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Viscous Flow in Ducts

Laminar Flow Solutions
Entrance, developing, and fully developed flow
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Fig. 66 Developing
velocity profiles and
pressure changes in the

entrance of a duct flow. 0 1
£

Le=f(D,V, p, 1)
I1, theorem — /) = f (Re) f(Re) from AFD and EFD

Laminar Flow: Recit ~ 2000 Re <Regit laminar
L /D =.06Re Re > Recit  unstable
Re > Rewans turbulent

L =.06Re_ D~138D

emax

Max L. for laminar flow
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Turbulent flow:

Re Le/D

4000 18 L,/D ~4.4Re"

10* 20

10° 30 _

10° 44 (Relatively shorter than for

107 65 laminar flow)

108 95

Laminar vs. Turbulent Flow

1200

Turbulent
flow:
100 - Ap = PLIS
Hagen 1839 noted
Begom \53q B0 difference in
SR QP - Ap=Ap(u) but could
o Be=Ap) B2 el not explain two
St ke T2 regimes
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Reynolds 1883 showed that the difference depends on Re = VD/v
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Laminar pipe flow:

1. CV Analysis

gx=psing

)
Fig. 6.7 Control volume of steady, \ z,

full;lr developed flow between two l
S€ctions in an inclined pipe. Y e e e ———————

Continuity:
0= [pV-dA — pQ; = pQ, = const.
CS

eV, =V, since A=A, p=const,andV =V,_,
Momentum:

YE, = (p; — pp) mR? — 1,,2nRL + ymR?L sin ¢ = m(B,V, — B1V1)

Ap W Az/L =0
Ap7R’ — 7 27RL + yaR*Az = 0

Ap+)/AZ:27—F\“>“L
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2Ty, L
Y R
or
Ry Ah Ry dh R d
W= LT m s @YD)

For fluid particle control volume:

r d

=5 P+yz)

1.e., shear stress varies linearly in r across pipe, which is
valid for either laminar or turbulent flow.

Energy:
P, P, o
y 29 y 29
ah=h =%k

. once Tw IS known, we can determine piezometric
A - d
pressure p = p + yz drop, I.e., - (p +vyz).
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In general, roughness
r =1 (o,V, U, D,g‘{
IT Theorem
87, -
, = T = friction factor = f(Rep,&/D)
oV

where Rep _Vb
3

2

Ah=h =f Lve Darcy-Weisbach Equation
- D 2¢g

f (Rep, /D) still needs to be determined. For laminar flow,
there is an exact solution for f since laminar pipe flow has
an exact solution. For turbulent flow, approximate solution

for f using log-law as per Moody diagram and discussed
later.
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2. Differential Analysis

Continuity:
V-V =0 V=a—+l—+—

Use cylindrical coordinates (r, 0, z) where z replaces x in
previous CV analysis.

12(r\/ )+Ei(v )+8vz
ror " ree Y ez

=0

where V = v,.é, + vgég + v,€,

Assume Vo =0 i.e. no swirl and fully developed flow

A

— =0, which shows V; = constant = 0 since v, (R)

0z
=0
~V =vé, =u(re,
Momentum:
DY _ az+ V-V =—-V(p+vyz) + uvév
th_pat py -VV = pTYZ uv=v.
Where:

L N N R
— e TV 50T Y2,
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Z equation:

[au+v VV]— 0 +yz) + uv?
Pl TV VY= aZ(p vz) + uV<u

Ju 10u Ju

SVt Ve gt Vg, =0

4%

0=- —( P+72Z)+ ylé(r a—uJ .. both terms must be constant

] ror\_ or
f(2) ) £(r) ’
u o
rar( )
M1 8p r’+ A
or 2u 62
ou 1 ap A
or 2,u 82
:u:i@r2+Alnr+B P=p+yz
41 0z
u(r=0) finite 2> A=0
°d
u(r=R)=0 > B= 4R,ud5
U(T')— 4ﬂR Z_p—Umax(lr/Rz) UmaX=U(O)=—4R—Iu£

7
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avr .
Tyy = ,u — fluid shear stress
_Trop ou_r 0P
20z where or 2u0z
— a_u — _ a_u — _Ea_p As per CV analysis
fw=H5 ar 29
y y:O r =R A
du dr du du
y = R — T, — - -
dy dy dr dr

Note: 7 =7, = H&, = _zﬂwe

I.e., only one component of vorticity which also varies linearly
across the pipe with its maximum at the wall.

N

R 4
Q:_[u(r)27zr dr = 7R ﬂ 1
] 8u dz 2

Note: for given piezometric pressure drop the flow rate is
inversely proportional to the viscosity and proportional to the
radius to the fourth power such that doubling the pipe radius

produces 16-fold increase in the flow rate: Poiseuille’s law
A

Q _ 1 _ _R2 d p VS. Vave = .53Umax

~u_ 7R?

¥ gR? 2 ™ 8u dz for u(r)=Umax(1-r/R)*2
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Substituting V = Vawe

;. 87,
pV 2
= _Ea_ﬁ _E SMVave 4‘,uVave suv
Ty = =55 =~ X—; e = —
Substituting t,, Into f
f 64y 64
oDV Rep
Cf = TW :i: 16
2
2 2
phoh = f LV _ 84w L VT S2uV

D 29 pDV D’ 29  pgD?

for Az=0 — ApocV

Both f and Cs based on V? normalization, which is

appropriate for turbulent but not laminar flow. The more

appropriate case for laminar flow is:

P,, =C; Re=16

Oc;

P, = fRe=64 for pipe flow

Poiseuille # (P, ){

9
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0.03 Friction fackc;r vs. Reynolds number
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Compare with solution for flow between parallel plates with pressure gradient

U=la), somer= B5 =03 W st do> Tz =0,

Ty A By rwg TO

D Ma=o (e buil e, ) ),
(K""\"-&x%‘*"—'\‘%\ =~ Nx il K’U"‘.‘ii;i%:k\
Q=—-" \
= =Py
O == P2 R

/U"v\\&v» <

"5‘—(\;\"'\\4 =Alx /A

QL_ PV- M\-A— é

mu- ggzs:%u,c,q e,

/L&(’\\\‘ ﬁ\AL—tl\.\ Lt =0
pA
b= Are aen e, =0
_ p
! . o
aAN e = o —dp \* x
5 L £ = o PRSI —
R
—MAvnans

11



Chapter 6-partl

ME:5160
Professor Fred Stern  Fall 2023 12
) Bio |t oo G
= r'f q.%—-l-b\
s s e
\ZA 'i;ﬁ’;ik Sene &2 =W S s, AT Lnaa,
Lo o0 . :
“h= )L._L = 'KM (\— %L/\,‘L\ = —-\)"y = D
i —
()‘7""\»«.* (L}—%{% K=o D=0
P o A b R ki
‘(‘33 ES e =Wy — U‘“S( = z_-ﬂﬁ‘ V;(\j_ A0 oo A deen_
| Wi aiede e V& O
W
i S¥mak = Sk = Yo, (-8 Y 0
' _ s
S Ul ( «--L%— | i L
-\ AN :
Yt | LxSn) = %5\’"\% Veve = Q/&?Q/u.s = 5 Rwap

12



ME:5160
Professor Fred Stern

Chapter 6-partl
Fall 2023 13
U= v (V- “‘L/\«‘;B My = "f&% o E‘é
Aog= P\ —pa
8 AP = W B :
A2 T  —
Ve = @/p= = BF = T ey
_ au - B ey __;_M N T
B P B, - Ix _ Lo IR
- %— {Sﬁj " \ g M*Q\,\
%_,_. Wg - \\*u,\z_%z‘.’w\\‘l\; Dizs.
ey 2= TONTL i
Loy S -
aXh
—%-_- 4‘/‘2&-&‘” - ‘5»)&}.(6:\5'}.
e s \W-V¥)s
e B o i =
= BN Joney
p'a“_—: ﬂ*ﬂ.,,.QQ fvl*'
= 24p /oy
&;&: ('ng_'Q— = 4L
= Abm /o anV
Y — %
Crn o Tn_ %ﬂ: e 20w

13



ME:5160 Chapter 6-partl
Professor Fred Stern  Fall 2023 14

Concept of hydraulic diameter for noncircular ducts

For noncircular ducts, tw= f(perimeter); thus, new

87
definitions of T =—V\£ and C; = ZTWZ are required.
pV oV

Define average wall shear stress

_ P
Tw = % [z, ds ds=arc length, P = perimeter
0

Momentum:
— Az
ApA—7wPL + )/AL(—) =0
——\ L
W
Tul
Ah=A(p/y+12)=
(p 4 ) Al P
A/P =Rp= Hydraulic radius (=R/2 for circular pipe and Ah= ;W/LZ)

Energy:

14
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Ah:hl_: TwlL
Al P
N
- AAhy —Aydh -Ad(p+jsz) A| dp
IS TP dx P dx Pl Tdx | non-circular duct

Recall for circular pipe:

Rdp  Ddp

" 2 dx 4 dx

In analogy to circular pipe:

z o_Af_ap) _Duf_dr)\ A _Dr_,p 44 Hydraulic
W p\ o dx 4 dx P 4 h=— p  diameter

For multiple surfaces such as concentric annulus P and A
based on wetted perimeter and area

_~ 8T _~ VD,
F =T = F(Rep,e/D;)  Rep, ="
- 2 . 2

anop Tl AT L LV

R, 8 R, D2
However, accuracy not good for laminar flow f =64/Rep,

(about 40% error) and marginal turbulent flow ]_f(ReDh, g/
D,) (about 15% error).

15
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a. Accuracy for laminar flow (smooth non-circular

pipe)

Recall for pipe flow:

P, =C,Re=16
Poiseuille# (P,){
P, = fRe=64

Recall for channel flow:

f_24,u_ 483 96
pvh Re, Re,
—

C,=fld=

_bu 12 24

‘T Vh Re, Re,
——

P, =C,Re, =24

ch

Poiseuille # (PO){

P, = fRe, =96
Therefore:
Pch pipe _ I:)Of pipe _ 16 _ % _ g
Oc; channebasedonD F)Of channebasedonD,, 24 96 3

Thus, If we could not work out the laminar theory and
chose to use the approximation f Re, ~64or C; Re, ~16
we would be 33 percent low for channel flow.

16
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b. Accuracy for turbulent flow (smooth non-circular

pipe)

For turbulent flow, Dn works much better especially if
combined with “effective diameter” concept based on ratio
of exact laminar circular and noncircular duct Po numbers,

i.e., :I.G/Eocf or 64/50f

First recall turbulent circular pipe solution and compare
with turbulent channel flow solution using log-law in both
cases

Channel Flow

h *
V = 1ju*{1 nh=—yu B}dy Y=h-y wall coordinate

:u*Lllnhqu B—lj
K v K
AA . 4(2hB)
D,=—=Iim =4h = :
" T T Boe 2B+ 4h h=half width

. VD, V4h
Define Rep, = U“ =

v

17
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f2 2Iog(ReDh f“z)—l-19 (Using Dn)

\
Very nearly the same as circular pipe

7% to large at Re = 10°

4% to large at Re = 108
Therefore, error in Dn concept relatively smaller for
turbulent flow.

Note  f**(channel) =2log(0.64Re, f**)-0.8

Rewriting such that exact agreement pipe flow with Rep
replaced by 0.64Repn
P, (circle) =16
64D, ~ i
P, (channel) =24

\ J
Y

Laminar solution

Define Deffective

(therefore, improvement on Dy IS)

P,. (circle) Pyc, (circle)

Py (non—circular) " Py (non-circular)

Or

B 64 D - 16
P, (non —circular) " Poc, (non —circular)

N

From exact laminar solution

eff
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Non-Circular Ducts: Exact laminar solutions are available
for any “arbitrary” cross section for laminar steady fully
developed duct flow.

O:_ px—l_lu(uw +u22)
u(h) =0
2 A
Reonly v+ _ y/h Z'=z/h u =u/U U=%(—Px)

enters
through
stability Related Umax

nd - Vu=-1 Poisson equation N
u1)==0 Dirichlet boundary condition

Note: No characteristic velocity and length scale for fully developed flow therefore
use characteristic duct width h and U with units’ L/T formed from p, h and p, using

dimensional analysis. The pressure force/V (—p,) is balanced by the net viscous
force/Vv (uU/h?) and their nondimensional ratio provides measure for U = Umax.

BVP can be solved by many methods such as complex variables and conformal

mapping, transformation into Laplace equation by redefinition of dependent
variables, and numerical methods.

19
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Figure 11.1 Parallel flow in an elliptical tube.
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P IR S NG RV 2 44.\;1».‘42&-\.'\ \”-'*zﬁk Bareu by v _-LJ-—\JL\?\'

»x LSRRy § ~‘.. t»wku';, AN \ R
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I
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Eq 1344 Eq, (3804 Eq. {343 Aot mmn

FIGURE 3.7
Some eruss motions for which fully developed flow solutions are known ; for still
moew, consult Berker (1863, pp. 670.).

0112 7
S

0 os 0 13 20
%3
Fio. 77, Velocity distribution in a rectangular conduit,

22



ME:5160 Chapter 6-partl
Professor Fred Stern  Fall 2023 23

Midplane

(@) ®)

Fig. 6.16 Illustration of secondary turbulent flow in noncircular ducts:
(a) axial mean velocity contours; (b) secondary flow in-plane cellular
motions. (After J. Nikuradse, dissertation, Gottingen, 1926.)

For rectangular and triangular ducts, for laminar flow tw
largest mid-points of the sides and zero in corners, whereas
for turbulent flow tv nearly constant along the sides and
falls sharply to zero in the corners due to secondary flows
induced by the turbulence anisotropy. For laminar flows in
straight ducts secondary flows are absent. As a result the
hydraulic diameter concept works poorly for laminar vs.
turbulent flow.

23
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Elliptical section: y*/a* + 2*/b* = 1:

(y,2) = .l_(_..d.é)._“ilf_(l ik _y; —_ _Z;)
MND =2 /P + AN & b g
Q= 1(...@),_031’3
dp\ dx/a* + b
Rectangular section: —a Sy =@, ~b =215 b:

lﬁ(_ff_f’) i (_l)u-n,rz[l - °°Sh("7’1/2“)]

R prt \ &) (35, cosh (imb/2a)
% cos(ia:y/2a) (3-48)
i
4ba’ d‘ﬁ)[l 192a <= tanh(im b/20)]
Q N —37“ ( dx st =135, .~ "5
Equilateral triangle of side a: coordinates in Fig. 3-0:
—dp/dx
u(y, z) = —\—/@-j—(z - %a\/B)G)" -2
o (3-49)
a*V3 _dp )
Q = F20p \ dx

Circular sector: 4o = 0 = +3a,0 = r = a

df’/d’t( 7( cos?.O) 160’
polilse = 3

4L Cos o w

u(r, @) =

e ety cos (im0 a) ]
S R G2 “ﬂ(E) iti + 2a/m)i = 2afm)

=138, e
Q= i(_ﬁé) (3-50)
4\ dx
Xtana—a_32a‘ A 1 ]
N m i B+ 2a/m)i — 2efm)

24
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Concentric circular annulus: = r = a:

—dpfdx| . - In(a/r)
u(r) = ——4‘%{——[&1“ —r+ (- bzm]

I (3-51)
_mf_ B\l 4 _ b - —(az o bi).".]
0= 8u\ dx “ In(a/b)

This is but a sample of the wealth of solutions available. The fgrmula for a con-
centric annulus is important in viscometry, with a measured ‘Q being used to calc_;u-
late p. To increase the pressure drop, the clearance (a — b) is held small, in which
case Eq. (3-51) for Q becomes the difference betwccp two nearly c?qual numbers.
However, if we expand the bracketed term [ ] in a serics, the result is

2 >
(@ — b%) - = %ba— bP + F@— B + -+ Oa = by

so that Q for small clearance is seen 1o be cubic in (a % b).

The eccentric anpulus in Fig. 3-9 has practical applications, for example,
when a needle valve becomes misaligned. The solution was given by Piercy et al.
(1933), using an elegant complex-variable method which transformed the geome-
try to a concentric annulus, for which the solution was already known, Eg. (3-51).
We reproduce here only their expression for volume rate of flow:

D 2 &0 +a
0= i(—%) [a‘ o —ﬁMa Y . i ] (3-52)

Ssinh(nf — na)
where M=F-a"? F= a'_—g_;+_c2
1, F+ M 1, F—c+M
a=sbr—u P=IBF—c—M

Flow rates computed from this formula are compared in Fig. 3-10 to the concentric
result O, from Eq. (3-51). It is seen that eccentricity substantially increases the
flow rate, the maximum ratio of O/Q,..q being 2.5 for a narrow annulus of maximum
eccentricity. The curve for b/a = 1 can be derived from Jubrication theory:

Narrow annulus: 0 =1+ 3 i (3-53)
E Qe-_-o 2\a— b 55

The reason for the increase in Q is that the fiuid tends to bulge through the wider
side. This is illustrated for one case in Fig. 3-11, where the wide side develops a set
of closed high-velocity streamlines. This effect is well known to piping engineers,
who have long noted the drastic leakage that occurs when a nearly closed valve
binds to one side.

25
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25 — Concentric
annulus

20 -
i)
°
Q
i
&
16
15
< Circular sector
10 L | ) | L 1 1 |
0.0 0.2 04 0.6 0B
. 2]
a
FIGURE 3-13

For laminar flow, P,
varies greatly,
therefore it iIs better to
use the exact solution
vS. Dy as discussed
next.

Comparison of Poiseuille numbers for various duct cross sections when Reynolds number is scaled
by the hydraulic diameter. [ Numerical data tzken from Shah and London (1978).]

Table 6.3 Laminar Priction Factors
for 2 Concentric Anmulus

Ma fRey Doglldy, = L
o 0 1.0
T T 913
LIEEHIH] T1.78 (.80
HE LT T4 58 (EST
L1 #0011 0,795
s #6727 1,742
i w937 716
0z 0238 1645
L3 8471 1.6T6
(& 0559 06To
N4 9597 0 a7
1.0 940 .667

Twi=>Two

Table 6.4 Laminar Friction
Constants f Re for Rectangular and
Triangular Ducts

Rectangular Isosceles triangle
b <
a

bla JRep, 0, deg JRep,
0.0 96.00 0 48.0
0.05 89.9] 10 516
0.1 84.68 20 529
0.125 82.34 30 533
0.167 78.81 40 529
0.25 72.93 50 52.0
0.4 65.47 60 51.1
0.5 62.19 70 49.5
0.75 57.89 80 48.3
1.0 5691 90 48.0
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FIGURE 3-11

Percent error in the approximate hy-
draulic radius, Eq. (3-55), compared to
the exact laminar-flow expression, Eq.
(3-58).
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