(6.3) Curvilinear Coordinate Systems

The Navier Stokes equations are usually derived using cartesian coordinates; however, for many
applications more general curvilinear coordinates systems are beneficial to both describe the
flow geometry/boundaries and for ease in imposing the boundary conditions. For many
analytical solutions orthogonal curvilinear coordinates are used whereas for CFD nonorthogonal
coordinates are mostly used however some research CFD codes use orthogonal curvilinear
coordinates. The transformation from cartesian to curvilinear coordinates can be done using
both vector and tensor analysis. Here, a vector approach has been used with focus
on orthogonal curvilinear coordinates as it lends itself to more physical insight. See Stern et
al. (1986) and Richmond et al. (1986) for details of vector and tensor approaches
for nonorthogonal curvilinear coordinates.

Outline:
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Orthogonal curvilinear coordinate systems

Differential operators in orthogonal curvilinear coordinate systems
Derivatives of the unit vectors in orthogonal curvilinear coordinate systems
Incompressible N-S equations in orthogonal curvilinear coordinate systems
Example: Incompressible N-S equations in cylindrical polar systems
Overview extensions for nonorthogonal curvilinear coordinates
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1. Cartesian Coordinates

The governing equations are usually derived using the most basic coordinate system, i.e.,
Cartesian coordinates:

X =Xi+ yj+zK

grad f = Vf :ihqﬂﬂk
ox oy oz
divF=v.F=21,% &
ox oy oz
i ] k
curlF=VxF= o 2 2
OX oy oz
Fl F2 F3
2 2 2
Laplacian = V* f _9 : 0 - 0 Z
ox® oy° oz


https://stern.lab.uiowa.edu/sites/stern.lab.uiowa.edu/files/2024-08/Viscous-Inviscid%20Interaction%20with%20Higher-Order%20Viscous-Flow%20Equations.pdf
https://user.engineering.uiowa.edu/~me_260/2024_Spring/Chapters%201%20&%202/Part%206/Part%206.3/Viscous-Inviscid%20Interaction%20with%20Higher-Order%20Viscous-Flow%20Equations.pdf
https://stern.lab.uiowa.edu/sites/stern.lab.uiowa.edu/files/2024-08/EQUATIONS%20OF%20LAMINAR%20AND%20TURBULENT%20FLOWS%20IN%20GENERAL%20CURVILINEAR%20COORDINATES.pdf

Example: incompressible flow equations with V = ui +vj+wk

V-V=0

p%\t/z—v(p+yz)+yv2v

p(%+v-vvj:—v(p+yz)+w2v

p{%+%V(V-V)—me}=—V(p+7/Z)+,u[V(V-V)—V><co]
0=VxV

V(V-V)=0 is retained to keep the complete the vector identity for v*v. oOnce the equations are

expressed in vector invariant form (as above) they can be transformed into any convenient
coordinate system through the use of appropriate definitions for the vector operators v,v-,Vx,
and v?:, Useful gradient vector differentiation formulas as follows?.

V-(fa) =f(V-a)+(Vf)-a,

VX (fa) =f(Vxa)+(Vf)Xa,

V:(axb) =b.(VXxa)-a-(VXxb),

VX (axb) =a(V-b)+(b-V)a-b(V-.a)-(a-V)b,
V(a:b) =(a-V)b+4(b-V)atax(V Xb)+bXx(V Xa),
VX (Vf) =0,

V:(VUXxa) =0,

VX(VXxa) =V (V-a)-(V:V)a,

VX =3

W/ 5483 == ()

(a-V)x = a.

! Vectors and vector operators are independent of the reference frame, whereas their components are not.
2 Proofs are provided by G. E. Hay, Vector and Tensor Analysis, Dover Publications, Inc. 1953.
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The Navier-Stokes Equations
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For rectangular coordinates (see the figure in the margin) the results are
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In terms of cylindrical polar coordinates (see the figure in the margin), the Navier-Stokes

equations can be written as
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Stress-Deformation Relationships

For incompressible Newtonian fluids it is known that the stresses are linearly related to the rates of
deformation and can be expressed in Cartesian coordinates as (for normal stresses)

0
ox 5
L ‘ |
O = =p't /‘ay 'o:

4 V | O"_—+2a—w | : |
| 2z p Ilaz | =

-
. el
(for shearing stresses) p=-3log+oy+oy)

1 ‘ = 2 < ou & av)
g dy ox For Newtonian

__ fov  ow i " fluids, stresses are

Ty =Ty = U ';3; = 5; linearly related to

11 the rate of strain.
1 ow | du
Tax T Ty = K _()—;_*_5;

In cylindrical polar coordinates the stresses for incompressible Newtonian fluids are expressed
as (for normal stresses)

v

! dv,
Orr —p+2u or
'l 1 al)g v,
o= —pt 2#(776‘ 7)
1 - Jv,
0, ==p+* 2;1*52

(for shearing stresses)
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2. Orthogonal curvilinear coordinate systems

Suppose that the Cartesian coordinates (x,y,z) are expressed in terms of the new coordinates
(x,%,,%) by the equations

X=X(X1,X2,X3)
y= y(X1’X21X3)
Z=17(%,%,,%)

where it is assumed that the correspondence is unique and that the inverse mapping exists.

A conformal map acting on a &
rectangular grid. Note that the
orthogonality of the curved grid is
retained

Figures above show cartesian and orthogonal curvilinear coordinate systems and conformal
mapping followed by table below of typical analytical orthogonal curvilinear coordinate
systems from https://en.wikipedia.org/wiki/Orthogonal coordinates.

For example, circular cylindrical coordinates (x,,x,,%,)=(r,0,z)

X=rcosd
y=rsing
71=12

I.e., atany pointP, x, curve is a straight line, x, curve is a circle, and the x, curve is a straight
line, i.e.

f=tan'y/x

Z1=17


https://en.wikipedia.org/wiki/Orthogonal_coordinates

Table of orthogonal coordinates | edit |

Besides the usual cartesian coordinates, several others are tabulated below.[®! Interval notation is used for compactness in the coordinates column.

Curvillinear coordinates (g4, gz. g3)

Transformation from cartesian (x,
y.2)

Scale factors

Spherical polar coordinates x = rsinfcos ¢ hy =1

) Yy = rsinfsin ¢ hy =1

2] 0 1] 0,2 .
(r,6,6) € [0,00) x [0,7] x [0,27) SO P — sl
Cylindrical polar coordinates &= r:_""i hy=hs =1
= Tsin
(r,6,2) € [0,00) x [0,27) x (~00,00) | ¥ " hy=r
Parabolic cylindrical coordinates &= l(“2 - ”2)
Y 2 .’u=h2=\ju§+v2
(u, v, 2) € (—o00,00) x [0,00) x (—o0,00) | ¥ =uv hy =1
=2

Parabolic coordinates

T = urcosd
Y = uvsing

hy = ha =\,.-f‘i.a‘?+1,'2

(u, v, ¢) € [0,00) x [0,00) x [0,2r) z:%( s hs = 1
Paraboloidal coordinates 2 N 2 25+ q
(A py2) g —a? g — b g T (gi — a:)(ge — a:)

A<t <p<a® <wv

where (g1, 2, @3) = (A, p1,v)

2 (a® —q)(0? — @)

E|||p30\[jﬁ| coordinates
(A p,v)

A< < b <d?,
¢ < pu< b <adl,
& < b <v<al,

2 2 2
T z
+-L 4 — il
B — g

where (1,2, q3) = (A p, )

a? — g et —q;

(g — @)@ — @)

n l\/
T2 (a? —qi)(¥* — q:)(e* — ai)

Elliptic cylindrical coordinates

(u,v, z) € [0,00) x [0,27) x (—o0,00)

& = acoshucosv
y = asinhusinw
z=1z

hy = hy = aV sinh?® u + sin® v

hy=1

Prolate spheroidal coordinates

(& m: ) € [0,00) x [0, 7] x [0,27)

& = asinh £ sinncos ¢
y = asinh {sinnsin ¢
z=acosh&cosy

hy = hy = ay/sinh? £ +sin® n

hy = asinhsinn

Oblate spheroidal coordinates

€ 9) € 0,00) x [-3, 7] x [0,2m)

@ = acosh £ cosn cos ¢
y = acoshf cosnsing

hy = hy = ay/sinh® £ +sin®

2 z = asinh&sing hy = acoshécosn
asinh v
Bipolar cylindrical coordinates "~ coshv — cosu hy = hy = a
(w,v,2) € [0,27) x ( ) % ( y| y= 2508 coshv — cosu
u, v, z) € |0,2m) X 00,00} X 00,00} | Y cosho — cosu hy =1
z=2z
asinh vecos ¢
="

) ) coshv — cosu B — R — a
Toroidal coordinates _asinhusing L R S
(u,v,) € (—m,m] x [0,00) x [0,27) Y= Coshv cosu hy = asinhv

. asinu coshv — cosu
coshv — cosu
asinucos ¢
= —

) ) ) coshv — cosu he — by — a
Bispherical coordinates B asinusind) 1 2 coshs _cosu
(u, v, ) € (—m, 7] x [0,00) x [0,27) y= NG — G hy = asinu

e asinhv coshv — cosu
 coshv — cosu
Auv
I=— _
Conical coordinates ab =1 ) )
eyl A -y —at) | AW )
V< B < <at Y= a? — 12 (p* — a?)(b* — u*)
<0< pt<a )\2(”2_”2)
A€ [0,00) A (2 =02 —0?) B2 —
=y | — (2 —a?)(1? = 1?)
b by —q?




The position vector of a point P in space is

R =xi+Yyj+zK
R=(rcos8)i+(rsind)j+(z)k for cylindrical coordinates

A vector tangent to the x, curve is given by:

R, =x,i+Yy,J+zk (Subscript denotes partial differentiation)
R, =cosdi+sindj

Similarly, for x, and X3

R, =—rsinéi+rcosd]
R, =k

So that the unit vectors tangent to the x. curve are

Where h, = are called the metric coefficients or scale factors:

R,

h =1, h,=r, h, =1 for cylindrical coordinates
The arc length along a curve in any direction is given by,

ds? =dR - dR = h2dx? + hZdx? + h2dx?

0, 1% ]
1, =]
On the surface x, =constant, the vector element of surface area is given by

Since dR=R, dx =hdxé,, R, =hé andx are orthogonal, i.e., & -¢ :{

ds, =dR, xdR; = h,dx,é, x h,dx,&, = & h,h,dx,dx,

Where since x are orthogonal

™
WS
I
™

A

2 X€4
3 X €

D>
N



A

€

é, x8,
and -é, =é,xé,, -6, =8 xé,and —&, =8, xé,since axb=-bxa
With similar results for x, and x, =constant

ds, =dR, xdR, =&,h;h dx,dx,
ds, =dR, xdR, =&,h h,dx dx,

An element of volume is given by the triple product
dv =ds,-dR, = dR, xdR, -dR, = (hdx&, x h,dx,&, ) h,dx.&, = hh,h,dx,dx,dx,
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3. Differential operators in orthogonal curvilinear coordinate systems
With the above in hand, we now proceed to obtain the desired vector operators.

3.1 Gradient vf :liél+iiéz+iié3
h, ox, h, 0x, h, 0%,

By definition: df =vf.dR = f, dx,
If we temporarily write vf = 4¢, + 4,8, + 4¢, and using dR =R, dx, = hdx§,
Then by comparison

df = f, dx = Ahdx,
_1a
' h ox,

10, 10, 120,
=——&+——8& +——§&,
h, ox, h, OX, h, ox,

0 10 0

V=—8 +-—8&,+—=& for cylindrical coordinates
or roe oz

\%

D>

i:R

Note vx, =

X

=)

By definition [curl(grad f )=0]

A

VxVx :Vx%=0

]
Also — =

2°3

2. 55
h2 h3

By definition [V- (Vfx Vg)=Vg- (VX Vf)—Vf-(VxVg)=0]

()
h2h3 h3 hth

: 1 | o 0 0
3.2 Divergence V-F= hh {&(hzhsFl)jLa—xz(hsthz)+a—X3(hlh2F3)}

V-F=V-(F&)+V-(F8&,)+V-(Fg)



A

V-(Flé1)=V~{h2h3Fl[he—;ﬂ using V-(pu)=¢@V-u+u-Ve
2'3
: é é é
=——.V(h,h,F,) using V-[ - J=V~(—2J=V~(—3]=O
h2h3 ( e l) h2h3 h3hl hth
1 o0
- 2 (hh,F
h1h2h3 8)(1( 2 l)

D>

Treating the other terms in a similar manner results in

1 [0 0 0
F=—| < (hhF)+——(hhF,)+—(hhF
h1h2h3 |:8X1( 2°3 l)+ axz ( 3h1 2)+ 8X3 (hl 2 3):|

1[ o o 0
V-F==| =(rF,)+—(F,)+—=—(rF
r[ar(r 1)+6¢9( 2)+82(r 3)}
:%g(rpl)+%ai(|:2)+i(|:3) for cylindrical coordinates
hlél h2é2 h3é3
116 8 o
hhhyox — ox,  ox
thl hZFZ h3F3
VxF=Vx(Fé)+Vx(F8,)+Vx(Fg,)

Vx(Flél)zv{(thl)[%ﬂ

A

ele(thl) using Vx(gu)=g¢Vxu+Vexu anngwitth%zo and Voxu=-uxVe

3.3Curl vxF=

__ & l_ﬁ(hﬁ)éﬁi@(hﬁ)éz+i8(thl)é3
h |h X h, 0x, h, 0x,
e, 0 e, 0
-3 % (hE)+—=2-2 (hE
hh, ox, (hF)+ hoh, ox, (hF)
1 d d
——~ |he, L _he. -2 |(hE
hlhzha[ 2% X, s axj(h1 )
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ré, &

z

VxF=

= |rF
H-I-I 2)|Q) “CD)

(o))

N

aﬁ for cylindrical coordinates
Z

[ S

3.4 Laplacian acting on a scalar v*f = L { (hh a]+i(@ﬂ}i[ﬁﬂﬂ
hhphy | ox b ox ) o h, ox hy %
VeV eVes S g,
h, Ox, h OX, h, 0x,

_ 1 | O(hh 0], 0fhh 0, 0fhh 0
hhh | ox\ h ox ) ox,{ h, ox,) ox\ hy Ox,
wfele)sta)2l2)
rior\ or) o00\ro@,) oz\ oz

:lﬁ(rﬁ +1i(1i] 10 (r—j for cylindrical coordinates
ror\ or 00\ro0) raz\ a

3.5 Laplacian acting on a vector V?F =V(V-F)-Vx(VxF) (vector identity)

: 10, 10, 10,
Using V=——& +——¢,+——F¢,
h, ox h, oX, h, Ox,

and V.F = hlhlzh3 {%(hzhsﬁhaii(z(hsthz)Jrai;%(hltha)}
V(V-F)

1 0 0

Ea_{ h hsF) 5X2 (h3h1F2) 5 (hlh F )ﬂ

[ (h,h,F,) (3th hthH2

o ) o

hlél h2é2 h3é3
1|0 o o
hhh (ox,  ox, 00X,
thl h2 F2 h3 F3

10
+__
ol
1o
h, o,

Using VxF =
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hh, | ox, | hyh, 8x2( o, | hh, | ox, |
1[a(no 5 o(h[a o Nl
m—haxl(hl—h[ WF) 5 (0 ‘a—xz(hzhiaxz(“” as(“ﬁ)_l%

Combining those two terms gives
VPF=V(V-F)-Vx(VxF)=

10 1 0 0 0 A
o {hlh h, { (RhF) 5 (hsmF2)+6_><3mh2F‘°’)ﬂel

o )20 v o

10 1 0 0 0 A
+h—a—{ h [a&(h h,F, )+ o (hath2)+a—X3(h1h2F3)ﬂe2
0

2

{al2 Fg)—&(hZFZ)D—%[%[%(Wz)—%(ﬂﬁ)}ﬂéz

o
h1 OX
) ) e e

0 0%,
—ﬁ%@f—h[ e G el I

For cylindrical coordinates(r,6,z) ,h, =h =1, h,=h, =r, h,=h,=1,and use the definition of
Laplacian operator acting on a scalar v*f

) 18( aj 8(18) 8[ 8)
Vif = r— |+—| =—=— |[+—=—| r—
or\ or) o6\rae) o\ &
1 6( 8) 1 o? 0*
ol I S
rar or r-o00° oz
10 o> 1 0° 0°
+ —
Tror or? r2oe® o
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V?F = aé, +bé, +cé,

2l
h, 0%,
0
OX
1| ¢
;[a
0 (1
alal
H ir
.
0
BEk
2[1e.
“orlr t ar

0
1| 0 (1F2+

(rF)+

or
1
;
0
;

9
or

0
0 F,
r or
1
= +

1
r or

IR,
or

(ve-

2
(il
)+ (F)+
(F.)-

oF, , oF,
0

EaF
r 89

10k

1oF,  O°F

2 1

hF)

(hZFZ)_

+r
0

oF,

00
oF,
oz

_1j_

1

r 00

0

0z

D_
5

2 8F2
r? 06

2

ax%w})—a%(
)
2®-5lE

%}
0z

|
Al

2
Iy

0z°
oF

R _

1 &°F,

hZ

0 0

oF.
r_

]

or

i

VO,

0z

0° F,
ozor

r

e
)t

-1
r or
10F,

(_ s

or?
_10°F

r

. _
+(—2

o°F,

00

2}_

0°F
.

rorod oroz

2
r oo 86’8r

4

r 06°

0z°

|

ozor

Sl 10R R _10F, IGE NN
2 00 réroa gron

rr ' ror or?

10F, MNE | 10F OF W

i

-1

r2 06 ;/a%r\
“1o 10K
r? r or

,
10F,  O'F,

1

or?

JOR

r? 692

20k
r? 06

1 0°F, 0°F,
— +

0z°

G

:(F or or?
(1 o (6F

1j+
or

or

r’ 06?
1 0°F, 0°F,
Y
r- o6

0z°

0z°

1]__

1j_

1
2

r

r

82F 0°F
+

r’ 06*

1

=

1 —

3
|

_20k
r2 06

20k,

r2 06

1

13

r

F2

jé +(V2F2——

2 oF,

2

r? o0

(e 2 ()|

E[a%(hllzl)_

2

82( 1)_ar

d
&(hst)

1jég+(V2F3)éZ

l



_ hii{ 1 {%(hzhflﬁ%(mhﬁ)+ai)%(h1hz':3)ﬂ

2

X
1 0 h, 0 0 o(hn o 5
_ml:a_x:s(m{a_xz(hSFa)_?&(hZFZ)}]_a_)(l[E[&(thz)_8_)(2(hl|:1):|ﬂ
1
F

1
{669(': )_g(rpz)D-%G[%(rﬁ)—%(ﬁ)}ﬂ
S5

r o0 r o0 a

0(1oF, oFR) o1 oF, oF
-3 —| | F+r==2

az r 00 62 ar r or 649

190 {1F oF, gaF 8F}

“roolr Y or roo oz

|18°F, 2°F, Q(EF ﬁ_l&Fj

roz00 oz orlr 2

or r oo
_l{l£+82 LLOF +azﬂ

rog oor r 00>  oder

|10°F &R, (-F, 10F &R __1%_182
r o206 oz’

r> ror or® r*o6 rorod

_L1oR DGR 1@2F2+}Q2/r{
2 o0 /a%r\ r2 00> ¥rOoax.

o DIE | OF, _§+1@+82F2+i£_%
2209 o2 r ror o rroo rper

:[185 L OF, i82F2+82F2]_F L20F

+
ror or® r?o00° oz°

1 a( anj 1 0°F, 0°F,) F, 20F
=|==|r +— + ——24 =1
ror\ or ) r®o060*> oz° rr r?o6
F, 2 0F
=V, -2+ 80
2 1% r2 00

14



2

_ﬁ{%[%{%mﬁ)‘%@ﬁ)ﬂ ai [hhﬁ {ax (hFs)- axs(thZ)m

1 0 5 5
{hlhzhs |:a(h2h3l:l)+67(h3|']1|:2)+&(hlh2 F, )j|:|

=2|:1 Fl+r%+%+ r%:H
r

or|r 0 00
1| 0 aF 10F, OF,
_{ar Pl ar j (r 00 oz H
0| R 6F 18F
- 82[ r ar r 89 }

_i[(oR, R _oR &R (1R _OF,
ri\ 6z  oroz or ar r 06> 060z
>a§1+w roE R

x| veod, | ot

N ?ag W 1oF, O°F, 10°F, _}Q/r/
0 r ar r2 r’ 06?
16F 82 1 82F 82F
Sy - 34
Yo o v od o
10( 0R) &F 18R OF
A t— 2t 22 T
ror ar or r- o6 oz
=V°F,

4. Derivatives of the unit vectors in orthogonal curvilinear coordinate systems

The last topic to be discussed concerning curvilinear coordinates is the procedure to obtain the
derivatives of the unit vectors, i.e. 2_; &; = &;; = &, Where the comma is dropped in the rest of the
document. 0x;

Such guantities are required, for example, in obtaining the rate-of-strain and rotation tensor.
e, =VV

& =%(eij +e)) :%(VV+VV)
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[] 1

1 1
o, :E(e' —eT):E(VV—VV)

To simplify the notation, we define:

R, =r, R, =hé =r,

X; i’ X; i
in, =r, and ihi =h,
ox, & Y OX. !

i J
Note that r; is symmetric, i.e. r; =r;

4.1 Derivation of &, :—%é2 Lt é,

) h,
rl'rlzhlz
h-r=hh,=ah, -a=h},
r r12:h1h12
r r132h1h13
r-r,=0
o(r, -
- (l r2)=o
0%,

hoha
_)r]_]_'rz _hlhlz=bh-n —:’b: Jj_ 12
= 1
rn-r,=0
o(r,-r.
N (l 3):0
ox,
-, rL+r-r,=0
>y =-1-1, Bl
1,0,
_)rll'r3:_h1hl3:c'hg - = — ?13
1q
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4.2 Derivation of &,, =-

r,-r,=h
I, -1y =hh,
r, Iy =hyhy,
r, - Ty =h,hy

4.3 Derivation of &, = -

-l = h32
-1y = h3h31
-1 = hahsz

17



M3 =— hl € - h €, + h33e3 = h33e3 + h3e33
7)
h
A _ k4 2 A
€y =——"6 "¢,
hy h,
h23 A h32

4.4 Derivation of é,, =-2¢,, 8,, =228,

w
N

0
r1~r2:0—>87(r1~r2):rls-r2+r1-r23:O
3

0
rz-r3:O—>a—(r2-r3):r21-r3+r2-rSl:O

0
r3-rl:0—>—ax (r3-r1):r32-r1+r3-r12:0
2

(3)-(2)=0

—>r, n—r-r=0
=0Ty
Dl =—T1Ty
—r, =0

r, =aé, +bé, +cé, =h,e, +hg,

18



(2)-(1)=0

>y —Ir,=0
Iy T3 =1 Ty
Iy =01,

—>r,-r,=0

= h21ez + hzezl
M, = h12el + hZIeZ

1P

8, =228

21 —
h2

r, = h12e1 + hlelZ
M, =y = hlzel + h21e2
h
1 A
€,

h

€, =

4.6 Derivation of ¢, = Ny
(3)-(1)=0
—>rr,—r,r=0
2y =0h0,
=11y
—r,-r;=0

;= h13é1 + hlélS
;= h13é1 + h31é3

e, e :%é

E 3

h, '

19



= h31€3 + hsesl
M =03 = h13e1 + h31es

~ |’113 ~
€qa=7"06
hs

5. Incompressible N-S equations in orthogonal curvilinear coordinate systems

5.1 Continuity equation V-V =0

) 1 0 0 0
Since V-F = hhh [a(hzhslrl)qua—xz(hshll:z)+a—X3(hlh2F3)}

2

and V =vg, +V,8, +V.&,

1 0 0 0
V.V= < (hhy, )+ ——(h < (hhyv,)|=0
h1h2h3|:axl( 7) 3Vl)+8X2( shlvz)"'ﬁx3 (hl 2‘%)}

5.2 Momentum equation%Jr(v-v)v :—Eprvzv, (where ppiezometric pressure)
Yo,

SinceV =vg, +v,8, +v.&,, we can expand the momentum equation term by term

Local derivative 2 = %él +%é2 4 s
ot ot ot
Convective derivative (V-V)V
Since V=vgé +v,8, +v,6, and V-V = w0 Y0 %0
h ox, h,ox, hyox,
(V-V)V=(V-V)(ve)+(V-V)(v,,)+(V-V)(Vvs,)

v, 0(v:é,) +v_za(vlel) +v_38(v1e1)
ox, h, ox, hy 0x
_é1+_V1V1%+V_2%A V2V1%+V_38\/l'\ +V3V1%

X, h ox, hox, © h ox, hox, - h, ox,

ViOV, V, OV Vo OV s [ViVia WV VRV
————+—=— |6+ —ell+h—elz +h—e13
hl 2 3
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V, 0V, V, 0V, V,0V, |. VV
| 1,271 4 371 el+L _
h ox, h, ox, h, ox,

(e e
, \ Iy ; LIy

- [ﬁ CL %) 8, + [Vzvlhzl _vvihy, jéz + (stlhal ALE jé3
hl hz aXZ h3 a)(3 hlhz h1h2 h3hl h3hl

R o, . V.V, 08
ez+__ _2 , 2 + 32 2

:[Vlvzhlz _V2V2h21jél+(ﬁ%+v_2%+v_3%]éz +[V3V2h32 _V2V2h23 é3
hzhs hzhs

-+ + +
h ~ ox h, 0x, h, 0x,

Vi Vg  ViVg 083 Vp Mg | Voo Oy Vg Ny Vil 08y
h1 3

ox, h ox hox, ° h, ox, hox, ° h ox

V, OV, V, OV, V,0OV, )|, V.V,. V.V, V.V, .
=[_1_3+_2_3 3 3) s 1 3631 2 3632+ 3 3933
hlaxl 26X2 h3 aX3 hl 2 h3
V., OV, V, OV, V,0V,)|. VV R Vv,V [ h,. .
:(_1_3+h_2_3+h_3_3] 3+1—3[%91] f(ﬁ ZJ
hl Xl 2 XZ 3 X3 hl 3 2 3
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_ (VIVShB _ V3V3h31 Jé n (V2V3h23 _ V3V3h32 ]é I (ﬁ% i 7
1 2
hh, hh, h,h, h;h, h, ox, h

|
+
=) |w<
K|
~—

a—pél+ia—péz+
h, ox,

Pressure gradient vp = "

=

Viscous term vV

1|0 h, 0 o h o o .
_mlia E 73(h1V1)_a(hsvs)D_a_xz(m{a_xz(havs)_a_xs(hzvz)}J]ee

5.2.1 Combine terms in &, direction to get momentum equation in é, direction
%+ﬁ%+v_2% ﬁ% V1V2hlZ _ V2V2th V1V3h13 _ V3V3h31
at hl axl h2 aXZ h3 aXS hth hzhl h1h3 h3h1

1|0 h| o P o(h o 5
i L— i [W)‘a—xﬁ“)D‘a—xs[m{a—xg‘“l“)‘a(“%)m
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5.2.2 Combine terms in &, direction to get momentum equation in é, direction
Ny Vi, Vi, VOV, W, OV, Yy OV, VoVahyy  VaVif,
at hth h1h2 hl axl h2 8X2 hS aX3 h2h3 h3h2

10| 1o 0 0
i v ) )5 o |

10 h |0 ) o(na 5
_VE{G_XSLE{&(M&)_G_&(MZ )j|j_8_)(1£@|:8_Xl(hzvz)—&(hlvl):|]:l

5.2.3 Combine terms in &, direction to get momentum equation in é, direction
Ny Voihyy Vil VoVl  VoVohyy vy Oy W, OV, Yy OV
ot hh  hh  hh  hh hax hox, hox

10| 1 |0 0 0
i e e |

2°3

il G| 2 E 00 Lo
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6. Example: Incompressible N-S equations in cylindrical polar systems

6.1 Continuity equation v-Vv =0 in cylindrical coordinates (r,6,z)
For cylindrical coordinates(r,8,z) ,h,=h, =1, h,=h,=r, h;=h, =1

1| 0 0 0
V-V:F[g(rvrﬁ@(vghg(rvz)}:o
10, 10, .. 0

_ 2% w)+Z(v)=0

6.2 Momentum equation %+(V-V)V:—£Vp+VV2V in cylindrical coordinates(r,6,z)
o
For cylindrical coordinates(r,6,z) ,h, =h, =1, h,=h,=r, h,=h,=1and only h, =h, =1, all
others are zero.

6.2.1 The r-momentum equation:

2
v, Vr%ﬂ_eavr+VZ%_V_92_£@+V(Ver_1 _3%)
ot or r o6 oz r p or

r2" r?o6

6.2.2 The #-momentum equation:
%+1Vrva+vr%+V_9%+VZ%:_ia_p+v(V2F2_i§+%£j
o r or r 06 oz pr oo r- r° oo

6.2.3 The z-momentum equation:

8VZ +V %4_\/_9%4_\/ %:—1@+VV2V

ot "or ro6 ‘o p 0z ’
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7. Overview extensions for nonorthogonal curvilinear coordinates

The Reynolds, continuity, turbulent-kinetic-energy k, and its dissipa-
tlon-rate € equatlons for steady incompressible flow can be written in the

following vector form:

ZVEY - Txo = =7 p/o +9(7-T) - Vo)

-7 - Viv,j + (vi) Vev (IV-1)
V-V =0 (IV-2)
vt -
VeVk =0 (—Vk) + G - ¢ (IV-3)
- o
k
vt ~ E 92
VeVe =7 » (U‘Ve) +CelGE— CeEF (IV-4)

€

where V = (U,V,W) are the mean veloclty components, v = (u,v,w) are the turbu-

lent velocity components, p Is the mean pressure, w =V x V is the mean vorti-

elty, v,V j are the Reynolds stresses (the overbar denotes time averaging),
k = %ﬁ is the turbulent Xkinetic energy, vy = Cu kz/e is the eddy visco-
sity, and G ls the turbulence generation. Since the fluid is assumed to be
incompressible, the terms involving v - VandV » v in equation (IV-1) are
ldentically zero, but have been included since they ald in putting the trans-
formed equations into a more compact form. The usual values are used for the
constanis In the k-e¢ equations, namely, (Cu’ %2 O Cel’ CEZJ » (09 1es
1.3, 1.44, 1.92). The turbulence generation term is defined by
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~ 2 2 2 2 2 2
G = vtlz(ell + €55 * 533) + 4 (812 + €23 + 631)1 (IV-5)

where € is the rate-of-stralin tensor

ij

o T &
eiJ-Zlv!frv!] (IV-6)

In (IV-6) vV 1s the deformation-rate tensor ey and vz? its transpose, 1l.e.

VEF =e The Reynolds stresses required in (IV-1) are related to k and e

i’
through the isotropic eddy viscosity concept:

<

R 2
1vJ = - theij + 3 k(hihjgij) (IV-7)

where the hl are the metric coefficients and g1y i8 the inverse meitric tensor

both of which are defined below.
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Equations (IV-1) - (IV-7) can be transformed into any coordinate system
through the use of appropriate definitions of the gradient (V), divergence
(ve), and curl (Vx) vector operators. The details of this procedure for
orthogonal curvilinear coordinates are provided by Rouse (1959). For nonorth-
ogonal curvilinear coordinates the appropriate vector operator definltions are
not readily avallable. They were probably first derived by Weatherburn
(1926). Following Weatherburn, and referring to figures 1 and 2 for the pre-
sent notation, the unit vectors ;i = (;1,;2,;3) in the directions of the

nonorthogonal curvilinear coordinaties (x,¥,2) are defined in terms of the body

cartesian-coordinate position vector

o>

Rouse, H. et al., (1976), "Advanced Mechanics of Fluids", Robert E. Krieger
Publishing Company, Huntington, New York.

Weatherburn, C.E., (1926), "On Triple Systems of Surfaces and Nonorthogonal
Curvilinear Coordinates", Proc. Roy. Soc., Edinburgh, Vol. 46.
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R =X (x,y,2) i+ Y (x,y,2) :1 + Z (x,y,3) i{ (IV-8)

by

o = Ry/my, e, = R /g, e = R/ (1V-9)
where

hy = lR_x[, h, = [Ezl’ hy = IR_ZI (IV-10)

and a lettered subscript denotes a partial derivative. The angles (A,n,v)

between the (x,y,2z) coordinate axes are given by

cos A = ey €
cos u = ey eq (IV-11)
cos v = e* e,

and the unit normals to constant x- y- and z-surfaces are given respectively

by

- A

l ~ A~ A
e, X e3 = —hz—hg—s— [Ahle1 + Hl12e2 + Gh3e3]

1 5 X ~
&y X & = _h1h3s [the1 + Bh2e2 + Fh3e3] (IV-12)

A ~

o1 N i
e x e, = hlhzs [Ghlel + Fh2e2 Ch3e3]

A

15
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where s is the triple product

s = (h1h2h3) (el- e, X e3)

= {Ah% + Hhyh, cos v + Gh1h3 cos u]l/2 (IV-13)
and
A = h§h§ 51n2A
B = hihg sineu
C = 1°K° siny (IV-14)
12
F = (hlh3 cos u) (h1h2 cos v) - hi (h2h3 cos A)

%]
]

(hlh2 cos v) (h2h3 cos A) - hg (hlh3 cos u)

2]
1

. (h2h3 cos 1) (hlhB cos u) - h%(hlh2 cos v)

The inverse metric tensor is defined by

_ > T |
gij = (hiei hjej)

(IV-14.1)

o =
@ o b
T
Qo

In terms of the above quantities, the gradient of any scalar Qx,y,z) and

divergence and curl for any vector Vix,y,2) = V’le1 + V’2e2 + V’Be3 are given by:

1 2 s
vQ = 5 (1A, + HQ v GQ,) hyey+ (HQ + BQ + FQ,) hye,

16
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+ (GQx * FQy + CQ ) h e } (IV-15)

v sV sV
15 B 5 2, .3 3 =
Y=g B ED tay 50 5 (e LRIl
1 2 3
VV=-]1{?-—[Vh + V,h X + V,h,)
XV =5 {35 [Vjhs cos v ohj cos 304

3 "
- [Vlh2 cos v + V2h2 + V3h2 cos Al} hlel

1.3
B (55-[V1 1t Véh cos v + V3h1cos ul
]
-3 {Vlhgcos u o+ V2h3cos A+ V3h31} h2e2
+ l'{a—'[V h,cos v + V,h, + V,h, cos A]
5 9x 172 272 372
- %"“IV hy+ Véhlcos v o+ V3h cos pl} h3 3 (IV-17)

The transformed equations are very lengthy and are provided in Appendix
I. The equations have been put in a form that is similar to that used by Nash
and Patel (1972) for orthogonal curvilinear coordinates. By comparison, it is
seen that, for the present circumstances, the coefficients in the governing
equations depend on terms related to not only the curvatures of the coordin-
ates but also their angular orientation. Due to the complexity of the deriva-
tion of the transformed equations it was desired to check their accuracy;
however, this was made difficult by the fact that no other presentations of

the governing equations in nonorthogonal curvilinear coordinates in a format

and notation similar to the present one are known to exist. The following
checks were made: for (A,u,v) » 90°, the orthogonal form of the equations was
recovered; for (A,v) + 90°, and subject to the boundary-layer assumptions the
boundary-layer equations of Cebecl et al. (1978) were recovered; and some of
the coefficients were compared with their corresponding counterparts in the

tensor form of the equations presented by Richmond et al. (1986).
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