Chapter 3 Solutions of the Newtonian Viscous-Flow Equations

1. Similarity solutions

a. Stagnation point
b.Rotating disc
c. Wedge flows
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The following would be a typical asymptotic analysis: in F"”" + FF" +1 — F'?> = 0, as n becomes
large, F - a + 1 and (1 — F'?) — 0. Therefore, at large n, a conservative view of this equation is:
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Viscous Flow, F. White, 4™ Edition




Numerical solutions for stagnation flow
7~ FwufU
Planar Axisymmetric
FY0) = 123259 F7(0) = 131194
1 =069 e = 05689
0l 0.11526 012619
02 0.2266] 024239
03 032524 0.24862
04 041446 0.44499
0s 049465 053160
: Y/ 06 0.36628 060871 -
Two-dim / 07 0.62986 0.67663
Ry 08 0.65954 073577
S Adaymaesc 77 09 07308 0.78666
\ // 1.0 077787 0.82587
NS Y L o 0:86605
1 N\ /A 12 0.84667 0.89598
N == Flocu 13 0.8738) 0.92032
N2 14 0.59681 0.93983
¥ W, 15 091617 0.95522
¥ 4 16 0.93235 0.96718
Z i 17 0048 07631
SRl 1.8 0.95684 098216
% ; K % 19 0.96588 098522
s 20 097322 099199
“ e 22 098386 1.99634
24 099055 0.99847
FIGURK 3-32 26 099464 0.99940
Numerical solutions of viscous stagnation flow for plurar [Eq. 28 0.99705 0.99979
(3-206)] and axisymmetric [Eq, (3-219)] conditions. 30 0.99843 0.9999)
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T!rﬁowduemhemceolamtidmrfamau:ﬂInplamtsmmaﬁon-ponu \ IRy =
flow was described first by Kast Hiemenz i 1911,(8) whase numerical compuraticns ;
for the soutions were improved later by Leslie Howanh.”! A famillar exsmple
where Hiemenz flow is applicable Is the forward siagnation line that occurs i the
flow over a circular cylinder 519

ﬂwsoﬂdmdaalhsmthezy.Amrdhgmpmﬁdﬂowlbeomdwﬂuidmmn
described in |mma!memmimtgpntf’anddieveloclrymnrpomms(v,,o,v,)
are given by

Two-cimensiond stagnation point
v=kaz, w=kr, v =-kz How

The stagnation line for this flow i (z, ¥, 2) = (0,9, 0). The velocity component v,
:snszemenﬂ)esolldmiauiadkaungm&nabwewbdlyﬁeﬁdon«nmymwpbomduymwm
waﬂ.Ton*wbciympmmdmsamlydwno«lbbounduymdimoneasmmsd)eﬁollwhgfmn

i
V= ViksF(n), n= W

where ¥ Is the Kinematic viscosity and ‘/w‘k s the characterlstic thickness where viscous effects are sigaificant, The

existence of constant value for the viscous effects thickness is due 1o the competing balance beeween the fiild convection
that &5 directed mwud:ﬂnsohdsurfnandvhcousdilfusimmsdhcudaway from the surface. Thas the vorticity

produced at the solid surface is able w diffuss caly to distances of arder ‘/v/k:mlogwuimadms that resembles this

behavior occurs In asympiotic suction prafile and von Kérmin swirling flow. The veloclty comsponents, peessure and
Navier—Stokes equations then become

v, =keF', v, = —/okE, i""—":%k'z’+kur+-;-nﬂ

FY" 4+ FF'—F% 41 =0
The requirements ghat (vz v} = (0,0) at = = 0 and that v, — ke as 3 — 0o ranslae 1o

F(0) =0, F'(0) =0, F'{cc) = 1.
Tlntondlrionl’aru,asz—owcmmbeptuﬁb«lawbobmedaapmoldnmhmion.Theproblemfmnmlated
hexesaspuialcaseoliqﬂmgrilgnbw:ﬂg;yhygThesohﬂonanbeo&almdﬁommmeﬂcﬂhnegnﬁomandis
showninmeﬁm.ﬂnasylwwcbehwimsfwhrgeq—toom

F - 06479, w, ~ ka, vz~ —k(z=48%), & =0.64706

where 8% is the displacement thickness.

The solution may be obtained by setting § = 1in Egs. (9.7). This gives

Another exacl solution to the boundary-layer equations that may be Ulx) = ex
obtained from the Falkner-Skan similarity solution is that corresponding to

a stagnation-point flow. The valucs of the constants o and 2 that yield this
solution are @ = 8 = 1. But this is cquivalent to letting § be unity in the
solution for the flow over 2 wedge. Then the angle of the wedge becomes =,
which means the flow impinges on a fiat surface yielding a plane stagnation
point.

It will be noticed that this is

{lx) = \/';'_

[ =P =0
S0)=£10)=0

S =1 asyp— oo

¥ixp) = mv(jﬁ)

(9.8a)
(9.86)

(9.8¢)
{9.84;

(9.8¢)

(9:87)

precisely the exact solution to the full Navier-

Stokes equations that was obtained by Hiemenz for a stagnation point. This

solution is given by Eqs. (7.7a),

(7.75), and (7.7¢}). Thus the exact solution to

the boundary-layer equations is also an exact solution to the full Navier.
Stokes equations in this instance,




Consider the complex potential

F(z)= gzz 3 grzezie
2 2

¢ =Re[F(z)]= %rz cos26

w =Im[F(z)]= —grz sin26

‘V .3 X
Orthogonal rectangular hyperbolas & é—">
i SO ot
@ asymptotes y =+ X IR Sods = -
N L Ry
y : asymptotes x=0, y=0
1 P — 4 ~
Z=V¢:¢rér+—¢0é9 : ,iv—»_l-xﬁ‘!*AMQ\»_“__
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Vv, =arcos26 } % <0 <0 (flow direction as shown)

A/ Vg =—arsin26 |
')“-1 ﬁxuk g:U/L
K=vr(COSH;+Sin$)+V3(—Sin(9?+cos@‘)= e by = Yo

A @,:-‘S‘%:—%K

(v, cosf—vy sin9)z°+(vr sin @+ vy cos )] ps ¢ lawawys &

Potential flow slips along surface: (consider & = 90°) Lo () A

1) determine a such that v, =Ujatr=L, & = 90° floyor=cm jf :
g P OB

=gl 2x90)=U, =>al =-U, _i -
v, =aLcos(2x90)=U, > a 0, 1€ a=-— fu s - oS R
2) let U(x)=v, at x=L-r: /ﬁf - uj%_
=, = a(L-x)cos(2x90) = U(x) fAe

]
o

Or: U(x):—a(L—x)z%(L—x)=U0(1—%) {3y mis Vi

NS evtzc
Pree v y=0

& w & Daly="2\ - U = pUt
Ay = -eU0y = =& Vali-%\( -;) {%(7\—1:3
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FIGURE 3-21
Lo flow neae & rotating disk: fa) weronmlines; (b) velocity components.
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