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FIGURE 3.19 Graphical illustration of the Liebniz theorem. The three marked areas correspond to the three
contributions shown on the right in (3.30). Here da, db, and 0F/dt are all shown as positive.
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SURE 3.20 Geometrical depiction of a control volume V*(f) having a surface A*(#) that moves at a honuniform
- b during a small time increment At. When Af is small enough, the volume increment AV = V(¢ +Af) — V(1)
very near A%(#), so the volume-increment element adjacent to dA will be (bAf)-ndA where n is the outward
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Exercise 3.33. Starting from (3.33), set F = | and derive (3.14) when b = u and VE(r) = 6V—0

Solution 3.33. With F=1.b = u. and V*(t) = &V with surface dA4. (3.33) becomes:
f dV =0+ [u-ndA.

dt v &4

The first integral is merely 8V. Use Gauss' divergence theorem on the second term to convert it
to volume integral.

5V V-udV.
dz ) r
As 6V — 0 the integral reduces to a product of OV and the integrand evaluated at the center point

of &V. Divide both mdes of the last equanon by oV and rake the linut as 6V —0:

1
6%1__})5—--——(6") hm~—-fV udV = hm—-——[{V u)sV +.]=V-u-=5,.

and this 1s (3.1-1).
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3.35. Show that (3.35) reduces to (3.5) when V*(r) = 6V— 0 and the control surface velocity b is
equal to the flud velocity u(x.7).

Solution 3.35. When V*(r) = 8V with surface 8A. 8V 1s small, and b = u. 6V represents a fluid
particle. Under these condition:, (3.35) becomes:

——-]F( 1V = faF(’“)

and the time derivauve is evaluated tollcm mg V. Use Gauss' divergence theorem on the final
term to convert it to a volume integral,
J'F(x,t)u ‘ndA = [V-(F(x,nu)dV .

84 8V

V+ [F(x.f)a-ndA,
a4

) th’ﬂ (3.35) becomes:

B I F(x.0)dV = [‘ IF(x.1) =f{aF(X’I) +F(x,nNV-u+(u V)F(x,t):(dv.
1 at v at
w hexe the second equality follows from expanding the divergence of the product Fu.
As 8V — 0 the various integrals reduce to a product of 8V and the integrand evaluated at
the center point of 8V. Divide both sides of the prior equation by 8V and take the limit as $V— 0
to find:

+V(F (x,r)u)}d 1%

o1
61‘1—%5—‘—“ F{x.1)dV = Iun—-——_f[

oF (x.1)

+F(x.)V-u+ (u-V)F(x,r)]dV ,

im-—l———[F(x oV +.]= hn——[(dF ;;‘ ”+F(xj)\_"-u+(u‘V)F(x,z‘))éV+..],cr

& =0 5V ¢ v —0 §V
—(—[-F(x 1)+ F(x.0) hm 3«:{‘-’;(6!—- )= fﬁ;_‘;‘ﬁ + F(x.)V-u+(a V)F(x.1),
where the 1310duct rule for derivative has been used on product FéV in []J-braces on the left.
From (3.14) or Exercise 3.33: 61‘11_1% —5%;%(51"’ )=V -u. so the second terms on both sides of the
last equation are equal and may be subtracted out leaving:
d IF (x,t
;!;F(x‘r) = f}t ) +(u V)F(x.0).

and this 1s (3.5) when the identification D/Dr = d/dr 1s made.
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Specific CV cases depending on E(ZC_CE_ (t),t).

}

1) Deforming CV:

(a) V; = V;(xcs(t),t) non-uniform/accelerating

velocity
(b) Vs = E(@ (t)) uniform/constant velocity

(steady moving)
(© JooVs(xcs,t) - ndA = 0 as a whole at rest

(stationary)
2) Non deforming CV:

(a) Vi = V(t) accelerating velocity
b) V; = constant velocity, i.e., relative inertial

~

coordinates (steady moving)
(c) V; = 0 at rest (stationary)



