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Abstract

A summay is provided of the AIAA Standard (1995) for experimenta
uncertainty assessment methodology that is accessble and suiteble for sudent and
faculty use both in classoom and research laboratories. To ad in application of the
methodology for academic purposes, aso provided are a test desgn philosophy; an
example for measurement of dengty and kinematic viscodty; and recommendations for
goplication/integration of uncertainty assessment methodology into the test process and
for documentation of results.  Additiondly, recommendations for laboraory
adminigrators are included.
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1. Introduction

Experiments ae an essentid and integral tool for enginesring and science in
generd. By ddfinition, experimentation is a procedure for testing (and determination) of
a truth, principle, or effect. However, the true values of measured variables are seldom
(if ever) known and experiments inherently have errors, eg., due to indrumentation, data
acquistion and reduction limitations, and facility and environmenta effects For these
reasons, determination of truth requires edtimates for experimental errors, which are
referred to as uncertainties Experimental uncertainty estimates are imperative for risk
assessments in design both when using data directly or in cdibrating and/or validating
gmulation methods.

Rigorous methodologies for experimental uncertainty assessment have been
developed over the past 50 years. Standards and guidelines have been put forth by
professona societies (ANSI/ASME, 1985) and international organizations (ISO, 1993).
Recent efforts are focused on uniform agpplication and reporting of experimentd
uncertainty assessment.

In paticular the American Inditute of Aeronautics and Adronautics (AIAA) in
conjunction with Working Group 15 of the Advisory Group for Aerospace Research and
Devdopment (AGARD) Huid Dynamics Pand has put forth a standard for assessment of
wind tunnel data uncertainty (AIAA, 1995). This dandard was developed with the
objectives of providing a rationa and practicd framework for quantifying and reporting
uncatainty in wind tunnd test data The quantitative assessment method was to be
compatible with exising methodologies within the technicd community. Uncertainties
that are difficult to quantify were to be identified and guiddlines given on how to report
these uncertainties. Additiona congderations included: integraion of uncertainty
andyses into dl phases of teding; smplified andyss while focusng on primary error
sources, incorporation of recent technical contributions such as correlated bias errors and
methods for small sample szes, and complete professond anadyss and documentation of
uncertainty for each tes. The uncertainty assessment methodology has application to a
wide varigly of engineering and scientific measurements and is based on Coleman &
Steele (1995, 1999), which is an update to the earlier sandards.



The purpose of this report is to provide a summary of the AIAA Standard (1995)
for experimentd uncertainty assessment methodology that is accessble and suiteble for
sudent and faculty use both in the classsoom and in research laboratories. To ad in the
application of the methodology for academic purposes, dso provided are a test design
philosophy; an example for messurement of density and kinematic viscosty; and
recommendations for application/integration of uncertainty assessment methodology into
the test process and for documentation of results Additiondly, recommendations for
|aboratory adminigtrators are included.

2. Test Design Philosophy

Experiments have a wide range of purposes. Of particular interest are fluids
engineering experiments conducted for science and technologicd advancement; research
and development; design, test, and evaluation; and product liability and acceptance. Tests
indude smdl-, modd-, and full-scde with fadlities ranging from table-top laboratory
experiments, to large-scade towing tanks and wind tunnds to in Stu experiments
including environmental effects. Examples of fluids engineering tests indude theoretica
modd formulation; benchmark data for Standardized testing and evduation of fadility
biases gmulation vdidaion; indrumentation cdibration; desgn optimization and
andyss, and product ligbility and acceptance.

Decisons on conducting experiments should be governed by the &bility of the
expected test outcome to achieve the test objectives within the alowable uncertainties.
Thus, data quality assessment should be a key part of the entire experimental testing: test
description, determination of error sources, estimation of uncertainty, and documentation
of the results A schemdic of the experimentad process, shown in Figure 1, illudrates
integration of uncertainty congderations into dl phases of a testing process, including the
decison whether to test or not, the design of the experiments, and the conduct of the test.
Along with this philosophy of teding, rigorous application/integration of uncertainty
asessment methodology into the test process and documentation of results should be the
foundation of al experiments.
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Figure 1. Integration of uncertainty assessment in test process (AIAA, 1995)




3. Accuracy, Errors, and Uncertainty

We consder here measurements made from cdibrated insruments for which dl
known sysematic erors have been removed. Even the most carefully cdibrated
instruments will have erors associated with the messurements, errors which we assume
will be equaly likedy to be postive and negaive. The accuracy of a measurement
indicates the closeness of agreement between an experimentally determined vaue of a
quantity and its true vaue. Error is the difference between the experimentaly determined
vaue and the true value. Accuracy increases as error gpproaches zero. In practice, the
true vaues of measured quantities are rarely known. Thus, one must estimate eror and
that estimate is cdled an uncertainty, U. Usudly, the edimate of an uncertainty, Uy, in a
given measurement of a physcd quantity, X, is made at a 95-percent confidence levd.
This means that the true vaue of the quantity is expected to be within the £+ U intervd
about the mean 95 times out of 100.

As shown in Figure 2a, the total error, d, is composed of two components. bias
error, b, and precison error, e. An eror is classfied as precison error if it contributes to
the scatter of the data; otherwise, it is bias eror. The effects of such errors on multiple
readings of avariable, X, areillugtrated in Figure 2b.

If we make N measurements of some variable, the bias error gives the difference
between the mean (average) vaue of the readings, m and the true value of tha varigble.
For a sngle indrument measuring some variable, the bias errors, b, are fixed, systematic,
or condant erors (eg., scde resolution). Being of fixed vaue, bias erors cannot be
determined ddidicdly. The uncertainty edimate for b is cdled the bias limit, B. A
useful gpproach to estimating the magnitude of a bias error is to assume that the has error
for a given case is a sngle redization drawn from some datistical parent didribution of
possible bias errors.  The interval defined by £B includes 95% of the possible bias errors
that could be redized from the parent digribution. For example, a thermigtor for which
the manufacturer specifies that 95% of the samples of a given modd are within = 1.0 C
of areference res stance-temperature calibration curve supplied with the thermistor.

The precison erors, e, are random errors and will have different values for each
measurement.  When repeated measurements are made for fixed test conditions, precison

arors are obsarved as the scatter of the data. Precison erors are due to limitations on
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repeetability of the measurement sysem and to fadlity and environmenta effects
Precison errors are edimated usng datistica analyss, i.e, are assumed proportiond to
the sandard deviation of a sample of N measurements of a variable, X. The uncertainty

edimate of e is cdled the precison limit, P.

d = total error
b b = bias error

= q e = precision error
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Figure 2. Errorsin the measurement of avariable X (Coleman and Steele, 1995)



4. Measurement Systems, Data-Reduction Equations, and Error Sources

Mesasurement sysems consst of the indrumentation, the procedures for data
acquisition and reduction, and the operaiond environment, eg., laboraory, large-scae
oecidized facility, and in Stu.  Measurements are made of individud variables X; to
obtain a result, r, which is cdculated by combining the daa for various individua
variables through data reduction equations

r:r(X11X21X31"'1XJ) (1)

For example, to obtain the velocity of some object, one might measure the time required
(X4) for the object to travel some distance (X2) in the datareduction equation V = X, / X;.

Each of the measurement sysems used to measure the vaue of an individua
varigble, X, is influenced by various dementd eror sources. The effects of these
edementd errors are manifested as bias erors (estimated by B) and precison erors
(estimated by P;) in the measured vdues of the varidble, X;. These erors in the measured
vaues then propagate through the data reduction equation, thereby generating the bias,
B, and precison, P;, erors in the experimentd result, r. Figure 3 provides a block
diagram showing eementa eror sources, individua measurement systems, measurement
of individud varidbles, data reduction equations, and experimenta results. Typica error
sources for measurement systems are shown in Figure 4.

Edimates of erors are meaningful only when conddered in the context of the
process leading to the vaue of the quantity under consderation. In order to identify and
quantify error sources, two factors must be consdered: (1) the steps used in the processes
to obtan the measurement of the quantity, and (2) the environment in which the seps
were accomplished. Each factor influences the outcome. The methodology for estimating
the uncertainties in measurements and in the experimental results caculated from them
must be sructured to combine datistical and engineering concepts. This must be done in
a manner that can be systemaicdly applied to each step in the data uncertainty
asessment  determination.  In the methodology discussed below, the 95% confidence
large-sample uncertainty assessment approach is used as recommended by the AIAA
(1995) for the vast mgority of engineering tests.
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Figure 3. Propagation of errorsinto experimentd results (AIAA, 1995)
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Fgure 4. Sources of errors (adapted AIAA, 1995)



5. Derivation of Uncertainty Propagation Equation

Bias and precison earors in the measurement of individud variables, X,
propagate through the data reduction equation (1) resulting in bias and precison errorsin
the experimentd result, r (Figure 3). One can see how a smdl eror in one of the

messured variables propagetes into the result by examining Figure 5. A smdl error, d,

in the measured vaue leads to a smdl error, d,, in the result that can be approximated
using a Taylor series expansion of r(X;) about ryue(Xi). The eror in the result is given by
the product of the eror in the measured variable and the derivative of the result with

respect to that variable %X. (i.e, dope of the data reduction equation). This

derivative is referred to as a sengtivity coefficient. The larger the derivative/dope, the
more sengtive the value of the result isto asmal error in ameasured variable.

r(%) A

true

Fgure 5. Schematic of error propagation from a measured variable into the result

In the following, an overview of the derivation of an equation describing the error
propagation is given with paticular atention to the assumptions and agpproximations
made D obtain the find uncertainty equation gpplicable for both sngle tests and multiple



tests (Section 6). A detailed derivation can be found in Coleman and Stedle (1995).

Rether than presenting the derivation for a data reduction equation of many
vaiables, the smpler case in which equation (1) is a function of only two varigbles is
presented, hence

r=r(xy) )
The dtudion is shown in Figure 6 for the kth set of measurements Ky, i) thet is used to
determine ry. Here, b, and e, are the bias and precison errors, respectively, in the kth

measurement of X, with a gmilar convention for the errors in y and r. Assume that the
test insrumentation and/or apparatus is changed for each measurement so that different

vaues of b, and e, will occur for each measurement. Therefore, the bias and precision
errors will be random variables rdating the measured and true vaues

X =Xre T Dy 6, 3
yk = ytrue+ byk +eyk (4)

The eror in r¢ (the difference between rywe and ry) in equation (2) can be
gpproximated by a Taylor series expanson as

fir fIr
- - - - - 5
rk rtrue ﬂX (xk Xtrue) + ﬂy (yk ytrue) + RZ ( )

Neglecting higher order terms (term Ry, etc.) subtituting for (Xk - Xirue) @nd (Vi - Yirue) from

equations (3) and (4), and defining the sendtivity coefficents q, =fr/fx and
a, =1r/fy, the totd error d in the kth determination of the result r is defined from

equation (5) as
drk = T = Tirge :qx(bxk +exk)+qy(byk +eyk) (6)

Equetion (6) shows that d, is the product of the total errors in the measured variables

(x,y) with their respective sengtivity coefficients.
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Figure 6. Propagation of bias and precision errors into a two variable result
(Coleman and Stedle, 1995)

We are interested in obtaining a messure of the distribution of d, for (some large

number) N determinations of the result r. The variance of this “parent” didribution is
defined by

s2 =lim
N® ¥

r

(g, Pu @
u

Bl
Qo=

=
1l

1

Subgtituting equation (6) into equation (7), teking the limit as N gpproaches infinity,
usng definitions of variances dmilar to that in equaion (7) for the b’s, e's, and ther
corrdation, and assuming that there are no bias error/precison error correations, results

inthe equationfor s ;

2 —N2c2 2 20 2 2o 2
Sdr =q,s b, +q33 b, +ZQquS b,b, +qxs e, +qys e, -'-2:1><stexey (8)

Since in redity the various s’s are not known exactly, estimates for them must be

made. Defining u’ as an edimate for the variance of the tota error distribution,sjr,

b,b},b, as esimates for the variances and covariance of the bias eror distributions,

10



and, Sf,Sf,,Sxy, as edtimates for the variances and covariances of the precison error

digtributions, results in the equation for U
2 2 2.2
u; =qsby +q,b} +2q,q,b S, +29,0,S, 9)

by and Sy are estimates of the correlated bias and precision errors, respectively, in x and
y.

No assumptions have yet been made on types of error digtributions. To obtain an
uncetainty U, at a specified confidence leve (eg., 95%), u. must be multiplied by a
coverage factor K

U, =Ku, (10)
Choosing K requires assumptions on types of error digtributions. We will assume that the
error digribution of the result, r, is norma so that we may replace the value of K for C%
coverage (corresponding to the C% confidence level) with the t vaue from the Student t
digribution. For sufficiently large number of measurements N 310, t = 2 for 95%
confidence.  With these find assumptions and generdizing equation (9) for the case in
which the experimenta result r is obtained from equation (1) provides the desired result

JlJ JlJ

J
:E} Eﬁ +2a aqqk3k+aQ. R +2a aq|quk (11)

i=1 k=i+l i=1 i=1 k=i+1

where B=th, Bi=t?bix, P=tS, Px=t?Sk and t = 2 for N 310. With reference to Figure 3,
B and P; are the bias limits in X;; and By and Pj are the corrdated bias and precison
limtsin X; and Xx. § is the sandard deviation for a sample of N readings of the variable
Xi. The sengtivity coefficients are defined as

qr
= 12
% = o (12)

Equation (11) is the desred propagation equation, which was setout to be derived. The
equation is used for both single tests and multiple tests as presented next in Section 6.

11



6. Uncertainty Equationsfor Single and Multiple Tests

A given st of measurements may be made in saverd different ways.  Idedly,
one will be able to repesat the meassurements severd times. In multiple tests, the result r =
(X1, Xo,..., X ) is determined from many sets of measurements (X1, X,...,X;) a afixed
tes condition with the same measurement sysems. However, in some indances (eg.,
complex or expensve experiments), it may not be possble to perform a tet more than
once. For this gdtudion the result r = (Xi, Xa,..., X; ) is determined from one set of
messurements (X1, Xo,...,X;) a a fixed test condition. According to the present
methodology, a test is consdered a dngle test if the entire tet is performed only once,
even if the measurements of one or more of te variables are made from many samples.
For example, when measuring the dynamic pressure in a pipe, one may make many
samples over a period of time long enough to average out the effects of turbulence. The
average of these measurements is taken to be the measurement of that particular variable
0 that agnglevdueisavaladle.

The totd uncertainty in the result, r, for both sngle and multiple tests is the root-

um-square (RSS) of the bias and precison limits

UZ= B+ P? (13)

The bias limits of the results [B; in equaion (13)] for dngle and multiple tedts are
determined in the same manner. The precison limits ae determined differently

depending upon how the data was collected, i.e., single or multiple test.

6.1. BiasLimits
For both sngle and multiple tests, the bias limit of the result [B; in equation (13)] is

given by
J-1J

J
Br2 =a inBZ +2a A qd«Bx (14)

i=1 i=1k=i+1

where g, are the sensitivity coefficients defined as before



fir
= 15
Qi X, (15)

B, arethe bias limitsin X; and B, are the corrdated bias limitsin X; and Xy

B, =5 (B), B,), (16)

a=1

L is the number of correlated bias error sources that are common for measurement of
variables X; and Xy.

The bias limit B for each variable is an estimate of dementa bias erors from
different categories: cdibration errors, data acquistion errors, data reduction errors, and
conceptua bias. Within each category, there may be severd dementd sources of hias.
For ingance, if for the ith variable X; there are J elementd bias erors identified as
dgnificant and whose bias limits ae etimaed as (B)1, (B2, . . . , (Bi)s then the bias
limit for the measurement of X; is calculated as the root-sum-square (RSS) combination
of the dementd limits

B’= 3 (B ) (17)
k=1

The bias limits for each dement (B)x must be estimated for each variable X; usng the
best information one has avalable a the time. In the design phase of an experimenta
program, manufacturer's specifications, andyticad estimates, and previous experience will
typicdly provide the bass for most of the edimates. As the experimenta program
progresses, equipment is assembled, and cdlibrations are conducted, these estimates can
be updated usng the additiond information gained about the accuracy of the calibration
sandards, errors associated with calibration process and curvefit procedures, and perhaps
andyticd estimates of inddlation errors (e.g., wall interference effects).

6.2 Precision Limitsfor Single Tests
For sngle tests in which one or more of the measurements were made from many
samples over some time intervd a a fixed test condition, and assuming no correlated

precison limits for the precison erors, the precison limit of the result [P, in eguation

13



(13)] can be estimated by

P =tS (18)

r

where t is the coverage factor and S is the standard deviation of the sample of N readings
of theresult r. For N 310 it isassumed that t = 2. The value of S is determined from N
readings over an appropriate/sufficient time interva that indudes dl factors causng
variaaility in the result.

Alterndtively, P, can be edimated by the RSS of the precison limits for the
measurements of the individud variables

P = é (qi Pi )2 (19)

i=1

whereq, are the sengtivity coefficients defined by eguation (15) and P =t.S ae the
precison limitsin X; [wheret; and § are defined smilarly ast and S in equation (18)].

Often it is the case, that the time interva is ingppropriate/insufficent and the Py’'s
or P, must be edtimated based on previous readings (eg., based on previous multiple

tests) or the best available information.

6.3 Precision Limitsfor Multiple Tests

In multiple tests, an averaged result 7 can adso be determined from M sets of

measurements (X1, Xz,...,.Xy)k a the samefixed test condition

1

2, 20
Bk (20)

Qo=

r =

i

The bias limit of the result By is edimated usng equation (14). If the M sats of
measurements are taken over an appropriate time interva, the precison limit of a sngle

result of the M messurementsis

P =tS (21)
where t is determined with M-1 degrees of freedom (t = 2 for M 210) and S isthe
gandard deviation of the M “sample’ distribution of results

14



1/2

> (D~

g (rk N F)2

u
S = a (22)
Ba M-14
The precison limit for the average result is given by
tS
P =—— 23
) *)
Thetota uncertainty for the average result is (using the large sample assumption)
Uz =B2+P? =82+ (25 VM (24)

Alterndtively, P- can be edimated as the RSS of the precison limits of the
individud variables
P =é (i Ps )’ (25)
i=1
where the precison limit of one of the measured varidblesis

p=3 (26)
UM

and t is taken to be 2 when the number of samples is greater than 10 and S is the standard
deviation of the M sample results

s

éwm MADE
s:éé—(xk'x‘) G 27)
" ga M-1 4

7. Implementation

The uncertainty assessment methodology is summarized in Figure 1. For each
experimenta  result, the data reduction equation (1) is determined firs. Then a block
diagram of the test (Figure 3) is congructed to help organize the individua measurement
sysems and the propagation of eementa error sources into the find result. Data-stream
diagrams are condructed next, showing data flow from sensor-to-result and are hepful
for identification and organization of the dementd bias and precison limits a the

15



individud-varigble leve.

Bias limits contributing ether to a sngle vaiable or the find result are identified
(calibration, data acquidtion, data reduction, or conceptual bias) and combined. Once the
sources of uncertainty have been identified, their reaive dgnificance should be
edtablished based on order of magnitude esimates. A “rule of thumb” is that those
uncertainty sources that are smaler that 1/4 or 1/5 of the largest sources are usudly
consdered negligible.

For the vast mgority of experiments, precison limits are estimated as described
above with repeated end-to-end data-acquistion and reduction cycles (i.e, for the find
result level as opposed to the individud variddle leved). Note tha the precison limit
computed is only applicable for those random error sources that were “active’” during the
repeated measwrements. Idedly M 3 10, however, often this is not the case and for M <
10, a coverage factor t = 2 is dill permissble if the bias and precison limits have smilar
magnitude. If one encounters unacceptably large P’s, the dementd sources
contributions must be examined to see which need to be (or can be) improved.

The precison limit, bias limit, and totd uncertanty for the experimenta result r
ae then found. For each experimentd result, the bias limit, precison limit, and tota
uncertainty should be reported.

8. Examplefor Measurement of Density and Kinematic Viscosity

Professor R. Ettema and Dr. M. Muste developed the present experiment at 11HR
during the summer of 1997 for use in the fluids lab. Subsequently, as presented herein,
the experiment was revised to include uncertainty assessment. Granger (1988) presents a
amilar experiment, but without uncertainty assessment.

The expeiment determines dengty and kinemdic viscodty of a fluid by equating
forces on a sphere fdling a termind veocity and low Reynolds number (Roberson and
Crowe, 1997, pp. 438-443). More commonly, dengity is determined from specific weight
measurements using hydrometers (Roberson and Crowe, 1997, pg. 57) and viscosty is
determined using capillary viscometers.

The purpose of the experiment is to provide a rdaivey smple yet

comprehengve, tabletop measurement system for demondrating fluid mechanics
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concepts, experimental procedures, and uncertainty assessment. The measurements are
compared with benchmark data based both on reference data provided by the fluid
(99.7% agueous glycerin solution) manufacturer  and  measurements  usng  a

commercidly available hydrometer and capillary viscometer.

8.1. Test Design

A sphere of diameter D fdls a termind veocity V through a long transparent
cylinder filled with fluid of dengty r, viscosty m and kinematic viscosity n (= mir), as
shown in Figure 7. The acceeration is zero, hence, the forces acting on the sphere must
sumto zero. Theseforcesof gravity Fg, buoyancy Fp, and drag Fg, sum as.

W, =F, - F, =F, (28)
Sphere
07 faling at
terminal
| velocity
v

Figure 7. Experimental arrangement

The gpparent weight is given by
W, =gN(S- ) (29)
where g=rg is the spedific weight of the fluid, K= pD®6 is the volume of the sphere,

and S= r gherell is the specific gravity of the sphere. For very low Reynolds number Re =
VD/n <<1, the drag force F4 is approximated by Stokes law (White, 1994, pp. 173-178)

F, =3nVD (30)
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Although drictly vaid only for Re << 1, Stokes law agrees with experiments up to Re <
1. For Re > 1, the wake becomes asymmetric, and for Re > 20, the flow separates and
pressure drag increases significantly.  Subgtituting equations (29) and (30) into equation

(28) and solving for V resultsin

i; (S- 1) (31)

Equation (31) shows that the termina velocity (for Re << 1) is proportiona to both D?

V =

and (S1) ad inversdy proportiona to n. The temind veocity can equivdently be
expressed by V = | /t where | and t are the fdl digance and time, respectively. | is
labded in Figure 7. Alternatively, solving for n and substituting | /t for V resultsin

gD*t
18l
Evaluating equation (32) for two different spheres (eg., teflon and sted, as indicated by

n =n(D,t,l ,r)=

(S-1) (32)

subscriptst and s), equating, and solving for r resultsin

D2t r - D3ts I 4
thtt- Dgts

r :r(Dt1tt1Ds1ts): (33)
Equations (32) and (33) are data-reduction equations for n=n=ns and r in terms of

messurements of individud varidbles, Dy, Dg, tt, ts, and | .

8.2. Measurement Systems and Procedures

Figure 8 provides a block diagram of the experiment indicating the individua
measurement systems, data reduction equations and results, and propagation of errors.
The individud measurement systems are for the sphere diameters D; and D, fdl distance
|, and fdl times t; and ts. The sphere diameters are measured with a micrometer of
reolution 0.0lmm. The fdl distance is measured with a scale of resolution 1/16 inch.
The fal times are measured with a opwatch with last significant digit 0.01 sec.

Teflon and sted gpheres are used for the experiments. The sphere dendties are
assumed condant, as provided by the manufacturer (Small Part Inc., 1998). These vaues
adong with that used for the gravitationa accderation are provided in Table 1. The fluid
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used for the expeaiments is 99.7% agueous glycerin solution. The manufacturer
(Proctor& Gamble, 1995) provided reference data for dendty and kinematic viscosty, as
a function of ambient temperature. To endble the comparison between the present
measurements and the manufacturer values, temperature was dso measured with a digita
thermometer with lagt significant digit 0.1°F.  Uncertainties for the manufacturer vaues

and temperature measurement were not considered.

| EXPERIMENTAL ERROR SOURCES I
INDIVIDUAL
SPHERE MEASUREMENT
DIAMETER SYSTEMS
I

MEASUREMENT
OF INDIVIDUAL
VARIABLES

D2t r-D%tr

sts'sT Pt Lt

DZt,-D7t, DATA REDUCTION
EQUATIONS
ng(rsphere/r -1t Q

18l

r=r (XD,Xt):

":”(XD'Xt'Xr'X|)=

EXPERIMENTAL
RESULTS

Figure 8. Block diagram of experiment

The data acquistion procedure conssts of three steps. (1) measure the ambient
temperature T and fdl disgance | ; (2) measure diameters Dy and fdl times t; for 10 teflon
spheres; and (3) measure diameters Ds and fdl times ts for 10 steel spheres. Care should
be taken in coordination of the starting and stopping of the stopwatch with the sphere
crossings of the upper and lower fal disance markings, as shown in Figure 7. Data
reduction is done at steps (2) and (3) by subdtituting the measurements for each test into
the data reduction equation (33) for evauation of r and then dong with this result into
the data reduction equation (32) for evauation of n
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Table 1. Gravity and sphere dendity constants

Definitions Symbol Vaue
Gravitational acceleration g 9.81 m/s”
Density of steel rs 7991 kg/nv
Density of teflon Iy 2148 kg/nv

8.3. Test Resaults

Typicd test results are provided in Table 2. The results include measurements of

temperature T and fdl digance | dong with measurements taken 10 times repestedly for
teflon and ded sphere diameters and fal times (D, t;, Ds, tg), fluid densty r, and

kinematic vscodty n. Also shown are the average vaues and standard deviations. These

vaues will be used and explained in conjunction with the uncertainty assessment. Using
the averaged vaues for V, D, and n, Rg = 0.18 and Res = 0.26 both of which meet the

requirement Re < 1.

Table2. Typica test results

Trial TEFLON STEEL RESULTS
T=26.4°C Dt T Ds s r n
| =0.61m (m) (se0) (m) (sec) | (kg/inT) (nf/s)
1 0.00661 | 31.08 | 0.00359| 12.210 | 1382.14 | 0.000672
2 0.00646 | 31.06 | 0.00358 | 12.140 | 1350.94 | 0.000683
3 0.00634 | 30.71 | 0.00359 | 12.070 | 1305.50 | 0.000712
4 0.00632 | 30.75 | 0.00359 | 12.020 | 1304.66 | 0.000709
5 0.00634 | 30.89 | 0.00359 | 12.180 | 1302.38 | 0.000720
6 0.00633 | 30.82 | 0.00359 | 12.060 | 1306.70 | 0.000710
7 0.00637 | 30.89 | 0.00359| 12.110 | 1317.75| 0.000710
8 0.00634 | 30.71 | 0.00359| 12.120 | 1301.50 | 0.000717
9 0.00633 31.2 | 0.00359 | 12.030 | 1320.75| 0.000700
10 0.00634 | 31.11 | 0.00359 | 12.200 | 1307.64 | 0.000718
Average 0.006375| 30.91 |0.003589| 12.114 | 1318.80 | 0.000706
Std.Dev. (S) | 9.1740° | 0.18 [3.1640°| 0.0687 | 26.74 | 1.59740°
8.4. Uncertainty Assessment
Uncertainties are edimated for the experimentd results for densty r

kinematic viscosty

and

n. The edimates ae done usng both multiple and single test

methods. The Bi's are etimated a the individua variable levd and evduated for the
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results using the propagation equation (14). For r, results are presented both without and
with including the corrdlated bias errors. The P.’s are edtimated at the end-to-end leve.

For multiple tests, P-is given by equation (23) with the standard deviaion S evauated
using equation (22) for the 10 repeated tests. For the single test, P is given by equation
(18) with S edimated from the multiple test results. For comparison, P;’s estimated by
RSS of the individud variables are provided in Appendix A (for the multiple test
method). Detals are given for esimating Ur and U, using the multiple test method.  The
edimates for U, usng the multiple tet method and the esimates for the single test

method are dso mentioned.

8.4.1 Multiple Tests

Density r. The data reduction equation for dendty is given by equation (33).
Thetota uncertainty for the average dengty is given by equation (24) with r =r

Uz = B +[es VM | 3

and M =10 (the number of repeat tests).
Biaslimits. The biaslimit in equation (34) is given by equetion (14)

B’ =qp Bg, +q.B’ +qg By +a.B’ +2q,0q, B, B, +2q,q, B B, (35)

B ae the bias limits for the individud varidbles (D;, Ds, ti, tg) and g, =9r/1X, are the
sengdtivity coefficients. Note that the bias limits for D; and Ds as well as t; and ts are
corrdlated because the sphere diameters and fdl times are measured with the same
indrumentation. The bias limits for the individud varigbles are based on the resolution
of the ingtruments (micrometer and stopwatch) used to make the measurements. A
summary of the bias limits for individud variables, ther rdative magnitude to the
average values, and the source/method of their estimation are provided in Table 3.

21



Table 3. Biaslimitsfor individud variablesD and t

BiasLimit Magnitude | Percentage Values Estimation
Bo= B, = By, 0.000005 m 0.078 % D % ingtrument resolution
‘ 0.14 % Ds
B= B =B 0.01s 0.032% t; Lagt sgnificant digit
L 0.083% ts

The sengtivity coefficients are evduated usng the average vaues for the individud
vaiables from Table 2

2 D? re-r D’DZts(r o- T
a, _fr _ 2Dt tsDt( s t):z%,sosk_? o _fr _BDts(rg zt):30.60 Izg
D, [th t, _Dsth m B L [th t, - D? ts] m" xs
2D? re-r D2D2t+(r ¢+- 1
%s:ﬂ—r: : tttsDs( t S):-527,208"_‘~ff L (7 g 23):-78.1¥
1,  [D?t-D?t4 m © M, Dt -D7t] m’ xs

The totd bias limit for dengty of glycerin is obtaned by combining the bias
edimates from Table 3 with the above cdculated sengtivity coefficients in equation (35)
and a first neglecting the last two terms corresponding to the correlated bias errors. The
total bias limit as wel as its components are shown in Table 4. B, = 3.13 kg/n? is 0.24%
of the measured average density (- =1318.80 kg/nT’). The contribution of the q,B ’'sto

B issmdl (i.e, less than 1/4 or 1/5 of the gpBp’s); therefore, can be neglected. Although
the individud varigble biases themsdves are smdl (Table 3), it's their combination with
the appropriate sensitivity coefficient that determines their relative contribution to B; .

If the terms corresponding to the corrdated bias errors in equation (35) are
considered, the total bias limit is decreased, as shown in Table 4. B, = 1.22 kg/n? is
0.09% of T . Note that the consderation of the corrdlated bias errors has a favorable

effect on the totd bias limit due to the fact tha these terms have negative sgns in
equation (35) due to the product vs. square of the sengtivity coefficients.
Precision limits. P-is given by eguation (23) with the Sandard deviaion S

evaluated using equation (22) for the 10 repest tedts, i.e, S-= 26.74 kg/m® (Table 2)

2:S_
P = F_ 2x26.74 -16.91 k_g
T JM  4J10 m

2



P- i51.28% of the messured average density, as shown in Table 4.

Total uncertainty. The totd uncertainty for dendty is evauaed from equation
(34). If the correlated bias errors are neglected

U; =%, [B +P? = 313" +16.91° = +17.20 kg/ ¥,

otherwise,

U; =+,[B +P? =4J122° +16.91° = +16.95 kg/ m?’
U- edimated without considering the correlated bias errors is 1.3% of the measured

average dendty, as shown in Table 4. 97% of the total uncertainty is due to the precison

limit, whereas only 3% is due to the bias limit. U- accounting for correlated bias errors

is 1.28% of the measured average densty, as shown in Table 4. 99.5% of the totdl
uncertainty is due to the precison limit, whereas only 0.5% is due to the bias limit, which
is the reason the effects of the corrdated bias errors have a large effect on the bias limit
and aminimd effect on the total uncertainty.

Table 4. Uncertainty estimates for dengity using multiple test method

Term Without correlated biaserrors With correlated biaserrors
Magnitude | PercentageValues | Magnitude | Percentage Values
0o, B 148kgnt | 22.30% B? 148kgnm | 147.16% B?
q.B 031kgnT | 0.95% B? 03LkgmT | 4.00% B’
d5.Bo -263kgnT | 70.60% B? -263kgiT | 464.72% B?
q.B -0.78kgmT | 6.15% B? -0.78kg/nT | 38.80% B?
20,0, B2 - - -279kgnt | .522.98% B
20, 0, B - - -0.69kgT | 31.88% B?
B 313kgn [ 024% 1 122kgim | 0.09%
3.3% U2 0.47% U2
P- 16.91 kg/n® 1.28% r 16.91 kg/nr’ 1.29% r
96.70% U 2 99.53% U 2
U- 17.20kgnv | 1.30% 1 16.95kgnT | 1.28%
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Kinematic viscosity n;. The data reduction equation is given by equation (32).
The totd uncertainty for the average kinematic viscosty is given by equation (24) with r
= nt
Uz =82 + oS [ f (36)
and M =10 (the number of repest tests).
Bias limits. The bias limit in equation (36) is given by equation (14)
B} =03, B3 +0; Bf +7B] +q/B; @
Note that there are no corrdlaed bias errors contributing to the viscodty result. The bias
limits Bp, Br, and B were evauated in conjunction with esimation of U-. The bias limit

B is based on the resolution of the scde used in making the measurement, as shown in
Table 5. The sengtivity coefficients are evauated usng the average vaues for the
individua variables and result for r from Table 2

2D, g(r /r -1t Do t s
n t m n O v i M
ap =1?D 0@ o B o hE 00y
t t s fir r gxs
2 2
D “glr,/r -1 2 D,“gir,/r -1t
:ﬂ_n:Mzz_znao-5 m a In_ ™t ( 1/2 )t:-1_15)qo'3 L
Lot 18l s? 1 18l s

Combining the bias edimates from Tables 3 and 5 with the senstivity coefficients
given above into equation (37) provides vaues for the totd bias limit as wdl as its
components, as shown in Table 5. B, = 4.5 10°° nf/s is 0.64% of the measured average

kinematic viscosity (T, = 0.000707 nf/s). The maor contribution to the bias limit of

the kinematic viscogty is g B; ; therefore, the others can be neglected.
Precison limits. P-is given by eguation (23) with the sandard deviation S

evaluated using equation (22) for the 10 repested tests, i.e, S, = 1.6" 10°° nf/s (Table 2)

2% -5 2
p =2 (246407 05
" UM J10 s

. 1.43% of the measured average kinematic viscosity, as shown in Table 5.

Total uncertainty. The totd uncertainty for kinematic viscosty is evauaed from
equation (36)
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= =£/(45%0°)? +(1.0140°°)? = +1.1140°m*/ s

U— is 1.57% of the measured average kinematic viscosity, as shown in Table 5. 84% of

t

the total uncertainty is due to the precison limit, whereas 16% is due to the bias limit.

Kinematic viscosity ns Uncertainty estimates were aso obtaned for the

kinematic viscodgty usng the messurements for the sted spheres following exactly the
same procedure previoudy described for the teflon spheres.  The totd uncertainty is

U—= +1.49% of the measured average kinemdatic viscodty, which is nearly the same as

N

that for the teflon spheres.

Table 5. Uncertainty estimates for kinematic viscosty (teflon spheres)

using multiple test method
Term Magnitude Per centage Values
B 7.9 10" m 0.13% |
0o, B 11°10°nf/s | 597% B?
9 B 4.27°10°nls | 90.03% B?
q.B 229710 nfls | 0.26% B?
qB -0.9210° /s | 3.74% B?
B, 45°10°nfls | 0.64%n,
16.43% UZ
P 101"10° nf/s | 143%n,
83.57% U2
- 111°10°nf/s | 1579%n,

8.4.2. Single Test

Uncertainty estimates for a sngle test are made using the measurements for trid 7
of the repeated tests, as provided in Table 2. The precigon limit is estimated for the

sngle test using the standard deviation for the multiple test as a best estimate,

Density r . Thetotd uncertainty is given by equation (13)
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Ul =B +F’ (38)
Bias limits. The bias limit is given by equation (35) evaduated usng the same
B's as for the multiple tets, but with the sengtivity coefficients evauated usng the
dngle tes vaues. Table 6 includes the esimates for bias limit and its components
without and with considering the contribution of the corrdated bias errors.  As shown in
Table 6, the results are nearly the same as for the multiple tet method snce the only
difference is in evauating the sengtivity coefficients usng trid 7 vadues indead of the
average vaues. Similaly to the multiple tests case, congderation of the corrdated bias
erors has a favorable effect on the totd bias limit, decreasng the magnitude of the bias
limit and the total uncertainty aswell.
Precison limits. P, is given by equation (18) with S estimated from the multiple

test results, i.e, isS = 26.74 kg/nt® (Table 2)
P =tS =53.47 kg/n? (39)
andt =2 P, is4.05% of the measured average density, as shown in Table 6. P; for the

dngletestis M = 3.16 larger than P- for the multiple tests.

Total uncertainties. The totd uncertainty for densty usng the sangle test method

is evaluated from equation (38). If the correlated bias errors are neglected

U, =+/3.14% +53.48 = +53.56 kg/m’

Otherwise,

U, =++/1.23* +53.487 = +53.50 kg/m’

U, edimated without consdering the corrdated bias errors is 4.06% of the measured
average dendty, as shown in Table 6. 99.65% of the totd uncertainty is due to the
precison limit, whereas 0.35% is due to the bias limit. The single tex method bias limit
is nearly the same and the precision limit is larger than that for the multiple tests; thereby,
increasing the totd uncertainty. U, accounting for the correlated bias errors is 4.05% of
the measured average dendty, as shown in Table 6. 99.89% of the totd uncertainty is

due to the precision limit, whereas 0.11% is due to the bias limit.
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Table 6. Uncertainty estimates for density using single test method

Term Without correlated biaserrors With correlated biaserrors
Magnitude | Percentage Values | Magnitude | Percentage Values

O, By 149kgnt | 22.60% B’ 149kgint | 147.74% B?
q.B 031kgnT | 0.96% B? 031kgnT | 4.01% B?
U.By -264kgT | 70,70% B2 -264kgiT | 462.68% B?
q.B -0.78kg/nT | 5,749 B? -0.78kg/nT | 38.70% B?
205 0o, B3 - - -281kgnT | 522,959 B?
20,0, B? - - -0.69kg/nT | .30.18% B?
B 314 kg’ | 0.24% 1.23kg/n® | 0.09%r

0.35% U ? 0.11% U ?
P, 5347 kg/nT | 4.05% r 53.47 kg/nt | 4.05% r

99.65% U ? 99.89% U2
U, 53.56 kg/nT | 4.06% r 5350 kg/nT | 4.05%r

Kinematic viscosity n;and ns
kinematic viscodty usng the single test method for both the teflon and sted spheres. The
procedures closdly followed those just described for the single test method for estimating

the density U .

Uncertainty estimates were dso obtained for the

Table 7 shows the detalled results for the teflon spheres. The totd

uncertainty for the kinematic viscosity for stedl spheresis U, = + 5.03% of the measured

average kinematic viscosity.

Table 7. Uncertainty estimates for kinematic viscosty (teflon spheres)

using single test method
Term Magnitude Per centage Values

b, By 1.1 10° nf/s 5.82% aft
o Br 4.36" 10° nf/s 89.84% B?
q,B 2.3 10" nf/s 0.25% tht
aq B - 0.9 10° nf/s 3.99% B’
B, 4.6"10° nt/s 0.65% N

1.85% U;
P, 3.2 10° nf/s 4.53% ny

98.15% U,
U, 3.23 10° nr/s 4.55% ny
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8.5. Discussion of Results

Test results for dendty r and kinematic viscodty n of glycerin were obtained at
four temperatures between 26-29°C, as shown in Figures 9 and 10. The uncertainty
edtimates without corrdated bias errors are shown as uncertainty bands. Note that the
uncertainty estimates are for T = 26.4° C, but are assumed applicable for dl T. Table 8
summarizesthe totd uncertainty estimates for r and both n¢ and ns.

The vaues and trends for r and n seem reasonable in comparison to textbook
values, eg., Roberson and Crow (1997, pg. A-23), dthough the measured n vdue is
larger than the textbook value. The textbook only provides vaues a 20°C (and
atmospheric pressure) of r = 1260 kg/m® and n= 0.00051 nf/s. The uncertainty
edimates ds0 seem reasonable and are rdativey smadl, especidly for the multiple tests
(i.e., < 2% of the measured average vaues).

Table 8. Totd uncertainty estimates for densty and kinematic viscosity of glycerin
(valuesin parenthesis include consderation of correlated bias errors)

Assessment M ethod Ur Un
Teflon Spheres Stedl Spheres
Single Test + 4.06 (4.05)% 1 +455%n +503%n
Multiple Tests(M =10) | +1.30(1.28)% +157%n +149%n

The ratio of the measured fdl times for the teflon and sted spheres is ti/ts=2.55, as
provided by the Table 2 test results, which is about 27.5% larger than that cdculated
from equation (29).

8.6 Comparison with Benchmark Data
Vadidation of the test procedures and data requires known benchmark values B
and uncertainties Ug at the correct temperature (and pressure). A comparison error

E=D- B (where D represents the present data) and uncertainty UZ =UZ2 +UZ (where
Up represents the present data uncertainties) can be defined. The condition for vadidation
of an experiment againgt a benchmark is that |E|£U ., whereupon it can be stated that
the experimental procedures and data have been validated a the Ug leve. In other words,
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the differences between the test procedure and data and the benchmark is within the
“noiselevel” of the comparison.

The present measurements are compared with benchmark data based both on
reference data provided by the glycerin manufacturer and measurements using a
commercidly available hydrometer and capillary viscometer. Unfortunately, as discussed
next, a complete vdidation is not possble snce Ug is unknown for the reference data and
is uncertain for the hydrometer and capillary viscometer. Moreover, the reference data
does not include the effects of solution concentration of glycerin. However, E and Up
can evaluated and compared.

Reference data was solicited from the manufacturer of the glycerin (Proctor &
Gamble, 1995). Reference data was provided based on available literature for 100%
glycerin as a function of ambient temperature (and for standard amospheric pressure).
Uncertainty edtimates for the reference data are not avalable. The effects of solution
concentration or correction/extragpolation procedures are not known, i.e, differences for
99.7% aqueous glycerin solution vs. the 100% glycerin.

An ErTco hydrometer was used to measure the specific weight of a sample of the
99.7% aqueous glycerin solution (used in the experiments), which was converted to
densty r usng the g = 9.81 m/s’ (Table 1). The resolution of the hydrometer is 10
kg/n®.  Similarly, a Cannon glass capillary viscometer was used to measure the kinematic
viscosty.  The resolution of the capillary viscometer is 432 10° nf/ls  The
manufacturers provide certificates of cdibration in accordance with Nationd Inditute of
Standards and Technology. For the capillary viscometer, the uncertainty rdative to the
primary standard is quoted at + 0.45% of the mesasured kinematic viscodty for the present
conditions. Presumably, U, is smal for both ingtruments (< 1%), but we are reluctant to

date a vaue for Ugwithout confirmetion, especidly for the cepillary viscometer which

involves a somewhat more complex measurement procedure than thet for the hydrometer.
Figure 9 includes a comparison between the messured dengties and the
benchmark data and textbook vaue. The comparison error (usng the vaues a 26.4 °C)
for both sngle and multiple tests is E = 4.9% for the reference data and E = 5.4% for the
ErTco hydrometer. The two benchmark data and the textbook vaue ae in close
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agreement, i.e,, differ by <1%. The comparison uncertainty is U. » Up = 4.06% for the
sngle tet and U » Up = 1.30% for the multiple tests (neglecting correlated bias errors)
gnce Ug vdues are not known, but presumably smal. The test results are not vaidated

since|E|3 U.. The fact that E is nearly constant suggests the presence of an unaccounted

bias error.

Figure 10 includes a similar comparison for the messured kinematic viscosty and
the benchmark data and textbook value. The comparison error (using the vaues a 26.4
°C) both for single and multiple tests and teflon and sted spheres is about E = 3.95% for
the reference data and E = 40.6% for the Cannon cepillary viscometer. In this case, the
two benchmark data and textbook values are not in close agreement, i.e., differ by about
35%. The comparison uncertainty for the teflon spheresis U » Up = 4.55% for the

gngle tet and U » Up = 1.57% for the multiple tests, whereas for the sted spheres is
U »Up = 503% for the single tet and U »Up = 149% for the multiple tests

(neglecting correlated bias errors). Thus, for the reference data, the test results for the
gngle test are vdidated a about the 5% leve, wheress the test results for the multiple
teds are not vdidaed. The test results are not vaidated for the Cannon cepillary
viscometer. Here again, the fact that E is nearly congtant suggests the presence of an
unaccounted bias error.  Future work should explain the unaccounted bias errors for both
r and n and for the differences between the benchmark data and textbook valuesfor n.
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Figure 9. Dendty of 99.7% aqueous glycerin solution test results and comparison

with benchmark data
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Figure 10. Kinematic viscodty of 99.7% agueous glycerin solution test results and

comparison with benchmark data

9. Conclusonsand Recommendations

The AIAA Standard (1995) for experimenta uncertainty assessment methodol ogy
with associated philosophy of testing is relaively easy to integrate into the overdl test

process, as demondrated by the present ample tabletop experiment. The authors firmly
believe that the benefits of uncertainty assessment (insurance of uncertainty interva
within which true vdue will lie with a chosen confidence) in reducing risk far outwegh

any actud or perceved time saved in foregoing making edtimates. Furthermore, as is
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often the case (including the present example as wedl as most of the other fluids
laboratory experiments) integration of uncertainty assessment is required for debugging
of the test design to obtain satisfactory results.
Recommendeations  for  application/integration  of  uncertainty — assessment
methodology by students and faculty are asfollows:
1. Recognition that uncertainty depends on entire testing process and that any
changes in the process can sgnificantly affect the uncertainty of the test results
2. Rl integration of uncertainty assessment methodology into dl phases of the
tesing process including design, planning, cdibraion, execution and podt-test
anayses
3. Smplified andyses by using prior knowledge (e.g., data base), tempered with
engineering judgement and with effort concentrated on dominant error sources
and use of end-to-end calibrations and/or bias and precision limit estimation
4. Documentation, including
a test design, measurement systems, and data streams in block diagrams
b. equipment and procedures used
C. error sources considered
d. dl edimates for bias and precison limits and the methods used in ther
edimation (eg., manufacturers specifications, comparisons againgt standards,
experience, €tc.)
e detalled uncertanty assessment methodology and actud data uncertainty
eslimates

Recommendations for administrators of academic laboratories and facilities are as
follows
1. Commitment to full implementation, including provison of adequate resources
2. Provison of proper initid and continued training for responsible test engineers
3. Falitaae agpplication/integration  through  devdopment  of  gppropriate
handbooks and databases
4. Informing sudents and customers of the uncertainty assessment methodology
used and which uncertainties that can be expected for each type of tests
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Apenndix A. Individual Variable Precison Limit

The precison limits presented in sections 84.1 and 84.2 were estimated using
repeated end-to-end data-acquisition and reduction cycles. An dternative procedure for
edimation of precison limits is presented herein, where the precison limits ae
cdculaed usng the RSS of the precison limits for the measurements of the individua
vaiables Resllts are presented for the multiple tet method only and for both densty
(including correlated bias errors) and kinematic viscosty.

Density r. The precison limit P-, for the result is given by the RSS of the

contributions of the precision limits for the individua varigbles, i.e., equation (25), as

P2 =q5 P2 +q.P7 +qg P> +q P2 (A1)
with
. N\, L2
258 ey (x - xJu
P=—o- andsrzgé( ') G (A.2)
JN 8k=1 N-1 H

The gtandard deviations S , for the individud varidbles Dy, t;, Ds, and ts are provided in
Table 2. Subgituting for the numericd vaues in equaion (A.1), the precison limit for
the density of glycerin is P- = 17.91 kg/nt (1.35% of the measured average density).

The edimaed precison limit is dightly higher for this case compared to the method
using end-to-end data-acquisition and reduction cycles, as shown in Table A.1.

Total uncertainty. Usng the estimates for the bias limit provided in Teble 4
(including corrdlated bias erors), the totd uncertainty for dendty is evduated from

equation (24) as

U; =+ [B + P2 =4:/120° +17.91° = +17.95 kg/ "’

U- is 1.36% of the measured average dendgty, as $iown in Table A.1. Comparison of

the edimaes in Table A.1 with those shown in Table 4 indicates smal differences
between the vaues obtained with the two methods for determining the precison limits,
therefore, we can conclude that the end-to-end method should be used for its amplicity

and consarvation of resources.



Table A.1l. Uncertainty estimates for dengty usng multiple test method and individud

variable precison limits

Term End-to-end Individual variables
(datafrom Table 4, with correlated bias errors)
Magnitude Percentage values Magnitude Percentage
vaues
B 122 kgn® | 0.09% 1 122kgnt | 0.09% 1
0.47% U? 0.46% U~
P 1691 kg/n™ | 129% 1 1791kgn® | 135% Tt
99.53% U2 99.54% U2
U- 16.95kg/mT [ 130% r 17.95kg/imT | 1.36%

Kinematic viscosity ni;. The precison limit precigon limit P for the result

using the teflon spheresis given by equation (25) as

P’ =04 Py +a/P7 +q.R7 +q/ R (A3
where the precison limits for the individud varidbles are defined by equation (A.2).
The standard deviations S for Dy, r , and t;, are provided in Table A.2. The precison

limt for | is zero, because the repeasted measurements provided each time the same
reading.

Subdtituting for the measured vaues in equation (A.3), the precison limit for the
kinemetic viscosty is P = 2.59° 10 nf/s (3.70% of the messured averaged kinematic

viscosty). The estimated precison limit is higher for this case compared to the method
using the end-to-end method, as shown in Table 5.a

Total uncertainty. Using the estimated bias limit provided in Table 5, the totd
uncertainty for dengty is evaluated from equetion (24)

U- =+,/(45X0°)% +(259:0°°)? = +2.630°m? /s

U—is 3.72% of the messured average kinematic viscosty, as shown in Table A.2.

Similar caculations can be made for the measurements for the sted spheres.



Table A.2. Uncertainty estimates for kinematic viscosity (teflon spheres) usng multiple
test method and individud variable precison limits

Term End-to-end Individual variables
(datafrom Table 5)
Magnitude Percentage Magnitude Percentage
vaues vaues
B, 45 10°nfls | 0.64%n, 45 10°nfls | 0.64%n,
16.43% U2 3.02% U2
. 101" 10° nf/s | 143%n, 259" 10° nfls | 3.709%n,
83.57% U2 96.98% U2
u- 111710 nf/s | 1579%n, 2.63 10°nf/s | 3.7296n,
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