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7.3 Laminar Boundary Layer Similarity Solutions 
 

Laminar Boundary Layer:  𝑅𝑒𝑐𝑟𝑖𝑡 = 91,000;  𝑅𝑒𝑡𝑟𝑎𝑛𝑠 = 5 × 105 −
3 × 106. 

 

Similarity solutions (2D, steady, incompressible): method of reducing 

PDE to ODE by appropriate similarity transformation; also, because of 

transformation at least one coordinate lacks origin such that the solution 

collapses to same form at all length or time scales. 
  

𝑢𝑥 + 𝑣𝑦 = 0 

𝑢𝑢𝑥 + 𝑣𝑢𝑦 = 𝑈𝑈𝑥 + 𝜈𝑢𝑦𝑦 

 

BCs: 𝑢(𝑥, 0) = 𝑣(𝑥, 0) = 0    no slip 

         𝑢(𝑥,∞) = 𝑈(𝑥)              matching outer flow 

         + inlet condition 
 

For Similarity  
𝑢(𝑥,𝑦)

𝑈(𝑥)
= 𝐹 (

𝑦

𝑔(𝑥)
)  expect 𝑔(𝑥) related to 𝛿(𝑥) 

Or in terms of stream function  : 𝑢 = 𝜓𝑦 𝑣 = −𝜓𝑥 

For similarity    𝜓 = 𝑈(𝑥)𝑔(𝑥)𝑓(𝜂)        𝜂 = 𝑦 𝑔(𝑥)⁄      
 

 𝑢 = 𝜓𝑦 = 𝑈𝑓 ′   𝑣 = −𝜓𝑥 = −(𝑈𝑥𝑔𝑓 + 𝑈𝑔𝑥𝑓 − 𝑈𝑔𝑥𝜂𝑓 ′) 
 

BC:  

( ) 0)0(0)0()(00, === ffxUxu  

( )

( )

0)0(

0)0()()()()(

0)0(0)()(

)0()()()0()()(00,

=

=+

=−

+=

f

fxgxUxgxU

fxgxU

fxgxUfxgxUxv

xx

x

xx

 

( ) ( ) ( ) 1)()()(, === fxUfxUxUxu  

 



058:0160  Chapter 7.3 

Professor Fred Stern     Fall 2024  2 

 

2 

 

Write boundary layer equations in terms of   
 

𝜓𝑦𝜓𝑦𝑥 − 𝜓𝑥𝜓𝑦𝑦 = 𝑈𝑈𝑥 + 𝜗𝜓𝑦𝑦𝑦 

Substitute 

gUfyy

''=  

2''' gUfyyy =  

ggUffU xxxy /'''  −=  

 

Assemble them together: 

 

(𝑈𝑓 ′) (𝑈𝑥𝑓 ′ − 𝑈𝑓 ′′𝜂
𝑔𝑥

𝑔
) − (𝑈𝑥𝑔𝑓 + 𝑈𝑔𝑥𝑓 − 𝑈𝑔𝑥𝜂𝑓 ′)(𝑈𝑓 ′′ 𝑔⁄ ) 

 

= 𝑈𝑈𝑥 + 𝜈(𝑈 𝑓 ′′′ 𝑔2⁄ ) 

 

𝑈𝑈𝑥𝑓 ′2 − 𝑈𝑈𝑥𝑓𝑓 ′′ − (𝑈2 𝑔𝑥 𝑔⁄ )𝑓𝑓 ′′ = 𝑈𝑈𝑥 + 𝜈
𝑈

𝑔2
𝑓 ′′′ 

𝑈𝑈𝑥𝑓 ′2 −
𝑈

𝑔
(𝑈𝑔)𝑥𝑓𝑓 ′′ = 𝑈𝑈𝑥 + 𝜈

𝑈

𝑔2
𝑓 ′′′ 

 

𝑓 ′′′ +
𝑔

𝜈
(𝑈𝑔)𝑥𝑓𝑓 ′′ +

𝑔2

𝜈
𝑈𝑥(1 − 𝑓 ′2) = 0 

 

 

 

Where for similarity C1 and C2 are constant or function  only 

• i.e. for a chosen pair of C1 and C2→ ( )xU , ( )xg  can be found, 

i.e., potential flow is NOT known a priori. 

• Then solution of ( ) 01 2'

2

''

1

''' =−++ fCffCf  gives ( )f →

( )yxu ,  , 𝜏𝑤 = 𝜇
𝜕𝑢

𝜕𝑦
|

𝑤
=

𝜇𝑈𝑓′′(0)

𝑔
, , *,, H, Cf, CD 

C1 C2 
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The Blasius Solution for Flat-Plate Flow 

 

          U=constant→ 0=xU → 02 =C  

 

          Then 𝐶1 =
𝑈

𝜈
𝑔𝑔𝑥 ≠ 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛(𝑥) 

 

         
𝑑

𝑑𝑥
(𝑔2) =

2𝐶1𝜈

𝑈
              𝑔(𝑥) = [2𝐶1𝜈𝑥 𝑈⁄ ]1 2⁄  

 

    Let 𝐶1 = 1, then 𝑔(𝑥) = √
2𝜈𝑥

𝑈
             𝜂 = 𝑦√

𝑈

2𝜈𝑥
 = 

𝑦

√
2𝜈𝑥

𝑈

 ∝ 
𝑦

𝛿
  

Note 
𝛿

𝑥
=

5

√𝑅𝑒𝑥
 , i.e., 𝛿 =

5𝑥

√
𝑈𝑥

𝜈

= 5√
𝜈𝑥

𝑈
 

𝜓 = 𝑈[2𝜈𝑥 𝑈⁄ ]1 2⁄ 𝑓 (𝑦√
𝑈

2𝜈𝑥
)=√2𝜈𝑈𝑥𝑓(𝜂) 

𝑢 = 𝜓𝑦 = 𝑈𝑓 ′  

𝑣 = −𝜓𝑥 = 𝑈𝑔𝑥(𝜂𝑓 ′ − 𝑓) = [𝑈𝜈 2𝑥⁄ ]1 2⁄ (𝜂𝑓 ′ − 𝑓) =
𝑈(𝜂𝑓′−𝑓)

√2𝑅𝑒𝑥
 

 

 

𝑓 ′′′ + 𝑓𝑓 ′′ = 0 

 

𝑓(0) = 𝑓 ′(0) = 0, 𝑓 ′(∞) = 1 

 

Solutions by series or numerical methods 

 

 

Blasius equations 

for Flat Plate 

Boundary Layer 
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𝑢

𝑈
= 0.99 when 5.3=   →  

𝛿

𝑥
=

5

√𝑅𝑒𝑥
   𝑅𝑒𝑥 =

𝑈𝑥

𝜈
 

 

𝛿∗ = ∫ (1 −
𝑢

𝑈
)

∞

0
𝑑𝑦 = ∫ (1 − 𝑓 ′)𝑑𝜂

∞

0
√

2𝜗𝑥

𝑈
  →     

𝛿∗

𝑥
=

1.7208

√𝑅𝑒𝑥
  

 

𝜃 = ∫ (1 −
𝑢

𝑈
)

∞

0

𝑢

𝑈
𝑑𝑦 = ∫ (1 − 𝑓 ′)

∞

0
𝑓 ′√

2𝜗𝑥

𝑈
𝑑𝜂    →   

𝜃

𝑥
=

0.664

√𝑅𝑒𝑥
 

 

  
𝛿∗

𝜃
= 𝐻 = 𝑠ℎ𝑎𝑝𝑒 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟 2.59 

 

𝜏𝑤 = 𝜇
𝜕𝑢

𝜕𝑦
|

𝑤
=  

𝜇𝑈𝑓′′(0)

√
2𝜈𝑥

𝑈

      →    𝐶𝑓 =
𝜏𝑤

1

2
𝜌𝑈2

=
0.664

√𝑅𝑒𝑥
=

𝜃

𝑥
 

 

𝐶𝐷 =
𝐷

1

2
𝜌𝑈2𝐿

= ∫ 𝐶𝑓
𝐿

0

𝑑𝑥

𝐿
=

1.328

√𝑅𝑒𝐿
       𝑅𝑒𝐿 =

𝑈𝐿

𝜈
 

 

 
𝑣

𝑈
=

𝜂𝑓′−𝑓

√2𝑅𝑒𝑥
≪ 1            for    1Re x  
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Falkner-Skan Wedge Flows 

 

𝑓 ′′′ + 𝐶1𝑓𝑓 ′′ + 𝐶2(1 − 𝑓 ′2) = 0  

              

𝑓(0) = 𝑓 ′(0) = 0,    ( ) 1' =f    

           

   𝐶1 =
𝑔

𝜐
(𝑈𝑔)𝑥     𝐶2 =

𝑔2

𝜐
𝑈𝑥     (Blasius Solution: C2=0, C1=1) 

 

Consider   (𝑈𝑔2)𝑥 = 2𝑈𝑔𝑔𝑥 + 𝑔2𝑈𝑥 

 

                            = 2𝑈𝑔𝑔𝑥 + 2𝑔2𝑈𝑥 − 𝑔2𝑈𝑥 = 2g(U𝑔𝑥+g𝑈𝑥)- 𝑔2𝑈𝑥 

 

                            = 2𝑔(𝑈𝑔)𝑥 − 𝑔2𝑈𝑥 

 

                                = 2𝜐𝐶1 − 𝜐𝐶2 

 

Hence    (𝑈𝑔2)𝑥 = 𝜐(2𝐶1 − 𝐶2)         

  

Choose C1=1 and let C2 = C                          

 

Integrate                   𝑈𝑔2 = 𝜐(2 − 𝐶)𝑥     note 𝑔2 = 𝜐𝐶/𝑈𝑥 

 

Combine                  
𝑈𝜐𝐶

𝑈𝑥
= 𝜐(2 − 𝐶)𝑥           

Rearrange  
𝑑𝑈

𝑑𝑥

𝑈
=

𝐶

2−𝐶

1

𝑥
 

 

Integrate 𝑙𝑛 𝑈 =
𝐶

2−𝐶
𝑙𝑛 𝑥 + ln 𝑘  where ln 𝑘 = constant  

 

𝑙𝑛 𝑈 = 𝑙𝑛 𝑥
𝐶

2−𝐶 + 𝑙𝑛 𝑘= ln 𝑘𝑥
𝐶

2−𝐶 

 

                                 𝑈(𝑥) = 𝑘𝑥𝐶 (2−𝐶)⁄  
 

𝑓 = 𝑓(𝜂) 

𝜂 = 𝑦 𝑔(𝑥)⁄  

𝑢 𝑈⁄ = 𝑓 ′(𝜂) 
Similarity 

form of BL 

equations 
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𝑔(𝑥) = [
𝜐𝐶

𝑈𝑥
]

1

2
  note 𝑈𝑥 = 𝑘

𝐶

2−𝐶
𝑥(

𝐶

2−𝐶
−1)

= 𝑘
𝐶

2−𝐶
𝑥(

−2(1−𝐶)

2−𝐶
)
 

 

𝑔(𝑥) = [
𝜐𝐶

𝑘
𝐶

2−𝐶
𝑥

(
−2(1−𝐶)

2−𝐶 )
]

1

2

= [
𝜐(2−𝐶)

𝑘
𝑥(

−2(1−𝐶)

2−𝐶
)]

1

2

= √
𝜐(2−𝐶)

𝑘
𝑥

1−𝐶

2−𝐶  

 

using a1/2b1/2=(ab)1/2 and (am)n=amn 

 

Alternatively, 𝑈𝑥 =
𝐶

2−𝐶
 k𝑥(𝐶 (2−𝐶))⁄ 𝑥−1= 

𝐶

2−𝐶
 U𝑥−1 

Such that 𝑔(𝑥) =  [
𝜐𝐶

𝐶

2−𝐶
 U𝑥−1

]

1

2

= [
𝜐(2−𝐶)𝑥

 U
]

1

2
  

 

Change constant:  𝐶 =  𝛽 =
2𝑚

𝑚+1
  and  𝑚 =

𝛽

2−𝛽
 

 

𝑈(𝑥) = 𝑘𝑥𝑚 
 

𝜂 =
𝑦

𝑔
= 𝑦√

𝑚 + 1

2

𝑈

𝜈𝑥
 

 

𝑓 ′′′ + 𝑓𝑓 ′′ + 𝛽(1 − 𝑓 ′2) = 0 

 

𝑓(0) = 𝑓 ′(0) = 0 and 𝑓 ′(∞) = 1 

 

Note:  

 

2m/(m+1) = 
2𝛽

2−𝛽
/(

𝛽

2−𝛽
+ 1)= 

2𝛽

2−𝛽
/(

2

(2− 𝛽)
)= 𝛽 

 

2-C = 2 -2m/(m+1) = 2/(m+1) 

 

𝑔(𝑥)= [
𝜐(2−𝐶)𝑥

 U
]

1

2
= [

𝜐2𝑥

 U(m+1)
]

1

2
 , i.e., 𝑔(𝑥)-1 = [

𝑚+1

 2

𝑈

𝜐𝑥
]

1

2
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Numerical solutions for −0.19884 ≤ 𝛽 ≤ 1.0. 

 

                               Separation ( 0=w ) 

 

𝑈(𝑥) = 𝑘𝑥𝑚 

 

 
 

 

Solutions show many commonly observed characteristics of BL flow: 

 

• The parameter   is a measure of the pressure gradient, dxdp . 

For 0 , 𝑑𝑝 𝑑𝑥⁄ < 0and the pressure gradient is favorable. For 

0 , the 0dxdp  and the pressure gradient is adverse. 

• Negative  solutions drop away from Blasius profiles as separation 

approached. 

• Positive  solutions squeeze closer to wall due to flow 

acceleration. 

• Accelerated flow: max near wall. 

• Decelerated flow: max moves toward 2  
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