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~ H FIGURE 3.19 Graphical illustration of the Liebniz theorem. The three marked areas correspond to the three
IR | contributions shown on the right in (3.30). Here da, db, and dF/dt are all shown as positive.
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The one-dimensional version of Leibnitz’s theorem is also very useful:

d x==h(1)

bar db da
E - f(-x,t) dl=-/a\ *'a—t dx + —c—l; f(x =b, t) — Et- f(x =a,t) (3134)

In this form the left-hand side is an integral where the integrand and the limits of integration
are a function of the parameter ¢. The rate of change of this integral with respect to ¢
is equal to the sum of three terms. The first term is the contribution due to the increase
df/dt between a and b. The second term is the contribution because the right-hand limit
is moving. The integral changes because f at x = b is brought into the integral with the
velocity db/dt. The third term is similarly the result of the motion of the left-hand limit,
da/dt. Figure 3.6 depicts the terms in this equation (after the equation has been multiplied
by a time increment df).
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~_1/
flb)
fla) @ @
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— e b7 dt
alt) alt+de) b(z) b(t +dt)

X

Figure 3.6 Leibnitz’s theorem in one dimension.
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FUCTURE 3.20  Geometrical depiction of a control volume V*(f) having a surface A*(t) that moves at a nonuniform
A * “eotv b during a small time increment Af. When Af is small enough, the volume increment AV = V*(t +-Af) — V*(§)
=Y ft} Lo W WL Lz very near A%(f), so the volume-increment element adjacent to dA will be (bAf)+ndA where 1 is the outward
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i, Exercise 3.33. Starting from (3.35), set F = 1 and derive (3.14) when b = u and V¥(?) = V—0. ; et RN —
Solution 3.33. With F= 1,b=u,and V*() = 8V with surface 84, (3.35) becomes:
p—— —‘ide=0+fu-ndA. ey
Em— dt b
The first integral is merely 6V. Use Gauss' divergence theorem on the second term to convert it
————— to volume integral. NEERRO——
—d—(ﬁV)=fV~udV.
dt v S |

As 8V— 0 the integral reduces to a product of 6V and the integrand evaluated at the center point
of 8V. Divide both sides of the last equation by 4V and take the limit as 6V — 0:

. 1d L1 1
lim ——(8V) = llmWEI;V'udV:(sl‘}t_l}oa—V[(V'n)éV+...]=V u=5;,

oV —0

w—08V dt
and this is (3.14).

A B(S v

s

TV O

-

Ay & B, v & 2 e

3.35. Show that (3.35) reduces to (3.5) when V¥(©) = 8V — 0 and the control surface velocity bis
equal to the fluid velocity u(x.).
Solution 3.35. When V*(#) = 0V with surface 04, 6V is small, and b = u, 6V represents a fluid  pes
particle. Under these conditions (3 .35) becomes:
4 pnay = fEED v 4 [ Fes,ouendd,
dty W o A =
and the time derivative is evaluated following 6V. Use Gauss' divergence theorem on the final
term to convert it to a volume integral,
[ F(x.u-nda = [V-(F(x,tyu)adV, o]
0A &V
so that (3.35) becomes:
4 1 Fxnav = f[L ED) xr (F(x,t)u)}d.V 2 fl—*—‘;F &) | PV -us(w V)F(, t)]dV,
dt 5 wloor wlLodt

where the second equality follows from expanding the divergence of the product Fu.

As 8V—> 0 the various integrals reduce to a product of 6V and the integrand evaluated at
the center point of 6V. Divide both sides of the prior equation by 8V and take the limit as 6V—0
to find: —

.14 .1 [IF(xD) ) .

= 6}; F(x,ndV = im = .w[_—&r +F(x, )V u+(u V)F(x,t)]dV ,

.1 d .1 {oF(x,0)
lim = dt[F(x,t)&V +a]= MOWK -t F(x,H)V-u+(u V)F(x,t))aV + } or

d . 1d IF(x,1)

Z F(x,1)+ F(x,1) lim ——(8V =2 L F(x, )V cu+ (u- V)F(X,0),

£ Fx. + FOuoD fim oo 2 (0V) = o+ FOV us (e V)FCx)
where the product rule for derivative has been used on product F&V in [)-braces on the left.

From (3.14) or Exercise 3.33: A%%%(GV) =V -u, so the second terms on both sides of the

last equation are equal and may be subtracted out leaving:
d oF (x,1)
—‘;F(x,t) = +{w V)F(x.0),
t
and this is (3.5) when the identification D/Dr = d/dt is made.
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tward normal is n. The areas of the tetrahedron’s

FIGURE 2.5 Force f per unit area on a surface element whose ou
the i coordinate axis are dA;. The area of the largest tetrahedron face is dA. As in

faces that are perpendicular to
Figure 2.4, the directions of positive normal and shear stresses are shown.
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FIGURE 2.4 Tllustration of the stress field at a point via stress components on a cubic volume element. Here each
s surface may experience one normal and two shear components of stress. The directions of positive normal and Shear emmssss—————
stresses are shown.
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EXAMPLE 4.8

“rite out all the components of the stress tensor T in (x, y, z)-coordinates in terms of u = (1, v, w),

=z s derivatives.

Zelution
- Zvzluate each component of (4.36) and abbreviate Sy, = du/dx 4 dv/dy + dw/dz = V-u to
m;g‘;ﬂ«
e (20 T ou , ]
, LA —ghpve & dy  Ox M 3z " ox
: —3 a_v_;_% gy e 2. 6_v+ _z V-u @_‘_@
‘ Fax " oy Posiy T\ 3k Moz " ay
e s p+ 24 (4~ 2p)Veu
Mlox "oz May 0z L N L L




P

N .
MM S lr“T)\\..V’L- o TV ‘&A:@«/\ -

: 4 oo e .”7

’TL‘( = -(35;;‘ Wilee == PO, A 2—»(&.’."’ igmwxsn\*ﬂ\-aﬁnmﬁi.',

A W/ |

2 ARl ¥ ASvawn D L1
Mo =AY SN ol \

T 5.4 g';'\ = V\)w L"@-&r\ :.gvs. M L \§ W ﬁ#,,_”\ 'Amr

e‘l&w—}\ i mﬂlzlwv\ : ;—w ‘_iQ [ Ch ¢ /.R‘

A e Y s S IR BN
rad J
7 hoes A 5
5 m"&&m 4 f)\_a_g\’w_%m 4 LA\ A .
OA'\ o 0 T b W ""\;f”»m e Wi 7.’\-‘3 -.«‘;pv'.,, \;r *“ﬂﬁuk-_:',}..__........_, .
ol ‘d‘;&-v e e ) ” , ; ‘@@@Mé )
f* \AA ,.i:Aa,’j*-::L_ :é‘v ® . . u—a.;*”{'féﬁ e "QON 5 — - a
EJ\(\, m«\k\\j A_f\«,-l,_»,»’k g\}"l,
o ' 1 i oo ) k @ :
A (AA \¢ v‘\.,edﬂi—«w W) m“:"” SeaS o A S -~ S = i W"""‘_"%,
- - o . _‘—-‘
gf# B Al e Q@\LK,.\ SRR 0\ : - -
N 5 . n—\
col e W\X\ : :
) N\ i e & —
7N Z\)_:—’7 ﬂ\/L_: (\AA\{'“’\}’U\\IL:WY 5\"'%‘17/'“ !

weohe Nodav

%w%wwhgmémagfvﬁww%&i“%* G
WEN ey MAQ/‘?&W— i ecat o

N

W\ Peany Pl | AdadceSs

Cosn tapioread N




oo
= f
M@m homzha b :
o o son
N\ o i % p——

ot Wop #o A T, —N3o 30 .
e
Shear Shear O

stress, Plastic .- stress, B

7
% ,Idecl Bingham ~ * Ly "& = s’ ( Z at‘z\ e
/ plastic Rheopectic Q
/ Time independent {" = L } S————
. Pseudoplastic A &\ } -
, . 5 =
,' Dilatant s Thixotropic  “Z % el
Yield 'l
siress ! Newtonian w=\ Constant strain rate, e e
LR
Time rate of deformation, ¢ Time FI,GURE dets : : ; e————
Viscous behavior of various materials.

Toee ot T () =0

PMM‘.

(Z‘mel\‘t 2)‘:&

\f-»v-'\\a\ WAW

-G I

L




Qt?m R\ = 2 s eni R lmn)

‘ Pt (hs =) 7"“’?“*5’3;\

/U\-AM\)" Mp’u—»‘\,‘lﬁ::::i Eglﬁlé s

o ?"E* v- (Q’U\ = —::t o nx‘_(ﬁ.u\ e
e —B—&- Q\::‘& o P’ﬁzfv’é @-»?Q!:D |
# \'\r}_- W—_ ‘\A/\ 6 L. PPN U"\ = { U M
'é=QLw\ ‘vL ld )rwwwv\ tonglo XS o= B = L\@\ (e S St
Savedinere W% e=2Ce ) Bt ﬁm\(«t\

.

\&M»Xwﬂg;{\ n«‘*\ﬂ*}*—%m-"\ SV v bl —

Be i ,"’\ T o 0 e cfwgm .
I “!!v ety 2 ‘: i : \_7.) ")L\w\ B
jt 'QQ‘E?’: ’:%:*Q%'\"’IF%»‘*L“**%WW. e ﬂ
F e { Con g\._\nk' \!L A t—«srv» RT-2 :_ﬂﬁawkr& JF{;,A . §
\7 A= 2= = —VP*‘"S&_—.&EJ‘ ‘ T
a 2 /J\% = 2.)&%&}2\- l*\"ﬁ? \’”\-\,c..*"‘\“m\ ==L So
- s s O¥Xe 7

Sr("i’-

o &_01‘“" A xS

MW T-\ + ‘g“ibﬁ\ WVL* "4(9’6@\

woe
te S SN Soy n e, A M Ons CoNVE wgs




