FIGURE 5.1
Definition sketch of spherical coordinates.
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B3. Spherical Polar Coordinates

Th‘e spherical polar coordinates used are (r, 8, @), where ¢ is the azimuthal angle
(Figure 3.1c). Equations are presented assuming i is a scalar, and

u = iu, +igug +iyuty,

where i,, ig, and i, are the local unit vectors at a point.
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Strain rate and viscous stress (for incompressible form oj; = 2pe;j)
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Vorticity
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Equation of continuity
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Navier-Stokes equations with constant p and v, and no body force
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Figure 9.14 Creeping flow over a sphere. The upper panel shows the viscous stress components at the f
surface. The lower panel shows the pressure distribution in an axial (¢ = const.) plane.
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Figure 9.16 Streamlines and velocity distributions in Stokes’ solution of creeping flow due to a moving
sphere. Note the upstream and downstream symmetry, which is a result of complete neglect of nonlinearity.
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Figure 10.23 Measured drag coefficient of a smooth sphere. The Stokes solution is Cp = 24/Re, and the
Oseen solution is Cp = (24/Re)(1 + 3Re/16); these two solutions are discussed in Chapter 9, Sections 12
and 13. The increase of drag coefficient in the range AB has relevance in explaining why the flight paths
of sports balls bend in the air.
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Fluid Mechanics, 6 Ed. Kundu, Cohen, and Dowling

Exercise 9.45. Using the velocity field (8.49), determine the drag on Stokes’ sphere from the
surface pressure and the viscous surface stresses o, and O..

Solution 9.45. There are pressure and shear stress contributions to the drag on a moving sphere
at low Reynolds number. The pressure distribution is given by (8.50):

p(r,0)-p,=- SM,U cosf.
2r-

The pressure drag can be obtained by integrating this result:

B=m
Frowe=— f p(r=ab)e,-edS=-2ma" f 3[—])cmsl 6sin0d6 = 2mula

pressure
surface B=0 a

The viscous drag can be obtained from surface integrals of the viscous stresses:

Fiws=— | O4(r=ab)e, edS+ Jo,(r=a0)e, eds
surface surface
f=x O=m
=-2ma* [0,,(r = a,0)sin’ 0d6 + 2ma’ [ o, (r = a,0)cosOsin6do,
=0 0=0
. 3 3
where o, =F{'1“&ur + %—ﬁ) - pysne éﬁ; ,and O, = 2#-%- =2uUcosf -3—07-1617 .
rod or r r 2r ar 2rt 2r

Thus, at = a, 0, # 0, but 0, = 0, s0

P=m
F s = 3nuUa [ sin® 6d6 = 4mula.
6=0
Thus, one third of the drag comes from pressure forces and two thirds come from the shear
stress. The total drag is the sum of these two contributions:

Fiw=F +F. =2mnulUa+ 4muUa =6mula.
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U RE 423 Coefficient of drag Cp for a sphere vs. the Reynolds number Re based on sphere diameter. At low
2z number Cp ~ 1/Re, and above Re ~ 10, Cp ~ constant (except for the dip between Re = 10° and 10°).
-<haviors (except for the dip) can be explained by simple dimensional reasoning. The reason for the dip is the
<~ = of the laminar boundary layer to a turbulent one, as explained in Chapter 10.







