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The exam is closed book and closed notes. 

1. In the Figure below the bend is flanged at section 1 (the flange is not shown) and the flow exits 

to atmosphere at section 2. If V1 = 0.5 m/s, h = 40 cm, ρwater = 998 kg/m3, and ρmercury = 13,550 

kg/m3, neglecting the gravity forces and assuming uniform flows at 1 and 2, find: a) V2 using 

continuity equation; b) p1 using manometry equation; c) the force components on the flange bolts 

in x and y directions using linear momentum equations; d) the friction head loss between 1 and 2 

using energy equation.  

 

 

 
Energy Equation (for incompressible steady flow): 

(
𝑝

𝜌𝑔
+

𝛼𝑉2

2𝑔
+ 𝑧)

1

= (
𝑝

𝜌𝑔
+

𝛼𝑉2

2𝑔
+ 𝑧)

2

+ ℎ𝑡𝑢𝑟𝑏𝑖𝑛𝑒 − ℎ𝑝𝑢𝑚𝑝 + ℎ𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛  
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2. The viscous, incompressible flow between the parallel plates shown in Figure is caused by the 

motion of the bottom plate. Assuming pressure gradient along the 𝑥 direction is constant (
𝜕𝑃

𝜕𝑥
= 𝐶), 

steady, 2D, and parallel flow and using differential analysis: (a) Show that the flow is fully developed 

using continuity equation; (b) Find the velocity profile 𝑢(𝑦) using Navier-Stokes equations with 

appropriate boundary conditions; (c) Find wall shear stress at bottom wall; and (d) Find the flow rate 

(hint: 𝑄 = ∫ 𝑉 ⋅ 𝑛 𝑑𝐴 and assume constant width w). Explicitly state all assumptions. 

 

Incompressible Continuity Equation: 

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
+

𝜕𝑤

𝜕𝑧
= 0  

Incompressible Navier-Stokes Equations in Cartesian Coordinates: 

𝜌𝑔𝑥 −
𝜕𝑝

𝜕𝑥
+ 𝜇 (

𝜕2𝑢

𝜕𝑥2 +
𝜕2𝑢

𝜕𝑦2 +
𝜕2𝑢

𝜕𝑧2) = 𝜌 (
𝜕𝑢

𝜕𝑡
+ 𝑢

𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
+ 𝑤

𝜕𝑢

𝜕𝑧
)  

𝜌𝑔𝑦 −
𝜕𝑝

𝜕𝑦
+ 𝜇 (

𝜕2𝑣

𝜕𝑥2 +
𝜕2𝑣

𝜕𝑦2 +
𝜕2𝑣

𝜕𝑧2) = 𝜌 (
𝜕𝑣

𝜕𝑡
+ 𝑢

𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
+ 𝑤

𝜕𝑣

𝜕𝑧
)  

𝜌𝑔𝑧 −
𝜕𝑝

𝜕𝑧
+ 𝜇 (

𝜕2𝑤

𝜕𝑥2 +
𝜕2𝑤

𝜕𝑦2 +
𝜕2𝑤

𝜕𝑧2 ) = 𝜌 (
𝜕𝑤

𝜕𝑡
+ 𝑢

𝜕𝑤

𝜕𝑥
+ 𝑣

𝜕𝑤

𝜕𝑦
+ 𝑤

𝜕𝑤

𝜕𝑧
)  

Shear stress (At free surface, shear stress is zero) 

𝜏𝑥𝑦 = 𝜏𝑦𝑥 = 𝜇 (
𝜕𝑢

𝜕𝑦
+

𝜕𝑣

𝜕𝑥
) 
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3. The power P developed by a wind turbine is a function of turbine’s diameter D, air density ρ, 

wind speed V, and rotation rate ω. Namely it can be written as P = 𝑓(D, ρ, V, ω). Viscosity effects 

are negligible. Rewrite this relationship in dimensionless form. 
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Solution 1: 

  

 

 

 
 

 

 

 

 

 

+3.5 

+3 

+2 

+1 



Name: ------------------                                                   Exam 1                                                      Time: 50 minutes 

ME:5160   Fall 2023 
------------------------------------------------------------------------------------------------------------------------------------------ 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

+0.5 



Name: ------------------                                                   Exam 1                                                      Time: 50 minutes 

ME:5160   Fall 2023 
------------------------------------------------------------------------------------------------------------------------------------------ 

Solution 2:  

KNOWN: Flow condition, Boundary condition 

FIND:  

- Show that the flow is fully developed 

- velocity profile 𝑢(𝑦) 

- Find wall shear stress at bottom wall 

- Find the flow rate 

 

ASSUMPTIONS:  

- steady: 
𝜕

𝜕𝑡
= 0 

- 2D flow: 𝑤 = 0;   
𝜕

𝜕𝑧
= 0 

- Parallel flow: 𝑣 = 𝑤 = 0 

- 
𝜕𝑝

𝜕𝑥
= constant 

 

ANALYSIS: 

 

(a) Continuity 

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
+

𝜕𝑤

𝜕𝑧
= 0 

𝜕𝑢

𝜕𝑥
+ 0 + 0 = 0    →     

𝜕𝑢

𝜕𝑥
= 0    →     𝑓𝑢𝑙𝑙𝑦 𝑑𝑒𝑣𝑒𝑙𝑜𝑝𝑒𝑑 

(b) x-momentum equation 

𝜌 (
𝜕𝑢

𝜕𝑡
+ 𝑢

𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
+ 𝑤

𝜕𝑢

𝜕𝑧
) = 𝜌𝑔𝑥 −

𝜕𝑝

𝜕𝑥
+ 𝜇 (

𝜕2𝑢

𝜕𝑥2
+

𝜕2𝑢

𝜕𝑦2
+

𝜕2𝑢

𝜕𝑧2
) 

0 = −
𝜕𝑃

𝜕𝑥
+ 𝜇

𝜕2𝑢

𝜕𝑦2
 

𝜕2𝑢

𝜕𝑦2
=

1

𝜇

𝜕𝑝

𝜕𝑥
 

Integrate twice 

𝑢(𝑦) =
1

2𝜇

𝜕𝑝

𝜕𝑥
𝑦2 + 𝑐1𝑦 + 𝑐2 

 

 

 

(2) 

(2) 

(1.5) 

(1.5) 
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Apply boundary conditions 

𝑦 = 0    →     𝑢 = 𝑈    →   𝑐2 = 𝑈 

𝑦 = 𝑏    →     𝜏 = 0    → 𝜇 (
𝜕𝑢

𝜕𝑦
) = 0  →  𝜇 (

1

𝜇
(

𝜕𝑝

𝜕𝑥
) 𝑏 + 𝑐1) =  0 

   𝑐1 = −
1

𝜇
(

𝜕𝑝

𝜕𝑥
) 𝑏    

 

Therefore,  

𝑢(𝑦) =
1

2𝜇

𝜕𝑝

𝜕𝑥
𝑦2 −

𝑏

𝜇
(

𝜕𝑝

𝜕𝑥
) 𝑦 + 𝑈 

 

𝑢(𝑦) =
1

2𝜇
(

𝜕𝑝

𝜕𝑥
) (𝑦2 − 2𝑏𝑦) + 𝑈 

(c) Shear stress at bottom wall 

𝜏 = 𝜇
𝑑𝑢

𝑑𝑦
= 𝜇 {

1

2𝜇
(

𝜕𝑝

𝜕𝑥
) (2𝑦 − 2𝑏)} = (

𝜕𝑝

𝜕𝑥
) (𝑦 − 𝑏) 

𝜏𝑤𝑎𝑙𝑙 = 𝜏(0) = −𝑏 (
𝜕𝑝

𝜕𝑥
) 

(d) Flow rate 

𝑄 = ∫ 𝑉 ⋅ 𝑛 𝑑𝐴 = 𝑤 ∫ 𝑢(𝑦)𝑑𝑦
𝑏

0

=
𝑤

2𝜇
(

𝜕𝑝

𝜕𝑥
) (

1

3
𝑦3 − 𝑏𝑦2)

0

𝑏

+ 𝑤𝑈(𝑦)0
𝑏 

𝑄 =
𝑤

2𝜇
(

𝜕𝑝

𝜕𝑥
) (

1

3
𝑏3 − 𝑏3) + 𝑤𝑈𝑏 = −

𝑤𝑏3

3𝜇
(

𝜕𝑝

𝜕𝑥
) + 𝑤𝑈𝑏 

 

 

 

 

 

 

(2) 

(0.5) 

(0.5) 
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Solution 3:  

ASSUMPTIONS: the problem is only a function of the above dimensional variables 

ANALYSIS: 
 

 


