Chapter 3 Solutions of the Newtonian Viscous-Flow
Equations

5.Unsteady flows

a. Stokes 1st problem: sudden acceleration
b. Diffusion vortex sheet

c. Decay of a Line Vortex

d.Stokes 2" problem: steady oscillations
e. Starting flow circular pipe

f. Oscillating pressure gradient pipe flow
g. Starting flow fixed/moving parallel walls.

a and d are unsteady flows with moving boundaries, of
which there are many additional solutions.
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FIGURE 7.4
(a) Definition sketch for Stokes’ first problem and (b) the Solution curves in terms
of the similarity variable and in terms of the dimensional variables.
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Diffusion vortex sheet

First recall potential flow solution for vortex sheet. The point vortex singularity is
important in aerodynamics, since, their distributions can be used to represent airfoils

and wings. To see this, consider as an example of an infinite row of vortices:

< 1 1 2ny 27X
=—K» Inr =—-=K In| =(cosh—= —cos —
v ,Zl“ b2 [2( a a )}

Where r, is radius from origin of i" vortex.

Superposition infinite row equally spaced vortices of equal strength

For |y|> a the flow approaches uniform flow with

_oy _, K

oy a

+: below x axis

u

-: above x axis

Note: this flow is just due to infinite row of vortices and there isn’t any pure uniform

flow



Potential Flow Vortex sheet:

From afar (i.e. |y|>a) looks like a thin sheet with velocity discontinuity.

u=-nKla

w=+nKkla

Define y = % =strength of vortex sheet

dI"'=V -d s (around closed contour)

dl' = u,dx —u,dx = (u, —uu)dx=%dx
a

. ar . . :
ie. y= Pl Circulation per unit span

Note: There is no flow normal to the sheet so that vortex sheet can be used to
simulate a body surface. This is the basis of airfoil theory where we let y =y(x) to

represent body geometry.
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Figure 9.11 Viscous decay of a vortex sheet. The right panel shows the nondimensional solution and =
. left panel indicates the vorticity distribution at two times.

Ny = v ’v\%%
Sl NS e, W
alend ,t) =T
s ) nleos, t) ==Y
Sea o L o : '
A o e i Sl o S B3 /57
i o 20

F“ - d_-z)m‘,{ v’:t

Da (Y 5% e
=22 o2 TS AE B no et & eviy)
g ey — — En)=\ , A.g o ‘?S_aA
Grozsos ERNS vordkn Elooleg) - \f{ve .
WMWT@
o | = F( =4/§(~l
[ _Sw%::r%i:}% ‘ WI\ \ Ui NSO
=_£r':. ﬂe"l'ﬁ)\»‘ N=U ees {ﬂ\\ 4=t Ly
N o
i , S=t$.52 {v+

S A S A 3 v Naged A WD

11



u:0.001kg/m s

p:1000kg/m3

v:1x10-5m?/s
U=1m/s

29

u=Uerf
2\/vt

Velocity profile (water property)

0.15

-0.15
u

Vorticity profile (water property)

0.15

50 100 150

-0.15
vorticity (=-du/dy)

12



free surface

Figure 9.7 Rotation of a solid cylinder of radius R in an infinite body of viscous fluid. The shape of

free surface is also indicated. The flow field is viscous but irrotational
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Fluid Mechanics, 6™ Ed. Kundu, Cohen, and Dowling

Exercise 9.15. Consider a solid cylinder of radius a, steadily rotating at angular speed €2 in an
infinite viscous fluid. The steady solution is irrotational: us = Qa’*/R. Show that the work done by

the external agent in maintaining the flow (namely, the value of 27Rue7,0 at R = a) equals the
viscous dissipation rate of fluid kinetic energy in the flow field.

Solution 9.15. Using the given velocity field, the shear stress is:
J u‘p 2 d 1 ) 2 1
T, =UuR—|—=+|=uQa'R—|—|=-2ula"— .
2 “RaR(R) a aR(R2 R
The work done per unit height = {27a7,,u,}  =27a-2uQ- Qa = 4mua*Q’.
From (4.58) the viscous dissipation rate of kinetic energy per unit volume for an
incompressible flow is pe =2uS;S,, where ¢ is the viscous dissipation of kinetic energy per unit

mass. For the given flow field there is only one non-zero independent strain component:
RJ(u) Qa>, d(1 1
S, =8, =——|2|==R—|=|=-Qa*—.
o ZaR(R) 2 &R(Rz) R

4
a
pe=2uS,S,; =2u(Sh, + S ) = 4u<?’ ol
so the kinetic energy dissipation rate per unit height is:

7 pe2nRdR = 81uQ’a’ [ %dR = 4muQ’a’,

Therefore:

which equals the work done turning the cylinder.
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3

Figure 9.12 Viscous decay of a line vortex showing the tangential velocity at different times.
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Fluid Mechanics, 6 Ed. Kundu, Cohen, and Dowling

Exercise 3.28. Starting from (3.29), show that the maximum u, in a Gaussian vortex occurs
when 1+ 2(r2/0?) = exp(r*/c®) . Verify that this implies r = 1.12091 0.

Solution 3.28. Differentiate the u, equation from (3.29) with respect to r and set this derivative
equal to zero.

d r a(1-exp(-*/0%)) 1 ( 1-exp-r’/o?) exp(-r’/o’)( 2r))
__.(uﬁ(r))=——-— ) R 2 - s -
dr 2 dr r 2 r r o

Eliminate common factors assuming r # 0. i o
0=-1+exp(-r*/o*) + (2r2/02)exp(—r2/02) =-1+(1+ 2r*/0? )exp(-r*/o i
This can be rearranged to:
exp(r2/62) =142,
which is the desired result. When r/o=1.12091, then
exp(r’/0*)=3.51289 and 1+ 2r*/o® =3.51288,

which is suitable numerical agreement.

FIGURE 3.17 Irrotational vortex. The
streamlines are circular, as for solid body
rotation, but the fluid velocity varies with
distance from the origin so that fluid ele-
ments only deform; they do not spin. The
vorticity of fluid elements is zero everywhere,
except at the origin where it is infinite.

Af

Instead, real vortices combine elements of the ideal
vortex flows described by (3.22) and (3.25). Near the center of rotation, a real vortex’s core
flow is nearly solid-body rotation, but far from this core, real-vortex-induced flow is nearly
irrotational. Two common idealizations of the this behavior are the Rankine vortex defined by:

2 — < /2nd*)r for r<
) = {I’/?ra const. forr < a} s ml = {( [2ma”) <o . (328)
0 forr>ao T'/2xr for r>0

and the Gaussian vortex defined by:

wy(r) = ;r%exp(—rz/az), and uy(r) = %(1 —exp(—1*/d%)) (3.29)

In both cases, ¢ is a core-size parameter that determines the radial distance where real vortex
behavior transitions from solid-body rotation to irrotational-vortex flow. For the Rankine vor-
tex, this transition is abrupt and occurs at r = ¢ where 1y reaches its maximum. For the
Gaussian vortex, this transition is gradual and the maximum value of uy is reached at
r/o = 1.12091 (see Exercise 3.28).

22
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Exercise 9.34. Suppose a line vortex of circulation T" is suddenly intro uced into a fluid at rest at
¢ = 0. Show that the solution is u,(r,t) = (I“/an)exp{— ) 4Vt}. Sketch the velocity distribution
at different times. Calculate and plot the vorticity, and observe how it diffuses outward.

Solution 9.34. The solution to this problem is very similar to the decay of a line vortex (see
Example 9.8). In two-dimensional (r,6)-polar coordinates, the governing equation is:

du, d(ld
P VL"r(r " )ﬂ
The boundary conditions on the velocity u.(r, ?) are
u(r,0") = 0, u(r,0) =T/2zr, and u(w, 1) = 0.
In this case the second boundary condition suggests a similarity solution of the form:
r r r
=051 )
For this solution form the time and radial derivatives are:
ou T 4 on L_@(_E) L __I‘_(ﬂ)éfi Hrug) T df on _T_i(_l_) -
gt 2mrdn ot 2mrdn\ 2t) 2m\2t)dn’ or 2mdndr 2mdn vt )’
d(1d (T 1 df F 1d T 1a&Ff
—|=—=(ru)| == | m——="=|= 5= —+ =t
dr\r or or\ 27 \[vt dn 2mr? Alvt dn 2 vt dn
Reassemble the governing equation and divide out the common factor of T'/2zr:

_(ﬂ)éli__ v df vdf _I(1df &f
2)dn rlvidn wdn®  t\ndn dn’)
2
Multiply by # and put the second derivative on the left: d J: i s g-
dn 2 n)dn
2
Integrate to find: lnﬁf— . Inn + const. Exponentiate L e“’"“'nexp{—r)2 I 4}
dn 4 o dn . |
and integrate again: 3
3 =A+Bexp{—n2/4}. 18

The constants 4 and B can be

determined from the boundary 4
conditions: f{0) = 1, and flo) = 1; 12
A =0, and B = 1. Thus, the 1
velocity field is: 08

( t) ) & r2 0.6

u,(r,t) = ——expy———r.

o 2 P\ 4wt 04
In this flow the z- g2

component of the vorticity is the = °
only non-zero component.

w_ (r t)—l—a—(ru )_l&ur - ol B ex 8
-Z’rar6r¢?64m/tp4vt dmid 7| A1

The plot above shows w, (vertical axis) vs. r (horizontal axis) at four different times. With
increasing time, the vorticity ar » = 0 decreases but it spreads outward in the radial direction.
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Width of diffusion layer as a function of time: viscous decay of an ideal vortex

Width of diffusion layer as a function of time: Line vortex suddenly introduced into fluid at rest

Width of diffusion layer as a function of time
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0.004
/ — |
- —
0.002 T
/
0.000
0.0 0.2 0.4 0.6 0.8 1.0

5 )

Diffusion of a 5.52v/vt 2.76\/v/t
vortex sheet

Viscous decay of an 3.46+/vt 1.73,/v/t
ideal vortex
Stokes’ first 2.76\/vt 1.38,/v/t

problem
Sudden line vortex 0.45\vt 0.225./v/t

d - 0ast — o, i.e, rate of diffusion decreases over time
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7/2, 7, and 37 /2 are shown. The diffusive distance is of order § = 4./v/w.
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Stokes’ second problem: analysis of the extrema of the velocity field
Velocity field:

_ | L w
U = U,cos(wt) — Uye \/;y cos (a)t — —y)

2v
w
Assume — /;y =X

au
i —Uye* cos(wt + x) + Uye* sin(wt +x) =0

Divide by Uye*:

U = U, cos(wt) — Uye”* cos(wt + x)

—cos(wt + x) +sin(wt +x) =0
tan(wt +x) =1

T T
wt+x=Z+kn—>x=Z+kn—wt

Wherek = 0,+1,+2 ... + oo. Substitute back for \/:%y:

=y =2t — wt
2y T g T

The condition for the location of the extrema is:

L
Y T WtT Tk

Therefore, the velocity field has multiple local maxima/minima. For example, when wt =
0, the locations of the local extrema are:

w _ T k
Ny T T3

w N 7 3 T 5 9
P = m "')_ I_ )__I__ '__ )"'I_m
\JZvy ’ 4”4“ 4 4” 4”

Fork = —o,..,—2,—1,0,1,2, ..., +0.

The extrema for ’%y > 2 are difficult to see due to the damping effect of the

exponential function.
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If we only consider 0 < /%y < 6, the local extrema are shown in the figure below.

—)t= -1
1.0 wt= —5m/6
wt= —4n/6
—_— wt= —31/6
— gt = —21/6
— t= — /6 -
wt=0

B Local extrema

U/U,

--- approximate mean
location of the peaks
--- exact mean

location of the peaks

W
YWz

4
For — P T < wt < 0, the velocity field shows a local maximum, which moves

4
towards smaller y when wt increases its absolute value. For —m < wt < T

the local maximum moves to negative values of y, i.e., a region which is not
physically interesting. Therefore, the next extremum is a minimum, as shown in the

figure.
1) The overshoot is located where the pressure gradient and viscous term have

the same sign.
2) The y —location and amount of the overshoot depends on the value of wt.
3) The y-location should depend on the travelling wave concept.
4) Explain the physics of the y-location and the amount of the maximum.
5) All of the above need to be compared with Panton’s discussion.
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m—
EXAMPLE 9.10

Show that @ = the rate of work {per unit area) done on the fluid by the oscillating flase
balanced by ¢ = U\evisoousdissipationofermgy(perm\itam)md\eﬂ\dd above the plate
Solution

'l‘h:rateofwork(perunitam)dommtheﬂuidby!hemvingphteist}wpmdwof&ﬁ e
stress on the fuid, 1y, and the plate velocity, U cos{wt):

th = U cos(et) = —p(du/dy),qU cos{wt),

The negative sign appears because the outward normal from the fluid points downward o =
surface of the plate. Differentiating (9.38) with respect ta ¥, leads to:

2 - Eerr ) D) ()]

and evaluating the result at y = 0 produces:

du 2 J
(.‘T.‘/)y-o = u\/;;[-oos(mt} + sinfwt)].
Thus, the time-average rate of work (per unit area) done by the plate on the fluid is:

2o .

2ufw
w w fw e . AR
o= 3. j 1, cos{wt)dt = 5% -0/ —uld 5[—&5(:.)}) + sin{wf)|U cos{wf)df = u T\S

where 21/ w is the period of the plate’s oscillations.

From (4.58), the rate of dissipation of fluid kinetic energy per unit volume is 1753 which reducs
to 2u8;Sy for an incompressible viscous fluid. Thus, the time-average energy dissipation —aw
(per unit area) above the plate will be:

% e/ - ” e = ; g & W = o 2
P f fzus‘s,jdym . nf(sw+sw)mr = s af (sg) dyt,
0 0 ]

<nce the only strain-rate component in this flow is Sy = Szy = (1/2)(@u/dy). The final result is
=asiest to obtain by performing the time average first

29/m
o i\’ o w
2o [ () = meges{-a}
This leaves the vertical integral:
= f w {201 s v WP fu
s f”wz °"P{‘3’VT}”” =l = AT VT

:~d this matches the time-averaged result for . Thus, the average rates of work input and
energy dissipation are equal. They are not instantaneously equal, so the fluid’s kinetic energy
cer unit area) fluctuates, but it does not grow without bound.
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Unsteady Fully Developed Pipe Flow
U= t)  p=ur=q

Que =— Py + g (uy + Huv)

K @ w%
L. s-s-w& EPTEE (g@wﬂg&xﬁ_ oo s e
sdon fhcnalok f )
el %,'\kvww\w\ (Y, 0) =0
)A\*o \ 7T P w, e - ue,, (- VL\ \e s(,m\«k;w

v\aw\««{ el U 2t) =0

e .

w o Qv - z ¥ Q ) o Q N \
Uorr,s n=y D, \ v\\ :
N K :
= 2 (-h) ok B .
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FIGURE 3-14 0 "
Instantaneous velocity profiles for 02 04 06 08 1
starting flow in a pipe, Eq. (3-102). v

[After Szymanski (1932).) L
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The Stokes number (Stk), named after George Gabriel Stokes, is a
dimensionless number characterising the behavior of particles
suspended in a fluid flow. The Stokes number is defined as the ratio
of the characteristic time of a particle (or droplet) to a characteristic
time of the flow or of an obstacle, or

lo

where 1g is the relaxation time of the paricle (the time constant in
the exponential decay of the particle velocity due to drag), ug is the
fluid velocity of the flow well away from the obstacle, and [y is the
characteristic dimension of the obstacle (typically its diameter) or a
characteristic length scale in the flow (like boundary Ilaver
thickness).m A particle with a low Stokes number follows fluid
streamlines (perfect advection), while a particle with a large Stokes
number is dominated by its inertia and continues along its initial
tajectory.

In the case of Stokes flow, which is when the particle (or droplet)
inversely proportional to the Reynolds number itself. In —d;at'case,
the characteristic time of the paiticle can be written as

’/ %ﬁ«

Hlustration of the effect of varying
the Stokes number. Orange and
green tragectones are for small and
large Stokes numbers, respectively.
Orange curve s trajectory of particle
vath Stokes number less than one
that follows the streamlines (biue),
while green curve is for a Stokes

number greater than one, and so the

p’(g particle does not follow the
= E streamiings. That particle colhdes

with one of the obstacies (brown
ircles shown in yell
whete py is the particle density, d, is the particle diameter and g is cRles A i oaos

the fluid dynamic viscosity. 2]

In experimental fluid dynamics, the Stokes number is a measure of flow tracer fidelity in particle image
velocimety (PIV) experiments where very small particles are ennained in rurbulent flows and optically
observed to determine the speed and direction of fluid movement (also known as the velocity field of the
fluid). For acceptable wacing accuracy, the particle response time should be faster than the smallest time
scale of the flow. Smaller Stokes numbers represent better tracing accuracy; for Stk >3 1. particles will
detach from a flow especially where the flow decelerates abruptly. For Stk < 1, particles follow fluid
streamlines closely. If Stk < 0.1, wacing accuracy erors are below 1%.8]

The Womersley number (o or Wo) is a dimensionless number in biofluid mechanics and biofluid
dynamics. It is a dimensionless expression of the pulsatile flow frequency in relation to viscous effects. It is
named after John R. Womersley (1907-1958) for his work with blood flow in arteries.!!J The Womersley
number is important in keeping dynamic similarity when scaling an experiment. An example of this is
scaling up the vascular system for experimental study. The Womersley number is also important in
determining the thickness of the boundary layer to see if entrance effects can be ignored.

The square root of this number is also referred to as Stokes number, Stk = /W0, due to the pioneering
work done by Sir George Stokes on the Stokes second problem.
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Fluid Mechanics, 6™ Ed. Kundu, Cohen, and Dowling

Exercise 9.32. a) When z is complex, the small-argument expansion of the zeroth-order Bessel
function J,(z)=1 -%z’ +... remains valid. Use this to show that (9.43) reduces to (9.6) as w — 0
when dp/dz = Ap/L. The next term in the series is /" . At what value of a/ 3 /v/a) is the

magnitude of this term equal to 5% of the second term.
b) When z is complex, the large-argument expansion of the zeroth-order Bessel function

J (2)= (2/71:?.)'/Z cos[z - ;.ﬂ] remains valid for |arg(z)| < . Use this to show that (9.43) reduces to
the velocity profile of a viscous boundary Jayer on a plane wall beneath an oscillating flow as

0> ®;
’ (]
U(p,0) == [sm(a)l) exp‘—y o7 ]sm(au ¥ 2"]‘

where y is the distance from the tube wall, R = a — y, v << a, and dp/dz = Ap/L.

Solution 9.32. a) Start from (9.43):

iR iq

. Ap o a_ || g
u:(R.t)-Rell;"-;-Z[l J, m)/lu(m}] },and

use the small argument form of J, for the limit @ >0 :

Ry :
I l-z( L. +e l+imRz
limu, (R,7) = limRe i -22- ) - Vo) Ll pimredi 22 {1y "l
P sl a)pL 1 iwa a0 pr ]+M %
1-= +ao. 4v ot
4 Wvfw <

Continue simplifying:

“ PR | ]
Iimu_(R.t)-limRe{i ap In_(n"”R _loa +) e“"}
wd w0 | wpL | 4y 4y |

. 2 e
=hch{1 2 [ L 2L e“'}

L pr 4v 4y
-Re A]’ ] az-Rz)
4v 4v 4;1
and this is the same as (9.6) when the pressure gmdlcnt is ApIL
To determine when ."I._‘ is 5% of 1z*, set (0. 05)—1 -év“ and determine z. The

solution is |2|=a/\v/w = \J0.05(64)/4 = 0.894 .
.ng

i 1 i R
b) Here, z= -\7;:7:; =(—75+75)7‘;/—‘-; » 80
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Fluid Mechanics, 6" Ed. Kundu, Cohen, and Dowling

B LT o N B e e
e I TR e

When @ — %, the first term becomes exponentially small, so

S o R

Now use R = a ~y in the above expression and collect like factors:
cos(’-'ﬁ)--l-exp | B T L et 8, SO
4/ 2 :22v/w 4 :;21’/&)

_z .e‘_"" a(l+i) =(+d)
(z 4) p[JZ /w]cxP[JZV/(a) Ll
So, in this limit:

iR v/a) e"" a(l+i) L -(|+.)

dn:"’(a -y) 2 J2v/(u E J2v/(o
(;V’ ] ’2 vio e [ a(lsi)
N g 2 P e

=(1+i) 3
:;21'/(0 i

a (
= [——exp
a=y

=exp ) y
:;ZV/w )
where the final approximate equality holds when y << a. Now substitute this approximate ratio
of Besscl functions into (9.43) to find:

w,o_ke{ 7 . 7;3)] } Rc[ [ - p(w)p[ 757,]]}

Take the real part to reach

u(y, 0= ———-[sm(wt)-—exp(m]sm (wt m]} 5

and this is the desired result.
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