ r r 00 r2

work done per unit height = 2R T, Ugl,r=r

= 2R (—2uQ)(QR) = 4mMuR2 Q *

= viscous dissipation such that there 1s no net force at a point
Suppose ¥ —» 0 while Q T such that I' = 2w QR? is

unchanged. In the limit we have a potential line vortex with
singularity at the origin.
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Exercise 9.15. Consider a solid eylinder of radius a. steadily rotating at angular speed €2 in an
mfinite viscous fluid. The steady solution 1s irrotational: us= Qa’/R. Show that the work done by
the external agent in maintaining the flow (namely, the value of 27Rus75 at R = a) equals the
viscous dissipation rate of fluid kinetic energy in the flow field.

Solution 9.15. Using the given velocity field. the shear stress 1s:

d(u , a1 5 1
T, =uR—| =2 |=uQa"R— ,,]=—,.. Qa” —-.
wy = &R( ] ' aR{R-, e

R

The work done per umit height = {Emn Re u¢} =2ma-2uL- Qa = dmpa™Q" .

R=a
From (4.58) the wviscous dissipation rate of kinetic energy per unit volume for an
incompressible flow 1s pe =2uS .S, . where € 1s the viscous dissipation of kinetic energy per umit
mass. For the given flow field there is only one non-zero independent strain component:
Rd(u)| Qa ,d1 2 1
Ste =S == = | = R—|—=|=--Qa —.
2dR\ R 2  JdR\R R-

Therefore:
at
_ _ 2 2 _ 24
ps=2uS,S, -y[.ﬁ'ﬂw + SW) 42 o
so the kinetic energy dissipation rate per unit height 1s:

f : pe2aRdR = SauQ’a’ f% dR = 4muQ’a’.

which equals the work done murning the eylinder.

4 0 Ui anj
an (Ulo-l]) %4 an + ! axj
Total work Deformation Increase of
of surface work w/o a KE since
force and lost to contributes
internal fluid a
energy

U,

0ij =— = 0j; (& + wy) = 0y;e
ax]'

o;jw;j = 0 since it is the product of a symmetric and an anti-symmetric tensor.

o _ 2 VU)o, +2
T g, = |T\P TRV U)oy + 2ue| &

- 3
j
aU; 2 2 .
O %, — —pV U+ 2ug;je; — g#(V -U) Since &;;6;j = ¢&; =V U
ouU ¢
O'ija_x;: —pV-U+t ¢
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Next, suppose infinitely small R and rapidly spinning ()
cylinder suddenly stops rotating at t = 0; thereby, reducing
the velocity at r =0 to zero impulsively. Then the fluid would
slow down due to viscous diffusion, 1.e., viscous decay of a
line vortex. Circular analog of the diffusion of a vortex sheet.

Ug, = vi [—— (rue)]

Jor Lr or
0) :
ug(r, 0) = 2T
U,e(o, t) =0
ue(oo, t) — Z_T[T'
Assume u' = r729m = f(r,t,v) = F(n) n= 4r_v2t

N —’
must be nondimensional

Expect similarity since r and t have no natural scales from
BC; and eliminate 1" /27tr via nondimensional ug. Note 1 is

square of form used for Stokes 1st problem. Substitute u' into
GDE.

F'+F =0

F() =1
F(0) =

16



BRI A _r_r.
Ug = 2Ttr — 2Ttr (n) n= 4vt _2 4v
T
Ne = _4_Vt_2
_ 2r T
r = 4yt  2vt
I o I’ o
oy 2nr Me =~ 8mvt2
r d Ly r Fr r /
rue :E O_(Tue) =E 2vt - 4mtvt sr= 4mtvt
a [1 a ( )] - FII r _ FT' FII
or lr or THel| = Amtvt.  2vt  8mv2t2
——LF=—LF" e F'+F =0
8tmvt 81tvt
FII , _ d_F, _
=l F’dn F) = o dn
InF'=-—m+C
F(>) =1 F'=Ce™
F(0)=0 F=Ce™+D
F=1-e™"

D=1, C+D=0, C=—D

I
Ug = — [1 _ e—r2/4vt]
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Different formn = \/7;_t = 2;/% (%) 1—exp (— %)]

For which former % = f(n) whereas latter % =1(m).

One of family of vortices that satisfy NS equations. Another
is the Taylor vortex.

_H r r?
Yo = 8mvt vt?2 exp 4vt

H = amount of angular momentum in the vortex, which is
infinite for Oseen vortex.

1

Taylor vortex

V*ocﬁ -

t 0+ T T T
0 1 2 3
r Figure 11.8 Profiles for Oseen and Taylor vortices in similarity variables. For the Oseen vortex,
\/— V* o v, /t~"/2, while for the Taylor vortex, V* o v, /t 2, In each case 5 = r//vt.
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o

r

Figure 9.12 Viscous decay of a line vortex showing the tangential velocity at different times.

For r « 2+/vt rigid body rotation

r >> 2+/Vvt irrotational vortex

Alternatively, a corresponding solution can be obtained for
a line vortex suddenly imposed on a fluid at rest. Impulsive
start of infinitely small R fast () cylinder. In this case,

I’
Ug = —

— —r?/4vt
2Ttr

For the Oseen vortex,

10 r 2
w, = (rug) = r—exp(-L)  n=F

r or 4Vt 4

1.e., Gaussian bell curve profile at each instant.
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t =2
-—"‘-‘_‘—_-'__-—.-
] 8 o8
k‘
[0, T T T S Y
(a) (&)

Figure 11.7 Viscous decay of an ideal vortex: (a) velocity profiles and (b) vorticity profiles at
corresponding times. Scales are arbitrary.

When w, # 0 flow is viscous, whereas when w, = 0 it
remains the original potential flow vortex. Height falls off as

t~1 and width increases by viscous diffusion v/ vt.
Note: fooo w, 2nrdr= T

Solution useful estimate decay of wing/propeller tip
vortices, especially if eddy viscosity v, used.

Squire (1965)

V¢ =f(ReV0rtex — F/V=

Z—Z

21Tru9)

v
A z = z — z, distance behind wing

Decay time t =

Ug maxdecay X 2~ /? U = aircraft flight speed

1/2

Core growth « z zy = effective origin

20



Alternative derivation viscous decay line vortex

Similarity solutions:

y = At™"F(&/8(t)) = At™F(n)
or

y = AETF(£/8(t)) = AEF(n)

y = dependent field variable, e.g., velocity component
A=constant y xttory o« &

¢ = independent spatial variable

t = time

n = &/ = similarity variable

5 (t) = time dependent length scale

At "orA&™" X F needed when solutions are infinite or zero at t =
Ooré=0

Thin rapidly spinning cylinder uy = %, i.e.,, ideal vortex
strength T located at r = 0. At t =0 cylinder stops spinning.

ug(r,t) = Ar™"F (%) = Ar~"F(n)
uy(r,0) = o ug(r - oo, t)

ug(0,t) =0 t>0

i.e. F(n > o) =1and F(0)=0, Ar " = zL

nr
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dug _ (T T _ r
=V 5(-—( 9)) ue—(§)F(U) =30 Ne = —%; 0

ror
a'U,Q r r
— =—F 5, = — —— 6_16 F!
ot  2mr ( 62) t 2mr ( )7 dug r
r r (F' F o=
rug = _—F E (rug) = ug + P (? - ;) or 2mr?

o)
2 (e (5-D)

ro(FN_T[1, F
2w or \ré 271 ré? r28

| @

F' .
74(6 1§ )nF'" = ZZ<r62 F'' — m) For similarity []=f() # f(r,t)

~assume O =\/vt

r? d6 o F” rF, y1/2 12
v6dt 52 & O =5t »
2 2 2
n / 17 ’ T—_ _1/2=T_=77_
_7}7 = —n’F" —qF Wz g ¢ vt 2
] 1
__FI+_FI FII
2 n
1 d
o
no 2 dn
1 7 dF'
G-t
n 2 F
2
D c=mF 2 1
Inn 2 +C2—lnF X —%
exp(lnn—n—+C>=F'=Cne_’72/4 2xdx = 5dn
4 4xdx = ndn
n?
Cfnexp(—z>dn+D =F(n)
F(o)=1 —2Ce™/*+D =F(n) 2
F(0)=0 —-2C+D=0 C=§,D=1 fneXp<—z>dn
— -n?/4
F_lFe n/ ] =4fxexp(—x2)dx
up =5—(1—e™" /*) = Gaussian vortex 02 = 4vt 1,
r < & rigid body rotation = (_59_x>
r > 6 ideal vortex = —De~M/4

Decay line vortex

. r 2 )52
Gaussian vortex: ug =-—(1—e™"/9")
2nr

21



Fluid Mechanics, 6 Ed. Kundu, Cohen, and Dowling

Exercise 3.28. Starting from (3.29), show that the maximum u, in a Gaussian vortex occurs
when 1+2(r2/0%) = exp(r’/c?) . Verify that this implies r = 1.120910.

Solution 3.28. Differentiate the u, equation from (3.29) with respect to r and set this derivative
equal to zero.
d
dr
Eliminate common factors assuming r # 0.
0=-1+exp(-r*/0*)+ (2r2/02)exp(—r2/02) =1+ (1+ 2r2/02)exp(—r2/02).
This can be rearranged to:

(uﬁ (r)) 2 o

Td l—exp(-rz/az) I _1—exp(—r2/02)-exp(—rz/oz)(__ziz) i
2w dr r 2n r r

exp(r2/02) =1+2r*/0?,
which is the desired result. When /o'~ 1.12091, then
exp(r?/0”)=3.51289 and 1+2r°/0” =3.51288,

which is suitable numerical agreement.

FIGURE 3.17 Irrotational vortex. The
streamlines are circular, as for solid body
rotation, but the fluid velocity varies with
distance from the origin so that fluid ele-
ments only deform; they do not spin. The
vorticity of fluid elements is zero everywhere,
except at the origin where it is infinite.

A8

Instead, real vortices combine elements of the ideal
vortex flows described by (3.22) and (3.25). Near the center of rotation, a real vortex’s core
flow is nearly solid-body rotation, but far from this core, real-vortex-induced flow is nearly
irrotational. Two common idealizations of the this behavior are the Rankine vortex defined by:

Plag? = ] i '/2rc*)r for r<eo
) = { /ma* = const. forr < a} ) ol = {( [2ma”) . (3.28)
0 forr>o r/2nr for r>o¢

and the Gaussian vortex defined by:
1ok
27r

1) = —zexp(~2/c?), and () = 5 (1 - exp(~ /) (3.29)
In both cases, ¢ is a core-size parameter that determines the radial distance where real vortex
behavior transitions from solid-body rotation to irrotational-vortex flow. For the Rankine vor-
tex, this transition is abrupt and occurs at r = ¢ where u, reaches its maximum. For the
Gaussian vortex, this transition is gradual and the maximum value of uy is reached at
r/o = 1.12091 (see Exercise 3.28).
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Exercise 9.34. Suppose a line vortex of circulation T" is suddenly intro uced into a fluid at rest at
¢ = 0. Show that the solution is u,(r,t) = (I“/an)exp{— ) 4Vt}. Sketch the velocity distribution
at different times. Calculate and plot the vorticity, and observe how it diffuses outward.

Solution 9.34. The solution to this problem is very similar to the decay of a line vortex (see
Example 9.8). In two-dimensional (r,6)-polar coordinates, the governing equation is:

du, d(ld
P VL"r(r " )ﬂ
The boundary conditions on the velocity u.(r, ?) are
u(r,0") = 0, u(r,0) =T/2zr, and u(w, 1) = 0.
In this case the second boundary condition suggests a similarity solution of the form:
r r r
=051 )
For this solution form the time and radial derivatives are:
ou T 4 on L_@(_E) L __I‘_(ﬂ)éfi Hrug) T df on _T_i(_l_) -
gt 2mrdn ot 2mrdn\ 2t) 2m\2t)dn’ or 2mdndr 2mdn vt )’
d(1d (T 1 df F 1d T 1a&Ff
—|=—=(ru)| == | m——="=|= 5= —+ =t
dr\r or or\ 27 \[vt dn 2mr? Alvt dn 2 vt dn
Reassemble the governing equation and divide out the common factor of T'/2zr:

_(ﬂ)éli__ v df vdf _I(1df &f
2)dn rlvidn wdn®  t\ndn dn’)
2
Multiply by # and put the second derivative on the left: d J: i s g-
dn 2 n)dn
2
Integrate to find: lnﬁf— . Inn + const. Exponentiate L e“’"“'nexp{—r)2 I 4}
dn 4 o dn . |
and integrate again: 3
3 =A+Bexp{—n2/4}. 18

The constants 4 and B can be

determined from the boundary 4
conditions: f{0) = 1, and flo) = 1; 12
A =0, and B = 1. Thus, the 1
velocity field is: 08

( t) ) & r2 0.6

u,(r,t) = ——expy———r.

o 2 P\ 4wt 04
In this flow the z- g2

component of the vorticity is the = °
only non-zero component.

w_ (r t)—l—a—(ru )_l&ur - ol B ex 8
_Z’rar6r¢?64m/tp4vt dmid 7| A1
The plot above shows w, (vertical axis) vs. r (horizontal axis) at four different times. With
increasing time, the vorticity ar » = 0 decreases but it spreads outward in the radial direction.




Stokes 1st: impulsive plate motion

- _ — Y _ 1
u=U(1-efm) n=5= 1=
U _n2 d 2 a2
W, = Uy = =™ = w,(y,1) o (erf(n)) = ze™
w, = f(y,t): w,(0,0) = Uwz(y, 0)=0
u
5—005=>7]—138 a)Z(O,t>O)—ﬁ
§ = 2.764/vt w,(y>0,t>0)= \/%e‘nz
Diffusion Vortex Sheet
y
u = U erfl = —
m 7 o
. U _ 2
Same conclusions w = —Uy = — e N
vt
w as Stokes 1% o _
u U Similar Stokes 1st and laminar BL.

TW:ﬂuylyzozﬁ . ug=U—1uc
C. = Ty 2 v
f %pUZ \/E UZt

Ut = x in spatially developing BL

v (v 1/2_ -1/2
such that /E_ (E) = Re,

u=+4095U0 n=+138 §=-552Vvt

C — _w —i v
f_%puz_\/ﬁ U2t
2 _
:_Rexl/Z

e
= 1.13Re '/

Blasius: Cj = 0.664 Re; /*

2. y>0=temporally developing BL with
inviscid uniform stream far from wall

SR



Decay ideal line vortex: Oseen vortex

Ug = % 1— e—r2/41/t] — _an:/ﬁ (%) [1 — e—n2/4]

n== 1,=1/nt

10 2
— -2 — -n“/4
Wy = —— (rug) e

41TVt

I
rUup = o (1—em°/4)

0 r 1 r
E(rue) = ———(e7m/*) (—Q X ) 1 g-n/a

2T 2 vt - 2m 2\/vt
w, = f(r, tl)
w, (0,0) = o = 00 Same behavior Stokes 1* except oc t =1 vs t~1/2
r
w,(r>00)=0 w,(0,t >0) = pp

Impulsive line vortex

I 2
U = e~ T /4vt
0 ZRTF
2
W, = — e T /4vt
z 4Trvt

Same conclusions decay vs impulsive as Stokes Ist vs diffusion
vortex sheet
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Viscous decay of an ideal vortex: velocity profiles
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t=0.5 -
\ — t=1.0
— t=2.0"
— t=8.0
/TN
/N
/ / s S
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r
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Uug=——\(1—e 9t
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Lo Viscous decay of an ideal vortex: vorticity profiles
- — t=05
— t=1.0
— t=2.0
ogd— N — t=8.0
0.6
3 \
0.4 \
0.2 \
——
0.0 i
0.0 0.2 0.4 0.6 0.8 1.0

r _r*
= e 4vt
4yt

uy(0,0) =
ug(O, t) =0

r
ug (o, t) =5 —--0

w,(0,0) = 0

r
@7 (0,8) = Amtvt

w,(0,t) =0




Line vortex suddenl

y introduced into fluid at rest: velocity profiles

2.00 T
- t= 0.0
I T | | e e e e — t=0.5"
— t=1.0
1.50 —t=2.0
\\ — t= 8.0
1.25 \\ " u(0,0) = oo
o Ug (0, t) =
> 1.00 \\ """"""""" ug(0,t) =0
0.75 ‘\\\\\\
0.50 \\
e
0.00 =
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
r
r _r*
Ug = ——e 4vt
" 2nr
Line vortex suddenly introduced into fluid at rest: vorticity profiles
0.0 ——
/
—_-'_-_-.
-0.2 /
~0.4 /// wz(0,0) = —o0
N w,(0,t) = —
3 2(0.6) Amrvt
w,(0,t) =0
-0.6 /7
70.8 — = 0‘5 I
—— t=1.0
— t=2.0
— t=8.0
-1.0 i
0.0 0.2 0.4 0.6 0.8 1.0
r
r r?
a)z = ——e_m

4mvt



Width of diffusion layer as a function of time: viscous decay of an ideal vortex

Width of diffusion layer as a function of time: Line vortex suddenly introduced into fluid at rest

Width of diffusion layer as a function of time

Ug = —
Ug _r-
T:0'95: 1—e 4vt
2nr
72
0.05=e 4vt

log(0.05) ~ — 3.0 =
r~V12vt = 3.46\vt

r _r?
= — 4vt
27r l—ew

2

7'2

4yt

r _r*
= —_— 4yt
Yo 27rre Y
Ug _ﬁ
- = 0.95 = e 4vt
27mr
T'Z
0.95 = ¢ %t

r
log(0.95) ~ - 0.05 = ——

2

4vt

r~v0.2vt = 0.45\vt

0.010 ‘ : :
—— Diffusion of a vortex sheet
Viscous decay of an ideal vortex
0.008 e —— Stokes' first problem
—— Line vortex suddenly introduced into fluid at rest
0.006
0.004
/ — |
- —
0.002 T
/
0.000
0.0 0.2 0.4 0.6 0.8 1.0

5 )

Diffusion of a 5.52v/vt 2.76\/v/t
vortex sheet

Viscous decay of an 3.46+/vt 1.73,/v/t
ideal vortex
Stokes’ first 2.76\/vt 1.38,/v/t

problem
Sudden line vortex 0.45\vt 0.225./v/t

d - 0ast — o, i.e, rate of diffusion decreases over time




Burgers Vortex

The line vortex viscous spreading can be cancelled by superposing
a radial inflow towards the core and a steady flow is obtained.

Consider a ug(r) with axis along z-axis and added to this flow a
symmetric radial inflow is added

U, = —ar a = strength of radial flow

u,- 1s unbounded at oo; hence correct solution is local flow near
small r

... duy
Continuity a_uz = —-—(ru,) = 2a



(u,,u,) = axisymmetric inviscid flow toward stagnation a
point at the origin.

Strain rates ¢, = €g9 = —a and ¢,, = 2a, 1.e., vortex 1s
stretched along its axis at rate a

Assume ug = ug(r) only

(T'U,g)] —ar% (1)
F

up(0) =0 up(e) =-—

[r dr

change variable using reduced circulation

2Trug
I

y=f=

af _ 1df
(1) becomes —a— =v dr( )

dr rdr

next, transform using similarity variable n = T;m

fr+(gn-1) =0

2
f=1—exp (— %)
I ) r?
Yo = oy P 2V/a

vortex core diffusion is cancelled by radial inflow such that
flow is steady state.
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Figure 9.13  Velocity distribution in laminar flow near an oscillating plate. The distributions at wr =1

7/2, 7, and 37 /2 are shown. The diffusive distance is of order § = 4./v/w.
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Stokes’ second problem: analysis of the extrema of the velocity field
Velocity field:

_ | L w
U = U,cos(wt) — Uye \/;y cos (a)t — —y)

2v
w
Assume — /;y =X

au
i —Uye* cos(wt + x) + Uye* sin(wt +x) =0

Divide by Uye*:

U = U, cos(wt) — Uye”* cos(wt + x)

—cos(wt + x) +sin(wt +x) =0
tan(wt +x) =1

T T
wt+x=Z+kn—>x=Z+kn—wt

Wherek = 0,+1,+2 ... + oo. Substitute back for \/:%y:

=y =2t — wt
2y T g T

The condition for the location of the extrema is:
w

= wt—ZS—k
Y T WtT Tk

Therefore, the velocity field has multiple local maxima/minima. For example, when wt =
0, the locations of the local extrema are:

w _ T k
Ny T T3

w N 7 3 T 5 9
P = m "')_ I_ )__I__ '__ )"'I_m
\JZvy ’ 4”4“ 4 4” 4”

Fork = —o,..,—2,—1,0,1,2, ..., +0.

The extrema for ’%y > 2 are difficult to see due to the damping effect of the

exponential function.



If we only consider 0 < /%y < 6, the local extrema are shown in the figure below.

—)t= -1
1.0 wt= —5m/6
wt= —4n/6
—_— wt= —31/6
— gt = —21/6
— t= — /6 -
wt=0

B Local extrema

U/U,

--- approximate mean
location of the peaks
--- exact mean

location of the peaks

W
YWz

4
For — P T < wt < 0, the velocity field shows a local maximum, which moves

4
towards smaller y when wt increases its absolute value. For —m < wt < T

the local maximum moves to negative values of y, i.e., a region which is not
physically interesting. Therefore, the next extremum is a minimum, as shown in the

figure.
1) The overshoot is located where the pressure gradient and viscous term have

the same sign.
2) The y —location and amount of the overshoot depends on the value of wt.
3) The y-location should depend on the travelling wave concept.
4) Explain the physics of the y-location and the amount of the maximum.
5) All of the above need to be compared with Panton’s discussion.
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EXAMPLE 9.10 :

Show thattb:Lhemteofwork(perunitama)domondteﬁuidbyd\eoscillating;'n-
balanqedbyé-mevisoousdissipationofenugy(perm\itam)h\n\eﬂ\ddabweﬂwpla:e
Solution

Thzrateofwork(perunitaxea)d(memmeﬂuidbythemovingphtehmprodudoﬂhe;u
stress on the fuid, 1y, and the plate velocity, U cos{wt):

th = U cos(et) = —p(du/dy),qU cos{wt),

The negative sign appears because the outward normal from the fluid points downward om =w
surface of the plate. Differentiating (9.38) with respect ta ¥, leads to:

3 - Bl B} (en(E) ()

and evaluating the result at y = 0 produces:

du 2 J
(.‘;-.'/)y-o = u\/-z-';[—oos(o)t} + sinfwt)].
Thus, the time-average rate of work (per unit area) done by the plate on the fluid is:

2w 2w e
w w w ; e
o= 5 / Ll cos{wt)dt = 5- of -;.u\/%(-cos(w:) + sin{wf]U cos{wf)dt = u=-1
°
where 21/ w is the period of the plate’s oscillations.

From (4.58), the rate of dissipation of fluid kinetic energy per unit volume s 155, which reduss
to 2u8;Sy for an incompressible viscous fluid. Thus, the time-average energy dissipaticn —aw
(per unit area) above the plate will be:

I - rja = e = o 2

- (%] (5]

P a f fz,,s,,s,jdym =2 f /(S;+S:«)dydl = s / / (Eﬁ dyt,
[ [} o e 0

<nce the only strain-rate component in this flow is Sy = Szy = (1/2)(3u/dy). The final result is
=asiest to obtain by performing the time average first

20 [ wezesl )

This leaves the vertical integral:

. 7 w 20 w [» I? fw
= ! W e"P{‘S’VT}"y =iV = * T VB
:nd this matches the ime-averaged result for . Thus, the average rates of work input and
energy dissipation are equal. They are not instantaneously equal, so the fluid’s kinetic energy
er unit area) fluctuates, but it does not grow without bound.




Unsteady Fully Developed Pipe Flow
U= t)  p=ur=q

Que =— Py + g (uy + Huv)
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FIGURE 3-14

Instantaneous velocity profiles for
starting flow in a pipe, Eq. (3-102).
[After Szymanski (1932).)
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The Stokes number (Stk), named after George Gabriel Stokes, is a
dimensionless number characterising the behavior of particles
suspended in a fluid flow. The Stokes number is defined as the ratio
of the characteristic time of a particle (or droplet) to a characteristic
time of the flow or of an obstacle, or

lo

/] / l ’
A
where 1g is the relaxation time of the paricle (the time constant in
the exponential decay of the particle velocity due to drag), ug is the
fluid velocity of the flow well away from the obstacle, and [y is the
characteristic dimension of the obstacle (typically its diameter) or a
characteristic length scale in the flow (like boundary Ilaver
thickness).m A particle with a low Stokes number follows fluid
streamlines (perfect advection), while a particle with a large Stokes ~ !llustration of the effect of varying
number is dominated by its inertia and continues along its initial ~ {he Stokes number. Orange and
uajectory. green trgjectones are for small and
large Stokes numbers, respectively.
In the case of Stokes flow, which is when the particle (or dropler)  Orange curve (s trajectory of particle
Reynolds number is less than unity, the particle diag coefficient is ~ with Stokes number less than one

inversely proportional to the Reynolds number itself. In that case,  that loflows the streamiines (biue),

the characteristic time of the particle can be written as while green curve is for a Stokes
number greater than one, and so the
p"g particle does not follow the
= T streamiings. That particle colides
Hy with one of the obstacies (brown

whete py is the particle density, dj, is the particle diameter and pgis o PO ShoAn inyelow

the fluid dynamic viscosity. 2]

In experimental fluid dynamics, the Stokes number is a measure of flow tracer fidelity in particle image
velocimety (PIV) experiments where very small particles are ennained in rurbulent flows and optically
observed to determine the speed and direction of fluid movement (also known as the velocity field of the
fluid). For acceptable wacing accuracy, the particle response time should be faster than the smallest time
scale of the flow. Smaller Stokes numbers represent better tracing accuracy; for Stk >3 1. particles will
detach from a flow especially where the flow decelerates abruptly. For Stk < 1, particles follow fluid
streamlines closely. If Stk < 0.1, wacing accuracy erors are below 1%.8]

The Womersley number (o or Wo) is a dimensionless number in biofluid mechanics and biofluid
dynamics. It is a dimensionless expression of the pulsatile flow frequency in relation to viscous effects. It is
named after John R. Womersley (1907-1958) for his work with blood flow in arteries.!!J The Womersley
number is important in keeping dynamic similarity when scaling an experiment. An example of this is
scaling up the vascular system for experimental study. The Womersley number is also important in
determining the thickness of the boundary layer to see if entrance effects can be ignored.

The square root of this number is also referred to as Stokes number, Stk = /W0, due to the pioneering
work done by Sir George Stokes on the Stokes second problem.
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Exercise 9.32. a) When z is complex, the small-argument expansion of the zeroth-order Bessel
function J,(z)=1 -%z’ +... remains valid. Use this to show that (9.43) reduces to (9.6) as w — 0
when dp/dz = Ap/L. The next term in the series is /" . At what value of a/ 3 /v/a) is the

magnitude of this term equal to 5% of the second term.
b) When z is complex, the large-argument expansion of the zeroth-order Bessel function

J (2)= (2/71:?.)'/Z cos[z - ;.ﬂ] remains valid for |arg(z)| < . Use this to show that (9.43) reduces to
the velocity profile of a viscous boundary Jayer on a plane wall beneath an oscillating flow as

0> ®;
’ (]
U(p,0) == [sm(a)l) exp‘—y o7 ]sm(au ¥ 2"]‘

where y is the distance from the tube wall, R = a — y, v << a, and dp/dz = Ap/L.

Solution 9.32. a) Start from (9.43):

iR iq

. Ap o a_ || g
u:(R.t)-Rell;"-;-Z[l J, m)/lu(m}] },and

use the small argument form of J, for the limit @ >0 :

Ry :
I l-z( L. +e l+imRz
limu, (R,7) = limRe i -22- ) - Vo) Ll pimredi 22 {1y "l
P sl a)pL 1 iwa a0 pr ]+M %
1-= +ao. 4v ot
4 Wvfw <

Continue simplifying:

“ PR | ]
Iimu_(R.t)-limRe{i ap In_(n"”R _loa +) e“"}
wd w0 | wpL | 4y 4y |

. 2 e
=hch{1 2 [ L 2L e“'}

L pr 4v 4y
-Re A]’ ] az-Rz)
4v 4v 4;1
and this is the same as (9.6) when the pressure gmdlcnt is ApIL
To determine when ."I._‘ is 5% of 1z*, set (0. 05)—1 -év“ and determine z. The

solution is |2|=a/\v/w = \J0.05(64)/4 = 0.894 .
.ng

i 1 i R
b) Here, z= -\7;:7:; =(—75+75)7‘;/—‘-; » 80
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(=5 Serl{ )l ]
el ol ks )

When @ — %, the first term becomes exponentially small, so

°05(4.°—) {(T 7-) +1—} as w-—>w,
:;v/w
Now use R = a ~y in the above expression and collect like factors:
cos(z'i)--l-exp | B T L et 8, SO
4/ 2 :ZZV/w 4 :;21’/&)

_z _d_"" a(l+i) =(+d)
(z 4) p[JZ /w]cxP[JZV/(u) Ll
So, in this limit:

:”’R v/a) e"/‘ a(l+i) L -(|+.)
dn:‘”(u -y) 2 J2v/(o ¥ J2v/(o
iVa 2 v/a) & (a(lw))

(m‘) e, e
f a =(1+i) _
s Ee’(p(:hv/w))

=exp ) y
:;ZV/w i
where the final approximate equality holds when y << a. Now substitute this approximate ratio
of Besscl functions into (9.43) to find:

"z(y’,)_ke{ LY A 7;:'3]] ] Rc[ [ i p(W)exp(um 75»_5]]}

Take the real part to reach

u(y, 0= ———-[sm(wt)-—exp(m]sm (tw 7—:/—‘0]] 5

and this is the desired result.
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FIGURE 317
The develovment of plane Canette flow ”’6'”';11""l’A’;"'é.O""a’l
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