Chapters 1 Preliminary Concepts & 2 Fundamental Equations of Compressible
Viscous Flow

(5) Vorticity Theorems

The incompressible flow momentum equations focus
attention on V and p and explain the flow pattern in terms
of inertia, pressure, gravity, and viscous forces.
Alternatively, one can focus attention on ® and explain
the flow pattern in terms of the rate of change, deforming,
and diffusion of w by way of the vorticity equation. As
will be shown, the existence of ® generally indicates the
viscous effects are important since fluid particles can only
be set into rotation by viscous forces. Thus, the
Importance of this topic (for potential flow) is to
demonstrate that under most circumstances, an inviscid
flow can also be considered irrotational.

1. Vorticity Kinematics
@=VxV =W, —V,)i +(u, -w,) j+ (v, —u,)k

E1pz = Egpy = g1 =1

E =& = g = —1
) ou, (au, ) au, 213 321 13-2
@, = Ei ox, - ox, X, gijk = 0 otherwise

~
alternating tensor

= 2 X the angular velocity of the fluid element

(i, J, k cyclic)



A quantity intimately tied with vorticity is the circulation:
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Which shows that if ® =0, i.e., if the flow Is irrotational,
then I" = 0 also.

Vortex line = lines which are everywhere tangent to the
vorticity vector.
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Next, we shall see that vorticity and vortex lines must
obey certain properties known as the Helmholtz vorticity
theorems, which have great physical significance.

The first is the result of its very definition:

®=VxV

V-o=V-(VxV)=0 Vector identity

l.e., the vorticity is divergence-free, which means that
there can be no sources or sinks of vorticity within the
fluid itself.

Helmholtz Theorem #1:. a vortex line cannot end in the
fluid. It must form a closed path (smoke ring), end at a
boundary, solid or free surface, or go to infinity.

Propeller vortex iIs known

‘\j | to drift up towards the free

surface.

The second follows from the first and using the
divergence theorem:

jv-QdV:jQ-gdA:o
\4 A
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Application to a vortex tube results in the following.

IQ-ﬂdA+ jQ-QdAzO
Al A2

Minus sign due to
outward normal

L > —\lf_‘l I,

Or Fl: FZ

Helmholtz Theorem #2:

The circulation around a given vortex line (i.e., the
strength of the vortex tube) is constant along its length.

This result can be put in the form of a simple one-
dimensional incompressible continuity equation. Define
o1 and o2 as the average vorticity across A and Ao,
respectively.

031A1=(02A2

which relates the vorticity strength to the cross-sectional
area changes of the tube.

2. Vortex dynamics

Consider the substantial derivative of the circulation
assuming incompressible flow and conservative body
forces.



From the N-S equations we have

DV _1. Vp

OV _L15_ VP, wvey Define f =-VF for
Dt p— p B the gravitational body
_ —V( F V) yveY force F=pgz.
o v

—mdFiLﬁd—p Lo v)
gj{ dF— P,z dvz}w[ﬁ 2V - dx

—

=0 since integration is around a closed
contour and F, p, & V are single valued!

%{:vmvz\i-dX=—vmvxg-dX

N

Vx(VxV)=V(V-V)-V*V
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0] =0



Implication: The circulation around a material loop of
particles changes only if the net viscous force on those
particles gives a nonzero integral.

If v=0 or =0 (i.e., inviscid or irrotational flow,
respectively) then
DI’
— =0
Dt

The circulation of a
material loop never
changes.

Kelvins Circulation Theorem: for an ideal fluid (i.e.,
Inviscid, incompressible, and irrotational) acted upon by
conservative body forces (e.g., gravity) the circulation is
constant about any closed material contour moving with
the fluid, which leads to:

Helmholtz Theorem #3: No fluid particle can have
rotation if it did not originally rotate. Or, equivalently, in
the absence of rotational forces, a fluid that is initially
irrotational remains irrotational. In general, we can
conclude that vortices are preserved as time passes. Only
through the action of viscosity can they decay or
disappear.

Kelvins Circulation Theorem and Helmholtz Theorem #3
are very important in the study of inviscid flow. The
Important conclusion is reached that a fluid that is initially
Irrotational remains irrotational, which is the justification
for ideal-flow theory.
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FIGURE 3.5 Streamline geometry. The arc-length element of a streamline, ds, is locally tangent to the fluiq = ——
velocity u so its components and the components of the velocity must follow (3.7).
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FICURE 3.6  Stream tube geometry for the closed curve C.




$C=5
| | Q

) L
WM%W

=93 = (Ju
LWy = (,S.Er L

= ——u“v
wt'; ’L}x—-'btué_ 4
| A —\
-— T N .
L-J&/w = d\i/‘kx\
di { - X w‘a'a
D




Ann. Rev. Fluid Mech. 1982 14:61-85

TOPOLOGY OF THREE-

DIMENSIONAL SEPARATED

FLOWS!

Murray Tobak and David J. Peake

Singular Points

Singular points in the pattern of skin-friction lines occur at isolated points
: on the surface where the skin friction (,,, 7.,) in Equation (3), or alter-

natively the surface vorticity (w,, w,) in Equation (4), becomes identically

zero. Singular points are classifiable into two main types: nodes and saddle

points. Nodes may be further subdivided into two subclasses: nodal points

and foci (of attachment or separation).

B -

“\,J \
u Figure 1 Singular points: (a) node; (&) focus; (c) saddle (Lighthill 1963).
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Consider a 1-D flow near a wall
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The viscous stresses are given by:
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Figure 13.1 Vorticity and vorticity flux at a solid wall.
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ROLE OF FREE-SURFACE BOUNDARY CONDITIONS AND NONLINEARITIES
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Vorticity can either be distributed as in a shear flow or concentrated as in
elemental vortices (i.e., vortex rings and pairs and a wing-tip vortex). Vortex/free-surface
interaction refers to investigations of interactions of elemental vortices with a free
surface. The interactions are primarily controlled by Re, Fr, Weber number We (=
pUZLfI‘, where L is the vortex-ring radius R or the spacing of the vortex pair D, and T is
surface tension), and contamination number W (= Aulrli, where AT is the difference in
surface tension between a clean and contaminated surface and I" is the circulation of the
vortex ring or pair) values. Complex interactions occur involving interrelated free-
surface deformation, secondary-vorticity generation, and vorticity
disconnection/reconnection. The free-surface deformations include gravity and capillary
waves and scars, striation, and whirls. Secondary-vorticity generation is related both to

the free-surface deformation and the vortex disconnection/reconnection process, ie.,

16



segments of vorticity lines move toward and merge with the free surface leaving the open
ends of the remaining vortex lines terminating at the free surface.

First, some basic aspects of vorticity production, flux, and transport will be
discussed (e.g., Panton, 1984). Vorticity can not be generated (or destroyed) in the
interior of a homogeneous fluid under normal conditions since by vector identity V - w =
0, which implies that there can be no sources or sinks of vorticity within the fluid.
However, vorticity can be generated (i.e., produced/fluxed) at boundaries.
Production/flux refers to specified values and gradients of vorticity, respectively, at the
boundary. Vorticity is produced at a solid-wall boundary due to the no-slip condition

where the wall vorticity is related to the wall-shear stress by

n-‘cw=-§1—enxm 34

In analogy to heat flux, the vorticity flux q is defined as
I
gi=-nj % (3.5)

where qj means the flux of i vorticity across a boundary with normal nj. Positive and
negative values of gj correspond to vorticity sinks and sources, respectively. (3.5) can be
equivilently expressed through vector idetity (Rood, 1993a,b) by
q=-n-Vo (3.6)
=nxVxo-Vo)'n
The terms on the right-fand side of (3.6) cair be farther expanded through the nse ¢ f the
NS equation [i.e., (4.2) for laminar flow] and vector identity, respectively, to read

nxVxo=nx[-Re(a+Vp) 3.7
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(Vo):n=V(®-n)-o-Vn

(3.8)

| wherea= oUj + Y Uj §H-1- is the fluid acceleration and Vp is the piezometric pressure
LR~

gradient. (3.7) is a vector tangent to the free surface with magnitude proportional to the

sum of the fluid acceleration and piezometric pressure gradient. (3.8) is the sum of the

gradient of the normal component of vorticity and dot product of ® and Vn, which is

related to the surface curvature. Thus, the physical mechanism for q is a combination of

acceleration, piezometric pressure gradient, gradient of normal component of vorticity,

and dot product of @ and Vn. Vorticity flux at solid-wall boundaries due to pressure

gradients and acceleration were discussed by Lighthill (1963) and Morton (1984),

respectively. Vorticity flux at a free surface has been discussed by Batchelor (1967),

Lugt (1987), and Rood (1993a,b). Once generated, vorticity is governed by the vorticity-

transport equation

Do 1
—ﬁT=(m'V)V+§V2m

(3.8)

Do ’
Dy Tepresents the temporal and convective rate of change of . (@ V)V represents the

change in magnitude and redistribution from one component to another of @ by stretching
and turning, respectively. % V2 represents the net rate of viscous diffusion of @. For

two-dimensional flow, (@« V)V is zero. Fbr three-dimensional flow, complex

interactions occur due to stretching and turning. Note that (3.8) does not contain either

pressure or VOrticity generation terms.
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Once vorticity Is generated, its subsequent behavior is
governed by the vorticity equation.

oV

N-S a—?+\i-w = —V( p/P)+VV2\i neglect f
Or %W(%\L\Lj—\ixg?v(p/P)+VV2\i

The vorticity equation is obtained by taking the curl of
this equation. (Note vx(ve)=o).
%—%}—Vx(\ixg) =Ww

. =V(V-0)-a(V-V) - (V- V)o+ (o VIV

Therefore, the transport Eqg. for o is:

0

= 2
—+(V-V)o=(o-V)V+WV'o
ot ~ Rate of Rate of viscous
Do deforming vortex  diffusion of w

Rate of change of o = '
lines
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Stretching tu rﬁri ng
ow ow ow ow oV oV oV ,
u + =0, —+0, —+w,—+W°'o
ot OX oy 0z “ox oy 0z Y
ow, Ow, O, ow, ow ow ow )
+U +V +W =0, —+0,—+t0o,—+WV'o
ot OX oy 0z ox oy 0z

Note: (1) Equation does not involve p explicitly
(2) for 2-D flow (@-V)v.=0 since w Is perp.to V
and there can be no deformation of w, I.e.

= VV2
Dt

To determine the pressure field in terms of the vorticity,
the divergence of the N-S equation is taken.

V- {%+V VWV = (p/p)+VV2\i}

Vi(pl p)=-V-[V-W] Poisson Eq. for p
1 2 2
==V (V-V)+V-VV + 0

does not depend explicitly on v.
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Derivation of pressure Poisson equation:

Three vector identities to be used:
(1) V-VV:%V(V-V)—Vx(vxv)
(2) V-(axb):b-(an)—a-(be)
(3) Vx(Vxa)=-V?a+V(V-a)

Pressure Poisson equation in vector form:

% [ﬁ]:—v.(v-vv)

0

I

I

<
TN
N |-
/ﬂ
<

<
I

<

X

<

X

<
—

Il
I
NIFPPNIRFPNIRPNIRFPN -
<
N

+0)-(0—V-(V><(V><V))

+m-m—V~[—V2V+V(W)]

VH(V-V)+V-VV+e o

Pressure Poisson equation in tensor form:
v2Lﬂjz—%vz(v-vﬁv-vwm-m
Yo
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Relative motion between two neighboring fluid particles.
B

dr

A (wv,w)=V

@B: V+dV=V+VV.-dr 1 order Taylor
Series

V"'O:', AL Uy T L. T\ X Aodq A X Wgy "5 E
"‘" oy _7 ) g\‘ﬁ:i 7- 7
E Uk Wy dy M W wp AT h ASyy T b
— . Ax-
- = A R A <
e . R 4] = - i 5
u, u, u, | dx
dV=VU-dr=|v, v, v, |d|=¢ad
f w, w, w,| dz
relative motion deformation rate

tensor = e,_j
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Figure 18.1. Shearing of w; in a velocity field v(x) to create
w; vorticity.

w(At)

In the general case,

arbitrarily oriented vorticity filaments are simultaneously
stretched or compressed

and reoriented by the shearing motions. The propensity
for vorticity to stretch and reorient is the main driving force behind the appearance
and maintenance of turbulence in flowing fluids. In essence, this physical process is
the means by which energy is transferred to small scales, where the action of viscous
forces in smoothing the flow and dissipating energy become important. A discussion

of these and other aspects of turbulent flow may be found in a number of books (e.g.,
Bernard & Wallace 2002; Pope 2000).
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3-46 Derive the two-dimensional Poisson relation for pressure, Eq. (3-256).
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To do this, write the x- and y-momentum (Navier-Stokes) equations in the forms
d
.E.E. = ese (]) ?Ep = saes 2)

Take 9/9x(Eq. 1) and add it 10 9

/3y(Eq. 2) 1o give V2p. The gravity term vanishes
(assuming that B is constant) and the viscous terms (assuming constant u) vanish by
virtue of the continuity equation.

What remains is a string of 8 acceleration-related terms:
2 K av du Fu du av o va N
v = () U e * m + i
9[5; uaxz '5;5;- 4 +§;§; llm—y 2 5;) Vayz
1 2 3 4 5 6 7 8

Now combine as follows: Terms 2 and 6, when (u 3/x) is factored out, vanisk due 10

continuity - likewise for terms 4 and 8 when (v 3/dy) is facrored our. Repluce one (Bufox)
| interm | by (-dv/dy), and replace one (Iv/dy) in term 7 by (-du/dx), thus making terms 1|
and 7 equal. Terms 3 and § are already equal. The final result is Eq. (3-256):

vp = 29(%{-%- g";g})

{Ans.)
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3. Kinematic Decomposition of flow fields

Previously, we discussed the decomposition of fluid
motion into translation, rotation, and deformation. This
was done locally for a fluid element. Now we shall see
that a global decomposition is possible.

Helmholtz’s Decomposition: any continuous and finite
vector field can be expressed as the sum of the gradient of
a scalar function ¢ plus the curl of a zero-divergence
vector A. The vector A vanishes identically if the original
vector field is irrotational.

V=V7v?
w=VxV"
Where: 0=VxV*

The irrotational part of
the velocity field can be
expressed as the gradient
of a scalar.

> V'=Vg

If \%
Then V=0 The GDE for @ is the Laplace Eq.
And V=VxA Since V-(VxA)=0
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VXV =@=VxVxA Again, by vector identity
=-V*A+V(V-A)
l.e. V:A=-w

@

dv
R

The solution of this equation is A= %I
T

o 1 rRxw

VO == dv

Which 1s known as the Biot-Savart law.

The Biot-Savart law can be used to compute the velocity
field induced by a known vorticity field. It has many
useful applications, including in ideal flow theory (e.g.,
when applied to line vortices and vortex sheets it forms
the basis of computing the velocity field in vortex-lattice
and vortex-sheet lifting-surface methods).

The important conclusion from the Helmholtz
decomposition is that any incompressible flow can be
thought of as the vector sum of rotational and irrotational
components. Thus, a solution for irrotational part v’
represents at least part of an exact solution. Under certain
conditions, high Re flow about slender bodies with
attached thin boundary layer and wake, v is small over
much of the flow field such that v’ is a good
approximation to v . This is probably the strongest
justification for ideal-flow theory: incompressible,
Inviscid, and irrotational flow.
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