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Chapter 8.5 Airfoil and Wing Theory and Forces on 

Lifting Bodies 

The results for the drag and lift for a circular cylinder with 

circulation (uniform stream + diploe + vortex) showed according 

to the Kutta-Joukowski theorem that the drag = 0 (d’Alembert 

paradox) and the lift = U (for clockwise vortex rotation), which 

can be generalized using complex variables and conformal 

mapping for any arbitrary non-circular cross sectional shape such 

as, in particular, airfoil sections with sharp trailing edges. 

 

However, the value of the circulation is not unique, and must be 

prescribed, which is accomplished for airfoils based on physics, 

i.e., the Kutta condition: in flow over a two-dimensional body 

with a sharp trailing edge, there develops a circulation of 

magnitude just sufficient to move the stagnation point to the 

training edge.   
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Potential theory for thick1 cambered airfoils, e.g., the 

Joukowski airfoil: 

 

 

 

 
1 Thin airfoil theory neglects thickness and distributes vortices of strength (x) along 

the camber line with their strength determined such that the flow is tangent to the 

camber line, which automatically satisfies the Kutta condition. 
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predicts circulation 
 

 
[where  = tan-1(2h/C) and h is the maximum camber, i.e., 

deviation of the airfoil midline from its chord line C] and 

lift coefficient 

 

 

However, the thickness effect is not validated by 

experiments (Fig. 8.23) due to boundary layer growth on 

the upper surface such that it is usually neglected, i.e.,  
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For  = 0 cambered airfoils have finite lift and zero lift at 

ZL = -, which is over predicted by 1o or more as shown 

in Table 8.3.  NACA series XX indicates t/C in % and other 

digits refer to camber and other details. 
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Fig. 8.24 shows that the location of the center of pressure 

xCP is within .02C of x/C = .25: standard camber foils lie 

slightly forward, low drag foils slightly aft, and symmetric 

foils are at x/C = .25. 

 

CDmin for smooth NACA airfoils have less drag than that for 

a smooth turbulent flat plate, especially low drag 60 series, 

whereas with standard surface roughness all foils have the 

same minimum drag, which is roughly 30% greater than 

that for the smooth turbulent flat plates. 
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The aspect ratio for wings of finite span is: 

 
Where b is the span length from tip to tip, Ap is the planform area 

as seen from above, and 𝐶̅ is the average chord length. The lift 

generation pressure difference creates tip vortices, which extend 

far downstream. The Helmholtz Theorem #1 is based on the 

definition of vorticity: 

𝜔 = 𝛻 × 𝑉 

 

𝛻 ⋅ 𝜔 = 𝛻 ⋅ (𝛻 × 𝑉) = 0 

A vortex line cannot end in the fluid. It must form a closed path 

(smoke ring), end at a boundary, solid or free surface, or go to 

infinity.   

 

A finite aspect ratio wing can be modeled by a bound vortex 

system with effective circulation (y) which is maximum at the 

center plane and zero at the tips.  Prandtl (1918) further simplified 

the wing vortex system by the single lifting line and a continuous 

sheet of semi-infinite trailing vortices of strength (y) = d/dy.   
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Each element of the trailing vortex sheet ()d induces a 

downwash, i.e., downward velocity dw(y), which is derived from 

the Biot-Savart Law that describes the velocity induced at a point 

in space by a vortex filament: 

 

 

For a straight semi-infinite trailing vortex filament that leaves the 

wing at y with strength (y) and remains horizontal the Biot-

Savarat Law simplifies as: 

 

 
 

Note 4 vs. 2 in denominator is because the trailing vortex 

system extends from 0 to + ∞ not – ∞ to + ∞. 
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The total downwash is 
 

 
 

The effective angle attack including the effect of the 

downwash reduces the geometric angle of attack 

 

 
 

Note that   (y) is assumed equal to that of a 

two-dimensional wing of the same shape and effective 

angle of attack such that based on thin airfoil theory 

 

 
 

Combining w(y) and results in Prandtl’s lifting-

line theory for a finite span wing 
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Which is an integral-differential equation for (y) subject 

to (b/2) = (-b/2) = 0 with solution providing the wing lift 

and induced drag: 
 

 
 

The induced drag is because the downwash causes the lift 

to have an angle i such that  
 

 

 

 

tan⁡(𝜀 = 𝛼𝑖) = ⁡
𝑤

𝑈∞
 , i.e., 𝛼𝑖 ≈

𝑤

𝑈∞
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C(y) and (y) are arbitrary, which requires, advanced 

methods, but for untwisted elliptical planforms 

 

 
 

With Prandtl’s lifting-line theory (y) solution 

 

 
And 
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Which can be generalized for a thick cambered finite wing 

of approximately elliptical planform  

 

 
 

𝐶𝐿 =
2𝜋(𝛼 + 𝛽)

1 + 2/𝐴𝑅
= 2𝜋𝛼𝑒 

 
 

 
 

𝛼𝑒 = 𝛼 − 𝛼𝑖 = 𝛼 −
𝑤

𝑈∞
= 𝛼 −

𝐶𝐿
𝜋𝐴𝑅
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Fig 8.26 compares theory vs. nonelliptical cambered wings.  The 

stall angle and drag increases and the lift slope decreases as aspect 

ratio decreases. 

Fig. 8.26c shows CL vs. e, which should collapse to an infinite 

wing, i.e., AR = ∞ and do so except near stall.  Their common 

slope dCL/de is about 10% less than the theoretical value 

( + ), which is consistent with the 2D foil thickness and 

camber effects, as per Fig. 8.23. 

 

Fig. 8.26d shows CL vs. CD-CDi and again except near stall the 

data collapses onto a single curve of nearly constant AR = ∞ drag 

CD0 = .01, as per Fig. 8.24c. 

 

Conclusion: finite wing lifting line theory is useful for design. 
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Aircraft Trailing Vortices 

 
 

Airplane wing tip vortices are long, strong, and lingering, which 

present a danger to following airplanes by inducing drastic rolling 

moments, which governs the separation distance between planes at 

takeoff and governs airport capacity. 
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Forces on Lifting Bodies 

 

Forces on lifting bodies, such as airfoils, hydrofoils and 

vanes, are intended to have maximum lift and low drag.  

Design practices, as per bird wings, are thin (t/c ≤ 0.24) 

with round leading and sharp trailing edges. 

 

 

Usually foils/vanes are not symmetric with respect to their 

chord lines but cambered h=h(c) for optimum design:  the 

camber line is the line midway between the upper and lower 

surfaces. 

 

 



058:0160  Chapter 8.5 
Professor Fred Stern     Fall 2024  16 
 

Angle of attack  = angle between free stream and chord 

line.  Lift and drag are non-dimensional using planform 

area Ap= bc or for tapered wings Ap = ∫ 𝑐db 
 

 

For low-speed/incompressible flow and constant 

roughness: 

 
The rounded leading edge inhibits separation, whereas the 

sharp trailing edge is related to lift and the Kutta condition 

for potential flow. 
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For small , near the trailing edge the pressure gradient is 

adverse but weak such that the separation is minimal, and 

the drag and lift are optimal; however, as  increases the 

separation increases until at about  = 15 – 20 deg for 

which the separation is massive and the airfoil stalls, i.e., 

the lift drops, and the drag increases such that flight is no 

longer possible. 
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Based on thick airfoil theory: 

 

Fig. 7.25 shows the lift and drag on a NACA symmetric t/C = 9% 

airfoil.   

Without a flap CL = 0 at  = 0. Up to 12 deg the lift increases 

linearly with slope .11 per deg or 2 per radian, as per airfoil 

theory.   

The drag is as low as .005, which is less than both sides of a 

turbulent flat plate.  However, roughness/paint doubles the drag.  

Increasing Reynolds number increases the maximum lift and stall 

angle and reduces the drag.   

Flaps are used to increase the lift/camber during takeoff and 

landing, which changes the zero-lift point to  = -12 deg.  The 

drag is increased but the extra power is cost effective as it reduces 

the takeoff and landing distance. 
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Fig. 7.26 lift-drag polar plot compares NACA 0009 and 

laminar flow NACA 63-009 airfoils (same thickness).  The 

laminar flow foil has a low-drag bucket at small angles but 

suffers lower stall angle and lower maximum lift.  The drag 

is 30% reduced in the bucket, but the bucket disappears 

with roughness. 

 

The effects of aspect ratio correlate with the AR: 

 

Where 𝑐 is the average chord length.   
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Fig. 7.27 shows that finite AR reduces the lift curve slope, 

but the zero-lift angle is the same; and the drag increases, 

but the zero-lift drag is the same.  Decreasing AR increases 

the effective angle of attack since i, i.e., is 

reduced.  Recall 
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The stall speed is defined as the speed at maximum lift, which supports 

the weight: 

 
Stall speeds vary between 60 – 200 ft/s depending on CLmax and the 

weight.  Pilots must hold the speed > than about 1.2VS to avoid stall 

instabilties. 

The split flap (Fig. 7.25) is one of many devices to secure high lift at low 

speeds. Fig. 7.28a shows additional devices along with their CL vs.  

performance shown in Fig.7.28b. 

 

Military airplanes are able briefly fly above the stall  via quick 

manevuers and some airplanes can even maintain flight while stalled, e.g., 

the Grumman X-29 experimetnal airplane set a record by maintaining 

flight at  = 67 deg. 

 


