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Viscous Flow in Ducts  

 

Laminar Flow Solutions 

Entrance, developing, and fully developed flow 

 

 
Le = f (D, V, , μ) 

(Re)f
D

L
theorem e

i
=→  f(Re) from AFD and EFD 

Laminar Flow:  Recrit ~ 2000 Re < Recrit laminar 

       Re > Recrit unstable 

                                                   Re > Retrans turbulent 

 

Re06./ DL
e

 

 

DDL
crite

138~Re06.
max
=  

Max Le for laminar flow 
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Turbulent flow:   

  

 
6/1Re4.4~/ DL

e
 

 

(Relatively shorter than for 

laminar flow) 

 

 

Laminar vs. Turbulent Flow 

 
 

 

 

Re Le/D 

4000 18 

104 20 

105 30 

106 44 

107 65 

108 95 

Hagen 1839 noted 

difference in 

Δp=Δp(u) but could 

not explain two 

regimes 

Laminar Turbulent Spark photo 

Reynolds 1883 showed that the difference depends on Re = VD/ν 
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Laminar pipe flow: 

 

1.  CV Analysis 

 
 

Continuity: 
.0 21 constQQdAV

CS

==→=    

 

1 2 1 2. . sin , ., avei e V V ce A A const and V V= = = =  

 

Momentum: 
∑𝐹𝑥 = (𝑝1 − 𝑝2)⏟      

Δ𝑝

𝜋𝑅2 − 𝜏𝑤2𝜋𝑅𝐿 + 𝛾𝜋𝑅
2𝐿⏟  

𝑊

sin𝜙⏟  
Δ𝑧/𝐿

= 𝑚̇(𝛽2𝑉2 − 𝛽1𝑉1)⏟          
=0

 

02 22 =+− zRRLRp
w

  

R

L
zp w




2
=+  
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𝛥ℎ = ℎ1 − ℎ2 = 𝛥(𝑝/𝛾 + 𝑧) =
2𝜏𝑤
𝛾

𝐿

𝑅
 

or 

 𝜏𝑤 =
𝑅𝛾

2

𝛥ℎ

𝐿
= −

𝑅𝛾

2

𝑑ℎ

𝑑𝑥
= −

𝑅

2

𝑑

𝑑𝑥
(𝑝 + 𝛾𝑧) 

 

For fluid particle control volume: 

 

𝜏 = −
𝑟

2

𝑑

𝑑𝑥
(𝑝 + 𝛾𝑧) 

 

i.e., shear stress varies linearly in r across pipe, which is 

valid for either laminar or turbulent flow. 

 

Energy: 

LhzV
g

p
zV

g

p
+++=++ 22

22
11

11

22








 

 

R

L
hh w

L



2
==  

 

 once τw is known, we can determine piezometric 

pressure 𝑝̂ = 𝑝 + 𝛾𝑧 drop, i.e.,  
𝑑

𝑑𝑥
(𝑝 + 𝛾𝑧). 
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In general, 
),,,,(  DV

ww
=  

 

Π Theorem 

 

  )/,(Re
8

2
Dffactorfrictionf

V
D

w 



===  

 

  where 


VD
D =Re  

 

  
g

V

D

L
fhh L

2

2

==  Darcy-Weisbach Equation 

 

f (ReD, ε/D) still needs to be determined.  For laminar flow, 

there is an exact solution for f since laminar pipe flow has 

an exact solution.  For turbulent flow, approximate solution 

for f using log-law as per Moody diagram and discussed 

later. 

 

 

 

 

 

 

 

roughness 



ME:5160  Chapter 6-part1 

Professor Fred Stern     Fall 2023  6 

 

 

6 

 

2.  Differential Analysis 
 

Continuity: 

0= V         ∇=
𝜕

𝜕𝑟
+
1

𝑟

𝜕

𝜕𝜃
+

𝜕

𝜕𝑧
 

 

Use cylindrical coordinates (r, θ, z) where z replaces x in 

previous CV analysis. 

 

0)(
1

)(
1

=



+




+





z

v
v

r
vr

rr

z
r 

  

 

where 𝑉 = 𝑣𝑟𝑒𝑟̂ + 𝑣𝜃𝑒𝜃̂ + 𝑣𝑧𝑒𝑧̂ 
 

Assume v
 = 0 i.e. no swirl and fully developed flow 

0=




z

vz

, which shows rv  = constant = 0 since )(Rvr  

=0 

∴ 𝑉 = 𝑣𝑧𝑒𝑧̂ = 𝑢(𝑟)𝑒𝑧̂ 
Momentum: 

𝜌
𝐷𝑉

𝐷𝑡
= 𝜌

𝜕𝑉

𝜕𝑡
+ 𝜌𝑉 ⋅ ∇V = −∇(p + γz) + μ∇2𝑉  

 

Where:  

𝑉 ⋅ ∇= 𝑣𝑟
𝜕

𝜕𝑟
+ 𝑣𝜃

1

𝑟

𝜕

𝜕𝜃
+ 𝑣𝑧

𝜕

𝜕𝑧
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z equation: 
 

𝜌 [
𝜕𝑢

𝜕𝑡
+ 𝑉 ⋅ 𝛻𝑉] = −

𝜕

𝜕𝑧
(𝑝 + 𝛾𝑧) + 𝜇𝛻2𝑢 

 

𝑉 ⋅ 𝛻𝑉 = 𝑣𝑟
𝜕𝑢

𝜕𝑟
+ 𝑣𝜃

1

𝑟

𝜕𝑢

𝜕𝜃
+ 𝑣𝑧

𝜕𝑢

𝜕𝑧
= 0 

 


)()(

1
)(0

rfzf

r

u
r

rr
zp

z
















++




−=    both terms must be constant 

 

2

2

ˆ
( )

ˆ1

2

ˆ1

2

ˆ1
ˆln

4

u p
r

r r r z

u p
r r A

r z

u p
r A

r z

p
u r A r B p p z

z










  
=

  

 
 = +

 

 
 = +

 


 = + + = +



 

 

 )0( =ru  finite  → A = 0 

 u (r=R) = 0  → 
dz

pdR
B

ˆ

4

2


−=  

 𝑢(𝑟) =
𝑟2−𝑅2

4𝜇

𝑑𝑝̂

𝑑𝑧
 = umax(1-r2/R2)    

dz

pdR
uu

ˆ

4
)0(

2

max


−==  
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 𝜏𝑟𝑧 = 𝜇 [
𝜕𝑣𝑟

𝜕𝑧
+
𝜕𝑢

𝜕𝑟
] = 𝜇

𝜕𝑢

𝜕𝑟
    𝑓𝑙𝑢𝑖𝑑 𝑠ℎ𝑒𝑎𝑟 𝑠𝑡𝑟𝑒𝑠𝑠  

 

                                      =
𝑟

2

𝜕𝑝̂

𝜕𝑧
   where  

𝜕𝑢

𝜕𝑟
 = 

𝑟

2µ

𝜕𝑝̂

𝜕𝑧
 

 

𝜏𝑤 = 𝜇
𝜕𝑢

𝜕𝑦
|
𝑦=0

= −𝜇
𝜕𝑢

𝜕𝑟
|
𝑟=𝑅

= −
𝑅

2

𝜕𝑝̂

𝜕𝑧
 

 

𝑦 = 𝑅 − 𝑟,  
𝑑𝑢

𝑑𝑦
=
𝑑𝑟

𝑑𝑦

𝑑𝑢

𝑑𝑟
= −

𝑑𝑢

𝑑𝑟
 

 

Note: 2rz rz    = = = −  (see Appendix D) for 0rv

z


=


, 

i.e., only one component of vorticity which also varies linearly 

across the pipe with its maximum at the wall. 

4
2

max

0

^
1

( )2
8 2

R
R d p

Q u r r dr u R
dz


 



−
= = =  

Note: for given piezometric pressure drop the flow rate is 

inversely proportional to the viscosity and proportional to the 

radius to the fourth power such that doubling the pipe radius 

produces 16-fold increase in the flow rate: Poiseuille’s law 

2

max2

^
1

2 8
ave

Q R d p
V u

R dz 

−
= = =

 

  

 

 

As per CV analysis 

vs. Vave = .53umax 

 

for u(r)=umax(1-r/R)1/2 
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Substituting V = Vave 
 

 
2

8

V
f w




=   

 𝜏𝑤 = −
𝑅

2

𝜕𝑝

𝜕𝑧
= −

𝑅

2
×
8𝜇𝑉𝑎𝑣𝑒

−𝑅2
=
4𝜇𝑉𝑎𝑣𝑒

𝑅
=
8𝜇𝑉

𝐷
  

 

Substituting 𝜏𝑤 into f: 
 

DDV
f

Re

6464
==




 

 

or                      D

w

f

f

V

C
Re

16

4

2

1 2

===





 

 

V
gD

LV

g

V

D

L

DVg

V

D

L
fhh L ====

2

22 32

2

64

2 






 

 

  for Vpz →= 0  
 

Both f and Cf based on V2 normalization, which is 

appropriate for turbulent but not laminar flow.  The more 

appropriate case for laminar flow is: 
 







==

==

64Re

16Re
)(#

0

0

0
fP

CP
PPoiseuille

f

fc f

  for pipe flow 
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Blasius power law 

1/4

0.0791

Re
f

D

C = (Turbulent flow) 
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Compare with solution for flow between parallel plates with pressure gradient: 
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2 
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Concept of hydraulic diameter for noncircular ducts 

 

For noncircular ducts, τw= f(perimeter); thus, new 

definitions of 2

8

V
f w




=  and 

2

2

V
C w

f



=  are required. 

 

Define average wall shear stress 

 

 ds
P

P

ww =
0

1
  ds = arc length, P = perimeter 

 

Momentum: 

 

  0=






 
+−

L

z

W

ALPLpA w   

 

 ( )
PA

L
zph

w

/
/




 =+=   

 

A/P =Rh= Hydraulic radius (=R/2 for circular pipe and 
2/R

L
h w




= ) 

 

 

 

Energy: 
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PA

L
hh

w

L
/


==  

( )

















−=
+−

=
−

=


=
dx

pd

P

A

dx

zpd

P

A

dx

dh

P

A

L

h

P

A
w

^


  non-circular duct 

Recall for circular pipe:  
 

dx

pdD

dx

pdR
w

ˆ

4

ˆ

2
−=−=  

 

In analogy to circular pipe:  

𝜏𝑤 =
𝐴

𝑃
(−

𝑑𝑝
^

𝑑𝑥
) =

𝐷ℎ

4
(−

𝑑𝑝
^

𝑑𝑥
) ⇒

𝐴

𝑃
=
𝐷ℎ

4
⇒ 𝐷ℎ =

4𝐴

𝑃
 

For multiple surfaces such as concentric annulus P and A 

based on wetted perimeter and area 
 

 𝑓 =
8𝜏𝑤

𝜌𝑉2
= 𝑓(𝑅𝑒𝐷ℎ , 𝜀/𝐷ℎ)   𝑅𝑒𝐷ℎ =

𝑉𝐷ℎ

𝜐
 

 

 g

V

D

L
f

R

LfV

R

L
hh

hhh

w

L
28

22

====







 

However, accuracy not good for laminar flow 𝑓 =64/𝑅𝑒𝐷ℎ 

(about 40% error) and marginal turbulent flow 𝑓(𝑅𝑒𝐷ℎ , 𝜀/

𝐷ℎ) (about 15% error). 

 

 

Hydraulic 

diameter 
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a.  Accuracy for laminar flow (smooth non-circular 

pipe) 

 
Recall for pipe flow: 

 







==

==

64Re

16Re
)(#

0

0

0
fP

CP
PPoiseuille

f

fc f

 

 

Recall for channel flow: 


hD

hhVh
f

Re

42 Re

96

Re

4824
===





 

 


hD

hh

f

f

Vh
C

fC

Re

42 Re

24

Re

126

4/

===

=




 

 







==

==

96Re

24Re
)(#

0

0

0

h

hf

Df

Dfc

fP

CP
PPoiseuille  

Therefore: 

3

2

96

64

24

16

0

0

0

0
====

hf

f

hf

f

Donbasedchannel

pipe

Donbasedchannelc

pipec

P

P

P

P

 

Thus, if we could not work out the laminar theory and 

chose to use the approximation 64Re 
hDf or 16Re 

hDfC , 

we would be 33 percent low for channel flow. 
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b. Accuracy for turbulent flow (smooth non-circular 

pipe) 

 

For turbulent flow, Dh works much better especially if 

combined with “effective diameter” concept based on ratio 

of exact laminar circular and noncircular duct P0 numbers, 

i.e., fCP 0/16  or fP0/64 . 

 

First recall turbulent circular pipe solution and compare 

with turbulent channel flow solution using log-law in both 

cases 

 

Channel Flow 

 

 dYB
uyh

u
h

V
h












+

−
= 



*

0

* )(
ln

11
  

 

 












−+=


1
ln

1 *
* B

hu
u  

h
hB

hB

P

A
D

B
h 4

42

)2(4
lim

4
=

+
==

→  h= half width  

  

Define 


hVVDh

Dh

4
Re ==    

  

Y=h-y   wall coordinate 
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( ) 19.1Relog2 2/12/1 −=− ff
hD  (Using Dh) 

 

 

 
 

Therefore, error in Dh concept relatively smaller for 

turbulent flow. 
 

Note ( ) 8.0Re64.0log2)( 2/12/1 −=− fchannelf
hD

 
 

Rewriting such that exact agreement pipe flow with ReD 

replaced by 0.64ReDh 

Define Deffective h

f

f

h D
channelP

circleP
D

24)(

16)(
~64.0

0

0

=

=
=  

 

  

 

(therefore, improvement on Dh is) 

 


eff

effD

VD
=Re  

 h

C

C

h

f

f

eff D
circularnonP

circleP
D

circularnonP

circleP
D

f

f

)(

)(

)(

)(

0

0

0

0

−
=

−
=  

Or 

h

C

h

f

eff D
circularnonP

D
circularnonP

D

f
)(

16

)(

64

00 −
=

−
=  

 

 

Very nearly the same as circular pipe 

7% to large at Re = 105 

4% to large at Re = 108 

From exact laminar solution 

Laminar solution 
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Non-Circular Ducts:  Exact laminar solutions are available 

for any “arbitrary” cross section for laminar steady fully 

developed duct flow. 

 

0)(

)(0

0

^

=

++−=

=

hu

uup

u

ZZYYx

x

  

hyy /* =   hzz /* =   Uuu /* =   𝑈 =
ℎ
2

𝜇
(−𝑝𝑥

^
) 

 

12 −= u   Poisson equation 

u(1) = 0  Dirichlet boundary condition 

 
Note: No characteristic velocity and length scale for fully developed flow therefore 

use characteristic duct width h and U with units’ L/T formed from , h and 𝑝𝑥
^
 using 

dimensional analysis. The pressure force/∀ (−𝑝𝑥
^
) is balanced by the net viscous 

force/∀ (𝜇𝑈/ℎ2) and their nondimensional ratio provides measure for U = umax. 

 

BVP can be solved by many methods such as complex variables and conformal 

mapping, transformation into Laplace equation by redefinition of dependent 

variables, and numerical methods. 

Related umax 

Re only 

enters 

through 

stability 

and 

transition 
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For rectangular and triangular ducts, for laminar flow w 

largest mid-points of the sides and zero in corners, whereas 

for turbulent flow w nearly constant along the sides and 

falls sharply to zero in the corners due to secondary flows 

induced by the turbulence anisotropy. For laminar flows in 

straight ducts secondary flows are absent.  As a result the 

hydraulic diameter concept works poorly for laminar vs. 

turbulent flow. 
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         wi>wo 

For laminar flow, 0P  

varies greatly, 

therefore it is better to 

use the exact solution 

vs. Dh as discussed 

next. 
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