Part 3: Momentum Integral Equation

Historically similarity and other AFD methods used for idealized flows
and momentum integral methods for practical applications, including
pressure gradients, but failure 3D methods motivated 3D BL theory which
quickly progressed to modern day CFD.

Momentum integral equation, which is valid for both laminar and
turbulent flow:
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Momentum: uu, + vu, = —aa—x(g) + %g—; where T = ua—;

The pressure gradient evaluated form the outer potential flow using
Bernoulli equation.
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(u—-U) (ux + vy) = uly, +uv, — Uu, — Uv,

Continuity
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Boundary-layer predictions from five plecewise analytic profiles with their errors
____ relative to the classic Blasius values
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Thwaites Method (1949)
62 dU 2 5% du
Pressure gradient parameter 4 = = ( ) A where A = P

dx

—Dyx j—U is the Pohlhausen parameter.

Multiply momentum integral equation by UTQ

T, 0 U9d9+92dU(2+H)
uU v dx v dx

The equation is dimensionless and, LHS and H can be correlated with A as
shear and shape-factor correlations:

Ty 0

—— =S(1) = (1 +0.09)%62

o =S =@ +0.09)
5

H=68"/6 =H() = Z a;(0.25 — )}

i=0

=(2,4.14, -83.5, 854, -3337, 4576)

Note
UHdH_lUd 9?2
v dx 2 dx\v

Substitute above into momentum integral equation.
1, d (62
S(A) = 505(7) + A2+ H)

y EAUx) _

2[S— A2+ H)A] = F(4)
dx



F(A) = 0.45 — 64 based on AFD and EFD
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Define z = —so that A = z—
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FIGURE 4-27
Empirical correlation of the boundary-layer function in
Eq. (4-156). [After Thwaites (1949).]

0y(x = 0) = 0 and U(x) known from potential flow solution.



Complete solution:
2= 2(6) = 6% dU
B v odx

T, 0
— =5
U (D

0" =60H(A)

Accuracy: mild px +5% and strong adverse px (tw near 0) + 15%

Shear and shape functions correlated by Thwaites (1949)

A H() S@A) A H@) S(4)

+0.25 2.00 0.500 -0.056 2.94 0.122
0.20 2.07 0.463 -0.060 2.99 0.113
0.14 2.18 0.404 -0.064 3.04 0.104
0.12 2.23 0.382 -0.068 3.09 0.095
0.10 2.28 0.359 -0.072 3.15 0.085

+0.080 2.34 0.333 -0.076 3.22 0.072
0.064 2.39 0.313 -0.080 3.30 0.056
0.048 2.44 0.291 -0.084 3.39 0.038
0.032 2.49 0.268 -0.086 3.44 0.027
0.016 2,35 0.244 —-0.088 3.49 0.015
0.0 2.61 0.220 -0.090 355 0.000

(Separation)

-0.016 2.67 0.195

-0.032 2.5 0.168

-0.040 2.81 0.153

~0.048 2.87 0.138

-0.052 2.90 0.130
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FIGURE 4-28
The laminar boundary-layer correlated functions by
Thwaites (1949): (a) shape factor; (b) shear stress with

curve fits.

Separation predicted within 4%; however, large scale separation causes
viscous/inviscid interaction and alters imposed external U(x) and px(x)

Laminar-separation-point prediction by Thwaites’ method

! Thwaites
ﬂx} Xgep (€Xact) Xgep Error [%]
Howarth (1938)
1—|x 0.120 0.123 +2.5
Tani (1949)
1 -2 0.271 0.268 =11
[ 1=kt 0.462 0.449 -2.8
1 =48 0.640 0.621 -3.0
Terrill (1960)
sin(x) 1.823 1.800 ~-1.3
Curle (1958)
| x=2 0.655 0.648 -1.1
Gortler (1957)
cos(x) 0.389 0.384 ~1.3
1 -x'? 0.218 0.221 +13
a-w? 0.0637 0.0652 +24
| @ +x) 0.151 0.158 +4.6
[ 1+ 0.0713 0.0739 +3.6

|




Pohlhausen Velocity Profile:

%zf(n)=an+bn2+cn3+dn4withn=%

a, b, ¢, d determined from boundary conditions:
U

1)y=09u:0,uyy=—;Ux
2)y=62u=U,u, =0,uy, =0

u 8% du 52
QE—FO])‘FAG("])’_lfSASlZ A—Ta——pxu—l}

separation | (experiment: Agenaration = -5)

F(m) = 2n—2n° +n*
G(m) = %(1 -n)3

37 A A?
1= = ( )

315 945 ' 9072

Profiles are realistic, except near separation. In guessed profile methods
u/U directly used to solve momentum integral equation numerically, but
accuracy not as good as empirical correlation methods; therefore, use
Thwaites method to get A, etc., and then use A to get A and plot u/U.
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Howarth linearly decelerating flow (example of exact solution of
steady state 2D boundary layer)
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Howarth proposed a linearly decelerating external velocity

distributionU (x) = U, (1 - %) as a theoretical model for laminar
boundary layer study. Use Thwaites’s method to compute:

a) Xsep
b) ¢ (3 =10.1)

Note Uy = -Uo/L

Solution
0.45v
02 _

ik ey o3
0 L

Uy L

can be evaluated for given L, Re.

1= %ZZ—Z — —0.075 [(1 - %)_6 - 1]

Xsep
A = —0.09 =
sep I

= 0.123

3% higher than exact solution =0.1199
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Cr (% = O.1)9i.e. just before separation

A=-0.0661
1
S(A) = 0.099 = > CrReg
2(0.099)
Cf -
Reg

Compute Reg in terms if ReL

02 =0075% [(1— 0.1)° _1]: 0.06612=
U, .
2

9—2 _0.0661.2E - :0661
L U, Re
6 0.257
L ReL%

0 To complete
Re, = ~Re, =0.257 Re, /2 soluton

L
~2(0.099) _—

Re, 72 = 0.77Re X2

¢ =

0.257
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Consider the complex potential

F(z)= gzz 3 grzezie
2 2

¢ =Re[F(z)]= %rz cos26

w =Im[F(z)]= —grz sin26

‘V .3 X
Orthogonal rectangular hyperbolas & é—">
i SO ot
@ asymptotes y =+ X IR Sods = -
N L Ry
y : asymptotes x=0, y=0
1 P — 4 ~
Z=V¢:¢rér+—¢0é9 : ,iv—»_l-xﬁ‘!*AMQ\»_“__
r S NI VPR S A L

Vv, =arcos26 } % <0 <0 (flow direction as shown)

A/ Vg =—arsin26 |
')“-1 ﬁxuk g:U/L
K=vr(COSH;+Sin$)+V3(—Sin(9?+cos@‘)= e by = Yo

A @,:-‘S‘%:—%K

(v, cosf—vy sin9)z°+(vr sin @+ vy cos )] ps ¢ lawawys &

Potential flow slips along surface: (consider & = 90°) Lo () A

1) determine a such that v, =Ujatr=L, & = 90° floyor=cm jf :
g P OB

=gl 2x90)=U, =>al =-U, _i -
v, =aLcos(2x90)=U, > a 0, 1€ a=-— fu s - oS R
2) let U(x)=v, at x=L-r: /ﬁf - uj%_
=, = a(L-x)cos(2x90) = U(x) fAe

]
o

Or: U(x):—a(L—x)z%(L—x)=U0(1—%) {3y mis Vi

NS evtzc
Pree v y=0

& w & Daly="2\ - U = pUt
Ay = -eU0y = =& Vali-%\( -;) {%(7\—1:3
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. EXAMPLE 10.6 - g .-

Use Thwaites’ method to estimate the momentum thickness, displacement thickness, and + ¢
(I~ shear stress of the Blasius boundary layer with fy = 0 at x = 0. — P ]
Solution USSR W (W SR

The solution plan is to use (10.50) to obtain 6. Then, because dU,/dx =0 for the Blasius bounz o=
layer, 2 = 0 at all downstream locations and the remaining boundary-layer parameters cz= 4

determined from the @ results, (10.45), (10.46), and Table 10.2. The first step is setting U, = . =
constant in (10.50) with 6y = 0: — _

0450 [ 0.45 v S
1 2 — i = = —_—
¢ = e /de 0 x, or @ 0.671\/;.

9 — ———

I This approximate answer is 1% higher than the Blasius-solution value. For 2 = 0, the tabulzss
5 5NN shape factor is H(0) = 2.61, so: ] S

. A _ vx _ vx 1

(e o e i 6 = 0(;) = 0H(0) = 0.671\/;(2.61) = 1.75\/;. ] ST

:
. This approximate answer is also 1% higher than the Blasius-solution value. For ) — Otheshompll =

e e correlation value is 1(0) = 0.220, so: 3
= u nld 1 v —— —]

w = p—=1(0) = ————=(0.220) = > pU?(0.656) , /—,
w=pgil) 01 20 = 30U (0656) [
S uk (T which implies a skin friction coefficient of:
Sl C — Tw__ 0656 —— =
g %Pul - VRe,’
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FIGURE 10.10 A simple two-dimensional diffuser of length L intended to slow the incoming flow to half its
speed by doubling the flow area. The resulting adverse pressure gradient in the diffuser influences the character of
:he boundary layers that develop on the diffuser’s inner surfaces, especially when these boundary layers are

‘aminar.
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3-D Integral methods

Momentum integral methods perform well (i.e. compare well with
experimental data) for a large class of both laminar and turbulent 2D
flows. However, for 3D flows they do not, primarily due to the inability
of correlating the crossflow velocity components.

::L-——-J’ Sttt (ohad

L
>

The cross flow is driven by 2—'0 which is imposed on BL from the outer
Z

potential flow U(x,z).
3-D boundary layer equations

Uy + v, +w, =0;

0 0 —
Uy + vuy, + wu, = —a(p/p)+vuyy—@(uv)

0 0 —
uwy + vwy, + ww, = —E(p/p)+vay—$(vw)

+ closure equations

Differential methods have been developed for this reason as well as for
extensions to more complex and non-thin boundary layer flows.
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