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The exam is closed book and closed notes. 

1. A reservoir of water (ρ = 998 kg/m3) discharges through a conduct (D=50cm), where a turbine 

is placed to generate hydroelectric energy. System friction losses between section (1) and (2) are 

ℎ𝑓 = 𝐾𝑉2
2 /(2𝑔). Assume 𝛼 = 1 for both sections. (a) Find an expression for ℎ𝑡 as a function of 

𝑉2 .  (b) Suppose that ℎ𝑡 = 17.9𝑚 and 𝐾 = 3.5, what is the correspondent value of 𝑉2 ?  

The exhaust water from the turbine is guided using a fixed plate, as shown in the Figure. (c) 

Determine the horizontal and vertical component of the force that the water jet exerts on the 

plate.  

 

Hint:  

Energy equation: (
𝒑

𝝆𝒈
+

𝜶𝑽𝟐

𝟐𝒈
+ 𝒛)

𝟏
= (

𝒑

𝝆𝒈
+

𝜶𝑽𝟐

𝟐𝒈
+ 𝒛)

𝟐
+ 𝒉𝒇 + 𝒉𝒕 

 

 

 

 

 

 

=20m 
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2. Two immiscible, incompressible, viscous fluids having the same densities, but different 

viscosities are contained between two infinite, horizontal, parallel plates, as shown in the Figure.  

Pressure gradient is negligible, and the flow is fully developed (
𝜕

𝜕𝑥
= 0). The bottom plate is fixed 

and the upper plate moves with a constant velocity U.  

The velocity at the interface is equal to 𝑢(ℎ) = 𝑈
𝜇1

𝜇1+𝜇2
 for both fluids.  

Determine (a) the velocity field in both fluids and (b) evaluate the shear stress in both fluids at 

y=h. (c) What can you notice for the shear stress value? 

 

Hint: Solve NS for each fluid, separately, using appropriate BCs for the velocity at the upper, 

lower wall and fluid interface. 

 

Incompressible continuity equation: 

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
+

𝜕𝑤

𝜕𝑧
= 0 

   
Incompressible Navier-Stokes Equations in Cartesian Coordinates: 

 

𝜌𝑔𝑥 −
𝜕𝑝

𝜕𝑥
+ 𝜇 (

𝜕2𝑢

𝜕𝑥2 +
𝜕2𝑢

𝜕𝑦2 +
𝜕2𝑢

𝜕𝑧2
) = 𝜌(𝑢

𝜕𝑢

𝜕𝑡
+ 𝑢

𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
+ 𝑤

𝜕𝑢

𝜕𝑧
) 

𝜌𝑔𝑦 −
𝜕𝑝

𝜕𝑦
+ 𝜇 (

𝜕2𝑣

𝜕𝑥2 +
𝜕2𝑣

𝜕𝑦2 +
𝜕2𝑣

𝜕𝑧2
) = 𝜌 (𝑣

𝜕𝑣

𝜕𝑡
+ 𝑢

𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
+ 𝑤

𝜕𝑣

𝜕𝑧
) 

𝜌𝑔𝑧 −
𝜕𝑝

𝜕𝑧
+ 𝜇 (

𝜕2𝑤

𝜕𝑥2 +
𝜕2𝑤

𝜕𝑦2 +
𝜕2𝑤

𝜕𝑧2
) = 𝜌 (𝑤

𝜕𝑤

𝜕𝑡
+ 𝑢

𝜕𝑤

𝜕𝑥
+ 𝑣

𝜕𝑤

𝜕𝑦
+ 𝑤

𝜕𝑤

𝜕𝑧
) 

 

Shear stress: 𝜏𝑥𝑦 = 𝜏𝑦𝑥 = 𝜇 (
𝜕𝑢

𝜕𝑦
+

𝜕𝑣

𝜕𝑥
)  

𝑢(ℎ) = 𝑈
𝜇1

𝜇1 + 𝜇2

 



Name: ------------------                                                   Exam 1                                                      Time: 50 minutes 

ME:5160   Fall 2024 
----------------------------------------------------------------------------------------------------------------------------- ------------- 

3. As wind blows over a chimney, vortices are shedding in the wake as shown in the Figure below. 

The dimensional shedding frequency f depends on chimney diameter D, chimney length L, wind 
velocity V, and air kinematic viscosity ν. (a) Find dimensionless f which depends on dimensionless 
groups.  
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Solution 1: 

1. (a) Apply energy equation between (1) and (2): 

(
𝑝

𝜌𝑔
+

𝛼𝑉2

2𝑔
+ 𝑧)

1

= (
𝑝

𝜌𝑔
+

𝛼𝑉2

2𝑔
+ 𝑧)

2

+ ℎ𝑓 + ℎ𝑡 

(0 + 0 + 𝑧)1 = (0 +
𝑉2

2𝑔
+ 𝑧)

2

+ ℎ𝑓 + ℎ𝑡 

ℎ𝑡 = ℎ −
𝑉2

2

2𝑔
− 𝐾

𝑉2
2

2𝑔
= ℎ −

𝑉2
2

2𝑔
(1 + 𝐾)  

(b) Substitute K=3.5, ℎ𝑡 = 17.9𝑚 → 𝑉2 = 3𝑚/𝑠. 

(c) Using continuity: 𝐴2 𝑉2 = 𝐴3𝑉3 , but 𝐷2 = 𝐷2 → 𝑉2 = 𝑉3  

 

∑ 𝑭 =  
𝑑

𝑑𝑡
(∫ 𝑽𝜌𝑑𝑉) + ∫ 𝑽𝜌(𝑽𝒓 ∙ 𝒏)𝑑𝐴

𝐶𝑆𝐶𝑉

 

Assuming fixed control volume, 𝑽𝒓 = 𝑽, constant density and zero acceleration 

∑ 𝑭 =  ∫ 𝑽𝜌(𝑽 ∙ 𝒏)𝑑𝐴
𝐶𝑆

 

Assuming V and 𝜌 uniform over 𝐴2and 𝐴3  and projecting in the x-direction: 

∑ 𝐹𝑥 = −𝐹𝑥 = ∫ 𝑢𝜌(𝑽 ∙ 𝒏)𝑑𝐴
𝐶𝑆

=  −𝑉2 𝜌(𝑽𝟐 ∙ 𝒏𝟐)𝐴2 + 𝑉3 cos(30°) 𝜌(𝑽𝟑 ∙ 𝒏𝟑)𝐴3 

−𝐹𝑥 = 𝜌𝑉2
2𝐴2 + 𝜌𝑉3

2 cos(30°) 𝐴3 = 𝜌𝑉2
2 𝐴2(1 + cos(30°)) 

𝐹𝑥 = −
998 ∙ 32 ∙ 𝜋 ∙ (0.5𝑚)2

4
(1.866) = −3289𝑁 

Projecting in the y-direction: 

∑ 𝐹𝑦 = −𝐹𝑦 = ∫ 𝑢𝜌(𝑽 ∙ 𝒏)𝑑𝐴
𝐶𝑆

=  −𝑉3 sin(30°) 𝜌(𝑽𝟑 ∙ 𝒏𝟑)𝐴3 

−𝐹𝑦 = −𝜌𝑉3
2 sin(30°) 𝐴3 

𝐹𝑦 =
998 ∙ 32 ∙ 𝜋 ∙ (0.5𝑚)2

4
(0.5) = 881𝑁 

  

 

(+2) 

(+2) 

(+1) 

(+1) 

(+1) 

(+1) 

(+1) 

(+1) 
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Solution 2:  

Assumptions: 

1. Steady flow (
𝜕

𝜕𝑡
= 0) 

2. 2D flow (w=0) 

3. Incompressible flow (𝜌 =constant) 

4. Fully developed flow (
𝜕𝑢

𝜕𝑥
= 0) 

5. Pressure gradient is negligible (∇P=0) 

 

(a) x-momentum for fluid 2: 

𝜌𝑔𝑥 −
𝜕𝑝

𝜕𝑥
+ 𝜇 (

𝜕2𝑢2

𝜕𝑥2 +
𝜕2𝑢2

𝜕𝑦2
) = 𝜌 (𝑢2

𝜕𝑢2

𝜕𝑡
+ 𝑢2

𝜕𝑢2

𝜕𝑥
+ 𝑣2

𝜕𝑢2

𝜕𝑦
) 

 
𝜕2𝑢2

𝜕𝑦2 = 0 

 
𝑢2(𝑦) = 𝐴𝑦 + 𝐵 

 
 Apply BCs: 

𝑢2(0) = 0 
 

𝑢2(ℎ) = 𝑈
𝜇

1

𝜇
1

+ 𝜇
2

 

 

𝐴 =
𝑈

ℎ

𝜇
1

𝜇
1

+ 𝜇
2

 

 
𝐵 = 0 

 

𝑢2(𝑦) =
𝑈

ℎ

𝜇
1

𝜇
1

+ 𝜇
2

𝑦 

 

x-momentum for fluid 1: 

𝜌𝑔𝑥 −
𝜕𝑝

𝜕𝑥
+ 𝜇 (

𝜕2𝑢1

𝜕𝑥2 +
𝜕2𝑢1

𝜕𝑦2
) = 𝜌 (𝑢1

𝜕𝑢1

𝜕𝑡
+ 𝑢1

𝜕𝑢1

𝜕𝑥
+ 𝑣1

𝜕𝑢1

𝜕𝑦
) 

 
𝜕2𝑢1

𝜕𝑦2 = 0 

 
𝑢1(𝑦) = 𝐶𝑦 + 𝐷 

 

(+1) 

(+1.5) 

(+1) 

(+0.5) 

(+0.5) 

(+0.5) 

(+0.5) 

(+0.5) 
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 Apply BCs: 

𝑢1(ℎ) = 𝑈
𝜇

1

𝜇
1

+ 𝜇
2

 

 
 

𝑢1(2ℎ) = 𝑈 
 

𝐶 =
𝑈

ℎ

𝜇
2

𝜇
1

+ 𝜇
2

 

 

𝐷 = 𝑈
𝜇

1
− 𝜇

2

𝜇
1

+ 𝜇
2

 

 

𝑢1(𝑦) =
𝑈

ℎ

𝜇
2

𝜇
1

+ 𝜇
2

𝑦 + 𝑈
𝜇

1
− 𝜇

2

𝜇
1

+ 𝜇
2

 

 

(b) Evaluate shear stress at y=h: 
 

𝜏1(ℎ) = 𝜇
1

𝜕𝑢1

𝜕𝑦
= 𝜇

1

𝑈

ℎ

𝜇
2

𝜇
1

+ 𝜇
2

 

𝜏2(ℎ) = 𝜇
2

𝜕𝑢2

𝜕𝑦
= 𝜇

2

𝑈

ℎ

𝜇
1

𝜇
1

+ 𝜇
2

 

 

The shear stress value is the same. Therefore, shear stress is continuous across the two 

fluids. 

 

 

 

 

 

 

 

 

 

 

(+0.5) 

(+0.5) 

(+0.5) 

(+0.5) 

(+0.5) 

(+0.5) 

(+0.5) 

(+0.5) 
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Solution 3:  

ASSUMPTIONS: the problem is only a function of the above dimensional variables 

 
ANALYSIS:  
(a) 

𝑓 = 𝑓𝑐𝑛(𝐷, 𝐿, 𝑉, 𝜈 ) ;    n= = 5 
 

𝑓 = {𝑇−1}      𝐷 = {𝐿}       𝐿 = {𝐿}      𝑉 = {𝐿𝑇−1}        𝜈 = {𝐿2𝑇−1} ;     j = 2 
∴ 𝑘 = 𝑛 − 𝑗 = 3 

 
𝑟𝑒𝑝𝑒𝑎𝑡𝑖𝑛𝑔 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒𝑠 = 𝐷, 𝑉 

 

𝜋1 = 𝑓𝐷𝑎1𝑉𝑏1 = {(𝑇−1)(𝐿)𝑎1(𝐿𝑇−1)𝑏1} = {𝐿0𝑇0} 
𝑎1 = 1;  𝑏1 = −1 

 

𝜋1 =
𝑓𝐷

𝑉
 

 

𝜋2 = 𝐿𝐷𝑎2𝑉𝑏2 = {(𝐿)(𝐿)𝑎2(𝐿𝑇−1)𝑏2} = {𝐿0𝑇0} 
𝑎2 = −1;   𝑏2 = 0 

 

𝜋2 =
𝐿

𝐷
 

 

𝜋3 = 𝜈𝐷𝑎3𝑉𝑏3 = {(𝐿2𝑇−1)(𝐿)𝑎3(𝐿𝑇−1)𝑏3} = {𝐿0𝑇0} 
𝑎3 = −1;  𝑏3 = −1 

 

𝜋3 =
𝜈

𝑉𝐷
 

 
𝑓𝐷

𝑉
= 𝑓𝑐𝑛 (

𝐿

𝐷
,

𝜈

𝑉𝐷
)   

 

(2.5) 

(2.5) 

(2.5) 

(2.5) 


